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Unit B1 
Integration 


Introduction 


In this unit we introduce complex integration, an important concept which 
gives complex analysis its special flavour. We spend most of this unit 
setting up the complex integral, deriving its main properties, and 
illustrating various techniques for evaluating it. In later units of the 
module we discuss the uses of complex integrals in complex analysis. 


To define the integral of a complex function, it is instructive to first 
consider real integrals, such as 


b 
f x? dx = $ (b — aè), 


where a < b, which represents the area of the shaded part of Figure 0.1 
(for a > 0). We can express this equation in words by saying that 


the integral of the function f(x) = x? 


is 3(b? — a’). 
Suppose now that we wish to integrate the complex function f(z) = 2” 
between two points a and ( in the complex plane. To do this, we first need 
to specify exactly how to get from a to 8. We could, for example, choose 
the line segment I from a to $, as shown in Figure 0.2. It turns out (as 
you will see later) that if we make this choice, then 


over the interval [a, b] 


the integral of the function f(z) = z? along the line segment from a 
to 6 is 3(83 — a). 


We write this as 
[> dz = 3(8° — a’). 


But there are many other paths in the complex plane from a to 8, which 
raises the following question. Do we get the same answer if we integrate 
the function f(z) = z? along a different path from a to 8? 


In order to address this question, we first need to explain exactly what it 
means to ‘integrate a function along a path’. This is one of the objectives 
of Section 1, where we briefly review the Riemann integral from real 
analysis, and then use similar ideas to construct the integral of a complex 
function along a path in the complex plane. We will see that if f is a 
complex function that is continuous on a smooth path T : y(t) (t € [a,b]) 
in the complex plane, then the integral of f along T, denoted by 


| f(z) dz, is given by the formula 


T 
b 
[ f(2)dz = | f(r(t)) 1") at. 


Introduction 


a b T 


Figure 0.1 Area under the 
graph of y = x? between a 
and b 


Figure 0.2 Line segment T 
from a to 8 
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We can evaluate this integral by splitting f(y(t)) y’ (t) into its real and 
imaginary parts u(t) and v(t), and evaluating the resulting pair of real 
integrals: 


b b b 
f tomr'wa= f u(t)dt-+i f v(t) dt. 


Section 2 begins with this definition of the integral of a complex function 
along a smooth path, and then extends the idea to allow integration along 
T a contour — a finite sequence of smooth paths laid end to end. 


a= In Section 3 we prove the Fundamental Theorem of Calculus, which shows 
that integration and differentiation are essentially inverse processes. From 
> this result it follows that the integral of f(z) = z? along any contour 
from a to £ is $ (83 — a’). 


We will need to be careful about how we apply results such as the 
Fundamental Theorem of Calculus. For example, suppose that the 
endpoints a and 8 of I coincide, as illustrated in Figure 0.3. Then 


Figure 0.3 Contour with f eee (8? L a?) ==): 
initial point a and final point T 7 


p coinciding In this case, the integral of the function f(z) = 2? along T is 0. 


Consider now the function f(z) = 1/z. We will see in Example 2.3 and 
Exercise 3.5(a) that if we integrate f along the smooth paths T; and T2 
shown in Figure 0.4, where I; and Tə are circles traversed once 
anticlockwise, then 


1 1 
f -dz =0, but f = dz = 2ri. 
rı Ž T2 Ž 


> The reason for this difference will become apparent in Section 3, and 
indeed we return to examples of this type many times throughout Book B. 


T2 Later in the module we will meet complex integrals whose values we 
cannot determine exactly. We can, however, estimate them. In Section 4 
we present the Estimation Theorem, which is a useful technique for 

Figure 0.4 Circular paths; obtaining an upper estimate for the modulus of an integral. This theorem 

and Tə is much used in complex analysis. 


Unit guide 


You may wish to skim through Section 1 if you are familiar with real 
integration, and then proceed to Section 2, which begins with the definition 
of the integral of a complex function. Make sure you are comfortable with 
the material of Section 2 as it is a fundamental part of the module. 


You should also make sure that you understand the statement of the 
Fundamental Theorem of Calculus (in Subsection 3.1) and the Estimation 
Theorem (in Subsection 4.2), as both feature significantly in later units. 


1 Integrating real functions 


1 Integrating real functions 


After working through this section, you should be able to: 
e appreciate how the Riemann integral is defined 

e state the main properties of the Riemann integral 

e appreciate how complex integrals can be defined. 


In this section we define the Riemann integral of a continuous real function 
(named after Bernhard Riemann, whom we met in Book A for the 
Cauchy—Riemann equations) and outline its main properties. We then 
discuss complex integrals. 


One of the uses of real integration is to determine the area under a curve. — > 
For example, the integral of a continuous function f that takes only a b 


positive values between the real numbers a and b, where a < b, is the area Figure 1.1 Area under the 
bounded by the graph of y = f(x), the x-axis, and the two vertical lines graph of y = f(x) between a 
x =a and gx = b, as illustrated by the shaded part of Figure 1.1. and b 


We can estimate this area by first splitting the interval [a,b] into a finite 
number of subintervals, such as those shown in Figure 1.2. 


a b 7 
SS  —— —  ——_— 
subintervals of [a,b] 


Figure 1.2 Interval [a,b] split into subintervals 


We can then underestimate the area under the graph of y = f(z) 

between a and b by summing the areas of those rectangles that have the 
various subintervals as bases and for which the top edge of each rectangle 
touches the graph from below, as shown in Figure 1.3(a). Similarly, we can 
overestimate the area under y = f(x) between a and b by summing the 
areas of those rectangles that have the various subintervals as bases and 
for which the top edge of each rectangle touches the graph from above, as 
shown in Figure 1.3(b). 


vy y = f(a) i y = f(z) 


a he a b” 
(a) (b) 

Figure 1.3 (a) An underestimate (b) An overestimate 

We now let the number of subintervals tend to infinity, in such a way that 


the lengths of the subintervals tend to zero. It can be shown that the 
underestimates and overestimates of the area tend to a common limit A, 
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a b” 
Figure 1.4 Area under the 


graph of y = f(x) between a 
and b 


written as 


A= f fejde 


We call A the area under the graph of y = f(x) between a and b. 


This underestimating and overestimating approach is often how Riemann 
integration is first introduced, and you may have seen it before. However, 
we encounter a problem if we try to generalise this particular approach to 
complex functions. Inequalities between complex numbers have no 
meaning, so it makes no sense to try to estimate complex numbers from 
‘below’ or ‘above’. To get round this problem, we now outline a different 
approach to defining the integral of a real function — one that does 
generalise to complex functions. 


Rather than underestimating and overestimating the area under the curve 
with rectangles, we choose a single point inside each subinterval and use 
this to construct a rectangle whose base is the subinterval, and whose 
height is the value of the function at the chosen point. The sum of the 
areas of these rectangles should then be an approximation to the area 
under the graph. As long as our function f is continuous on the interval 
[a, b], then this modified approach (which does generalise to complex 
integrals) agrees with the underestimating and overestimating approach. 


In this section we use this modified approach to give a formal definition of 
the Riemann integral, and then we summarise the main properties of the 
Riemann integral. We omit all proofs, which can be found in texts on real 
analysis, and which you may have seen in other modules. 


1.1 Integration on the real line 


We wish to define the Riemann integral of a continuous real function f in 
such a way that if f is positive on some interval [a,b], then the integral 
of f from a to b is the area under the graph of y = f(x) between a and b. 
This is illustrated by the shaded part of Figure 1.4. To do this, we first 
split the interval [a,b] into a collection of subintervals called a partition. 


Definitions 


A partition P of the interval [a,b] is a finite collection of subintervals 
of [a,b], 


12 = Nanti i ahes ea Eoi ol 
for which 


a= SP S Ko F 


The length of the subinterval |£k—1, £k] is £k = Tk — Le-1- 
We use ||P|| to denote the maximum length of all the subintervals, so 


I| = ae Oar Ot ae Oey te 


1 Integrating real functions 


Given a partition P = {[xo, x1], [r1, v2],..., [%n—1, £n]} of [a,b], we can 
approximate the area under the graph of y = f(x) between a and b by 
constructing a sequence of rectangles, as shown in Figure 1.5. 


YA 


y = f(z) 


Figure 1.5 Approximating the area under a graph using a sequence of 
rectangles 


Here the kth rectangle has base [x,_1, £k] and height f(xp) (so the 

top-right corner of the rectangle touches the curve). The area of the 

rectangle is f(£k)(£k — £k—1) (see Figure 1.6). Note that we could equally 

have chosen the rectangle to be of height f(c,) for any point cz in 

[%~—1, £k], and the theory would still work. This is because, for a Lk-1 
continuous function f, the difference between one set of choices of values 

for ck, k = 1,2,...,n, and another disappears when we take limits of Figure 1.6 Rectangle of 
partitions. We have chosen f(x) merely for convenience. height f(x) and width dx, 


OLE 


Summing the areas of all the rectangles gives an approximation to the area 
under the graph. This sum is called the Riemann sum for f, with respect 
to this particular partition. (You may have seen upper Riemann sum and 
lower Riemann sum defined slightly differently elsewhere.) 


Definition 
The Riemann sum for f with respect to the partition 
P = {ro 2il eileen a Panes al) 


is the sum 


RG TP) — 0 FG, — oe), — ee) 
k= k=l 


We now calculate the Riemann sum for a particular choice of function and 
partition, and then ask you to do the same for a second function. 


Example 1.1 
Let f(x) = z2, where x € [0,1]. Show that for 
P = AO ah a2 lee ee E 
we have 
R(f, Pa) = 5 + 1/n)(2 + 1/n), 


and determine lim ROEDE 


So | ution 


Each of the n subintervals of P, has length 1/n. Therefore 


Using the identity 
M 
D = EP ocd = an(n + 1)(2n + 1), 
k=1 


we obtain 


1 
R(f,Pa) = =z x Ann + 1)(2n-+ 1) = E+ I/n)2+ 1/n), 
as required. 

Finally, since (1/n) is a basic null sequence, we see that 


lm R(f, Pa) = a(1+0)(2+0) = §. 


Now try the following exercise, making use of the identity 


1+2 +--- +n? = pn’ (n +1). 


Let f(x) = 2°, where x € [0,1]. Show that for 
Pa = {[0, 1/nj, [1/n, 2/n], setg [(n ~~ 1)/n, Its 
we have 
R(f, Pn) = 31+ 1/n)’, 


and determine lim R(f, Pn). 


The Riemann sums R(f, P,,) of Example 1.1 approximate the area under 
the graph of y = x? between 0 and 1. The approximation improves as n 
increases, and we expect the limiting value i to actually be the area under 
the graph. However, to be sure that this limit gives us a sensible value, we 
should check that R(f, Pa) + 4 for any sequence (P,,) of partitions of [0, 1] 
such that ||P,,|| — 0. The following important theorem, for which we omit 
the proof, provides this check. 


Theorem 1.1 


Let f: [a,b] — R be a continuous function. Then there is a real 
number A such that 


lim AE, A, 
Noo 


for any sequence (P,,) of partitions of [a,b] such that ||P,|| > 0. 


We can now define the Riemann integral of a continuous function. 


Definition 

Let f: [a,b] — R be a continuous function, where a < b. The 

value A determined by Theorem 1.1 is called the Riemann integral 
of f over [a,b], and it is denoted by 


f one 


The theorem tells us that to calculate the Riemann integral of f over [a,b], 

we can make any choice of partitions (P,,) for which ||P,,|| > 0 and 

calculate lim R(f, Pa). Thus the calculation of Example 1.1 really does 
n— o0 


demonstrate that 


1 
2. pio lh 
| èa 
0 


b 
We define the Riemann integral f f(x)dx when a > b, as follows. 


Definitions 
Let f be a continuous real function. 


If a > b, and [b,a] is contained in the domain of f, then we define 


[to E - [to ap 


Also, for values of a in the domain of f, we define 


[ faar=0 


1 
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Figure 1.7 Signed area 
determined by the graph of 
y = f(x) between a and b 


10 


As we have discussed, for a continuous real function f that takes only 
positive values on [a,b], where a < b, the Riemann integral 


| ” ta) de 


measures the area under the graph of y = f(x) between a and b. If we no 
longer require f to be positive, then the integral still has a geometric 
meaning: it measures the signed area of the set between the curve 

y = f(x), the x-axis and the vertical lines x = a and x = b, where we count 
parts of the set above the z-axis as having positive area, and parts of the 
set below the x-axis as having negative area, as illustrated in Figure 1.7. 


1.2 Properties of the Riemann integral 


In practice we do not usually calculate integrals by looking at partitions, 
but instead use a powerful theorem known as the Fundamental Theorem of 
Calculus, which allows us to think of integration and differentiation as 
inverse processes. 


To state the theorem, we need the notion of a primitive of a continuous 
real function f: [a,b] — R; this is a real function F that is differentiable 
on [a,b] with derivative equal to f, that is, the function F satisfies 

F'(x) = f(x), for all x € [a,b]. A primitive of a function is not unique, 
because if F is a primitive of f, then so is the function with rule F(x) + c, 
for any constant c. 


Theorem 1.2 Fundamental Theorem of Calculus 


Let f: [a,b] — R be a continuous function. If F is a primitive of f, 
then the Riemann integral of f over [a,b] exists and is given by 


b 
i Hey fa STI 


We denote F(b) — F(a) by [F(a)]°. 


a 


For example, a primitive of f(x) = 2? is F(x) = x°/3, so 


1 3 3 3 
2 x 1 0 1 
een [PY a2 8 ad 
f 3Joọo 3 3 3 
which agrees with our earlier calculation using Riemann sums. 


The Riemann integral has a number of useful properties. 


Theorem 1.3 Properties of the Riemann integral 


Let f and g be real functions that are continuous on the interval [a, b]. 


b b b 
(a) Sum Rule f otsoa f Fa)dz+ | g(x) dz. 


1 Integrating real functions 


b b 
(b) Multiple Rule f NE= af f(x)dz, for AER. 


(c) Additivity Rule 


b c b 
f t@d= f fa)dz+ | fle)dz, ford =e = 0: 


(d) Substitution Rule If g is differentiable on [a,b] and its 
derivative g’ is continuous on [a,b], and if f is continuous on 
Tale a x <b), then 


g(b) 
f tooda Hea 
t gla) 


(e) Integration by Parts If f and g are differentiable on [a,b] 
and their derivatives f’ and g’ are continuous on [a,b], then 


b b 
i) f'(a)g(a) de = [f(e)g(a)l? - | fad ee 


(£) Monotonicity Inequality If f(x) < g(x) for each x € [a, bj, 
then 


IEG dx < f so dz. : y = gla) 


f toas f roa 1-1 


| T T > 


(g) Modulus Inequality 


a b 
The first five properties are probably familiar to you and we have stated Figure 1.8 Monotonicity 
them only for reference. The last two inequalities may be less familiar. Inequality 
The Monotonicity Inequality, illustrated in Figure 1.8, states that if you 
replace f by a greater function g, then the integral increases. yA =r 
The Modulus Inequality, illustrated in Figure 1.9, says that the modulus of 
the integral of f over [a,b] (a non-negative number) is less than or equal to r b 
the integral of the modulus of f over [a,b] (another non-negative number). > 
If f is positive, then these two numbers are equal, but if f takes negative 
values, then at least part of the signed area between y = f(x) and 
the x-axis is negative, so the first number is less than the second. 
Yt y = |f(2)| 
Exercise 1.2 
+ + + 
Use the Monotonicity Inequality and the fact that : > 
a2 1 S 
eee = 1+ 2x2’ forO<@<1, Figure 1.9 Modulus 
Inequality 


1 
to estimate 1 e? dx from above and below. 
0 
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Figure 1.10 A smooth path 
from a to 8 
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1.3 Introducing complex integration 


We come now to the central theme of this unit — integrating complex 
functions. Informed by the discussion in the Introduction, we should 
expect that the integral of a continuous complex function f from one 
point & to another point 8 in the complex plane may depend on the path 
that we choose to take from a to 8. So it is necessary to first choose a 
smooth path T : y(t) (t € [a, b]) such that y(a) = a and y(b) = 8 (see 
Figure 1.10), and then we will define the integral of f along this smooth 
path, denoting the resulting quantity by 


L Node 


There are two ways to achieve this goal. 
One method is to imitate the approach of Subsection 1.1, as follows. 
e Choose a partition of the path T into subpaths 

P= {ly IT heas Labs 


determined by points a = z0, 21, ---, Zn = 8, such as those illustrated in 


Figure 1.11. 
A Zn =1lt+i 


zo = a 


z = 0 


(a) (b) 


Figure 1.11 (a) A partition of IT (b) A partition of the line segment from 0 
tol+i 


e Define a complex Riemann sum 
R(f,P) = So f(ze)ozn, 
k=1 
where zk = Zk — Ze_-1, for k = 1,2,...,n, and define 
|P] = max{ļőz1], [522], ---[dznl}. 
e Define the complex integral f f(z) dz to be 
iy 
lim R(f, Pa), 


n—> o0 


where (P,,) is any sequence of partitions of I for which ||P,,|| > 0 
as n — oo. 


It can be shown (although it is quite hard to do so) that this limit exists 
when f is continuous, and that it is independent of the choice of partitions 
of T. Thus we have defined the integral of a continuous complex function. 
We can then develop the standard properties of integrals, such as the 
Additivity Rule and the Combination Rules, by imitating the discussion of 
the real Riemann integral. 


The second, quicker, method is to define a complex integral in terms of two 
real integrals. To do this, we use a parametrisation y: [a,b] —> C of the 
smooth path T, where 7(a) = a and 7(b) = 8. Any set of parameter values 


Ili tisna ty te =< hoe Se, =O} 
yields a partition 

Pelie ee 
of T, where T% is the subpath of I that joins z,_1 = y(t,_1) to zk = (tk), 
for k = 1,2,...,n. We can then define the complex Riemann sum 


RUP) = >> f (zx) dzn5 
k=1 


where zk = Zk — 2-1, for k = 1,2,...,n; see Figure 1.12. 


1 


to=a ty tk tn = b 
Figure 1.12 A partition of [ induced by the parameter values to,t1,...,tn 
Notice that 

62% = Zk — Zk—1 = Y(t) — Y(tk-1). 
Hence, if tk is close to tķ—1, then, to a good approximation, 


tk) — Y(tk-1) OZk 
te Nes ait _ 
Y (te) tk — a1 Oth’ 


where dt, = tk — tk—1, SO 
OZR & ¥' (th) ote. 


Thus if max{dt1, dt2,...,dtn} is small, then, to a good approximation, 


R(F,P) =Y Flerin S f(y (te)) (te) ote 
k=1 k=1 
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14 


Integration 


The expression on the right has the form of a Riemann sum for the integral 


b 
/ FOE E) dt. (1.1) 


Here the integrand 
ti fx) EA (te lab) 


is a complex-valued function of a real variable. We have defined integrals 
of only real functions so far, but if we split f(y(t))y’(t) into its real and 
imaginary parts u(t) + iv(t), then the integral (1.1) can be written as 


b b b 
f EDO f dti f veas, 


which is a combination of two real integrals. We then define the integral 
of f along I by the formula 


b 
f id= J FOW) V) dt. (1.2) 
r a 


It can be shown that both of these methods for defining the integral of a 
continuous complex function f along a smooth path T give the same value 


for 
if ia 


In the next section we will develop properties of complex integrals, and 
there we will use formula (1.2) for the definition of the integral of a 
complex function f along a path T. 


Two pioneers in this endeavour were Leonhard Euler and 
Pierre-Simon Laplace, both of whom you encountered in Book A. 
They were mainly concerned with manipulating complex integrals in 
order to evaluate difficult real integrals such as 


Co “i (oe) 
| se de=—m and | e`% dr = VT. 


T 


Some of their methods were similar to those that you will meet later 
in the module (we return to these two particular integrals in Book C). 


However, it was through the work of Augustin-Louis Cauchy, whom 
you also met in Book A, that complex integration began to assume 
the form that is now used in complex analysis. Cauchy’s first paper 
on complex integrals in 1814 treated complex integrals as purely 
algebraic objects; it was only much later that he came to properly 
appreciate their geometric significance. 


By the mid to late nineteenth century, mathematicians began to 
consider how to expand the theory of integration to deal with 
functions that are not continuous. The first rigorous theory of 
integration to do this was put forward by Riemann in 1854. The 
Riemann integral was followed by a number of other formal definitions 
of integration, some equivalent to Riemann’s, and some more general, 
such as Lebesgue integration, named after the French mathematician 
Henri Lebesgue (1875-1941). 


2 Integrating complex functions 


After working through this section, you should be able to: 


e define the integral of a continuous function along a smooth path, and 
evaluate such integrals 


e explain what is meant by a contour, define the (contour) integral of a 
continuous function along a contour, and evaluate such integrals 


e define the reverse contour of a given contour, and state and use the 
Reverse Contour Theorem. 


2.1 Integration along a smooth path 


Motivated by the discussion of the preceding section, we make the 
following definition of the integral of a complex function (which uses the 
concept of a smooth path, from Subsection 4.1 of Unit A4). 
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Integration 


Definition 
Let T : y(t) (t € [a,b]) be a smooth path in C, and let f be a function 
that is continuous on I’. Then the integral of f along the path T, 


denoted by / POE 1s 
F 
b 
[10i f AD O 
The integral is evaluated by splitting f(y(t))y'(t) into its real and 


imaginary parts u(t) = Re(f(7(¢)) 7/(#)) and v(t) = Im(f(7(6)) 7'6), 
and evaluating the resulting pair of real integrals, 


b b b 
[ tow'w@a= f ati f veat. 


Remarks 


I; 


Since f is continuous on [ and y is a smooth parametrisation, the 
functions t —> f(7(t)) and t y'(t) are both continuous on fa, b], so 
the function t —> f(y(t)) y’ (t) is continuous on [a,b]. It follows that 
the real functions u and v are continuous on [a,b], and hence 


[wo de and fo dt 


b 
exist, so / f(y(t)) y(t) dt also exists. 


. An important special case is when y(t) = t (t € [a,b]), so I is the real 


line segment from a to b. Since 7'(t) = 1, we see that | f(z) dz equals 
ie 


[roa= f uasi f ooa 


where u = Re f and v = Im f. This equation is a formula for the 
integral of a complex function over a real interval. 


. An alternative notation for f f(z) dz is f Í. 
Tr Tr 


. If the path of integration T has a standard parametrisation y (see 


Subsection 2.2 of Unit A2), then, unless otherwise stated, we use y in 
the evaluation of the integral of f along r. 


. To help to remember the formula used to define | f(z)dz, notice that 
r 


it can be obtained by ‘substituting’ 
z=q(t), dz = Ņ'(t)dt. 


We consider dz = y'(t) dt to be a shorthand for < = y' (t). 


2 Integrating complex functions 


The following examples demonstrate how to evaluate integrals along paths. 
In each case, we follow the convention of Remark 3 and use the standard 


parametrisation of the path. 


Evaluate 


i 2? dz, 
iF 


where T is the line segment from 0 to 1 +7. 


Here f(z) = z?, and we use the standard parametrisation 
y(t) =(1+i)t (¢€ [0,1)) 

of T, which satisfies y/(t) = 1+ i. 

Then f(y(t)) = ((1 + i)t)”, so 


[tee fi nor 


a ee (1+ i) dt 


1 
=| 2it?(1+ 4) dt 
i 
=| (=2 2 Dayi dk 
0 


al 1 
= Par+2i f i 
0 0 


You need not include every line of working of Example 2.1 if you do not 
need to. Here is another example. 


Evaluate 


[ee 
iP 


where T is the line segment from 0 to 1 +7. 


Here f(z) = Z, and again we use the standard parametrisation 
y(t) =(1+a)t (t€ [0,1)) 
of T, which satisfies y’/(t) = 1+ 7. Then 


TO) = Q ae (Lae, 


so 
il 
[aes | E (sae 
[i 0 
il 


=| 2t dt 
0 


m 
=i; 


We set out our solution to the next example using the observation and 
notation of Remark 4. 


Exar npl e 2.3 


Evaluate 


il 
[re 
De 
where I is the unit circle {z : |z| = 1}. 


Solution 
Here f(z) = 1/z, and we use the standard parametrisation 
OE (be 10, 2m) 
Of T. Thon z=", l/2 =e" and dz =i" di. Hence 
ae = ia Ce ae ae 
0 


ip & 
2T 
=a Ldt 
(0) 


Sometimes when evaluating integrals we will use the alternative notation 
of Example 2.3 instead of the notation of Examples 2.1 and 2.2; both 
notations are commonly used in complex analysis. 


In the examples above, we used the standard parametrisation in each case. 
The following exercise suggests that the value of the integral is not affected 
by the choice of parametrisation. 
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Exercise 2.1 


(a) Verify that the result of Example 2.2 is unchanged if we use the 
smooth parametrisation 


y(t) =2(1+i)t (te [0,4]). 


(b) Verify that the result of Example 2.3 is unchanged if we use the 
smooth parametrisation 


y(t) = e° (te [0,27/3]). 


The reason why we have obtained the same values in Exercise 2.1 as those 
in Examples 2.2 and 2.3 is because of the following theorem. 


Theorem 2.1 


Let 71: [a1, b1] — C and 72: [a2,b2] —> C be two smooth 
parametrisations of paths with the same image set T, and let f be a 
function that is continuous on I’. Then 


fta 


does not depend on which parametrisation 7, or y2 is used. 


Proof We prove the theorem when 7 and %2 are both one-to-one 
functions onto the set I (so the paths do not intersect themselves). The 
general result can be proved by splitting the path into parts on which 7 
and 2 are one-to-one; we omit the details. 


Since yı and y2 are one-to-one functions, and both are differentiable with 
continuous derivatives that are never zero, we can define another function 


h(t) = '(u(t)) (t E€ far, br), 


which itself is differentiable with a continuous derivative (using the Inverse 
Function Rule, Theorem 3.2 of Unit A4, for yz 1), This is a one-to-one 
function from [a1, b1] to [a2, b2] that satisfies h(a1) = az and h(b1) = bə. 


Next, observe that yı (t) = y2(h(t)), so y4) = y4(h(t))h'(t), by the Chain 
Rule. Therefore 


by by 
f(n()) vi@)dt= | FAE) Yah) a’) dt 


ay ay 
h(b1) 


= f Foals) 14(6) 4s 
h(a) 
b2 


= | f(re(s)) 72(s) ds, 


a2 
where we have applied the real substitution s = h(t), ds = h'(t) dt. Hence 
the integral of f along I does not depend on which parametrisation y1 
or 72 is used. E 
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T 2i 


0 2 


Figure 2.1 A path T from 0 
toi 


initial point 


là 


T2 
I3 


final point 
T4 


Figure 2.2 The contour 
r=; +I +I; +T4 
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In practical terms, this theorem allows you to choose any convenient 
smooth parametrisation when evaluating a complex integral along a given 
path. We will see how this can be helpful in the next subsection. 


For further practice in integration, try the following exercise. 


Exercise 2.2 


Evaluate the following integrals. 


(a) | Rezdz, where I is the line segment from 0 to 1 + 2i. 
P 


(b) f a dz, where [ is the circle with centre a and radius r. 
rlie—-a 


2.2 Integration along a contour 


Consider the path T from 0 to 7 in Figure 2.1, with parametrisation 
y: [0,3] — C given by 
2t, 0<Ł<1 
y(t) = 42 +ilt-1), <42. 
2+i—2X(t—2), 2<t<3. 
This path is not smooth, because y is not differentiable at t = 1 or t = 2. 
However, [ can be split into three smooth straight-line paths, joined end 


to end. This leads to the idea of a contour: it is simply what we get when 
we place a finite number of smooth paths end to end. 


Definitions 


A contour T is a path that can be subdivided into a finite number of 
smooth paths I1, I2,...,In joined end to end. The order of these 
constituent smooth paths is indicated by writing 


Donee Ty. 


The initial point of T is the initial point of T1, and the final point 
of T is the final point of Tn. 


The definition of a contour is illustrated in Figure 2.2. 


As an example, the contour T in Figure 2.1 can be written as Ty + Tg +Ts, 
where I1, [2 and [3 are smooth paths with smooth parametrisations 
v(t) = 20 (t € [0,1)), 
y(t) =2+i(lt— 1) (t € [1,2]), (2.1) 
y(t) =2+i-—2(t-2) (te [2,3]. 
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Now, we have seen how to integrate a continuous function along a smooth 
path. It is natural to extend this definition to contours, by splitting the 
contour into smooth paths and integrating along each in turn. We 
formalise this idea in the following definition. 


Definition 
Let T =T +Ir2 +---+Tn be a contour, and let f be a function that 
is continuous on I. Then the (contour) integral of f along T, 


denoted by | f(z) dz, is 
T 


[i@e=f tear f odt) fed 


Remarks 


1. It is clear that a contour can be split into smooth paths in many 
different ways. Fortunately, all such splittings lead to the same value for 
the contour integral. We omit the proof of this result, as it is 
straightforward but tedious. 


2. When evaluating an integral along a contour I = T,+T2+---+Tp, we 
often consider each smooth path T1, I2,...,In separately, using a 
convenient parametrisation in each case. For example, consider the 
contour I’ =T; + T2+T3 of Figure 2.1. To evaluate a contour integral 
of the form 


[fe d= | odet f odz | Ods, 


we can use the smooth parametrisations (2.1) of r1, F2 and P3, or we 
could use another convenient choice of parametrisations, such as 


yue =t (t € [0,2]), 


yo(t) = 2+ it (t € [0,1]), 
2+i—t (te [0,2)]). 


3. The alternative notation / f is sometimes used for contour integrals 


r 
when the omission of the integration variable z will cause no confusion. 


Example 2.4 


Evaluate 


| A dz, 
if 


where T is the contour shown in Figure 2.3. 
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Figure 2.3 A contour [ 
from 0 tol+åi 
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Unit B1 Integration 


Solution 


We split [ into two smooth paths [ = Ty + T92, where Tı is the line 
segment from 0 to 1 with parametrisation y(t) = t (t € [0,1]), and T2 
is the line segment from 1 to 1 +i, with parametrisation 

yo(t) = 1 + it (t € [0,1]). Then 


T= Pde+ | z dz 
iP Ty T2 


1 1 
=| Pars | (1 + it) idt 
0 0 


i il 
=| Part | (N 
0 0 
iL 1 
=| -mdti | (CS Nah 
0 0 


= |S Sr] S 
= Ween) 


Notice that this answer is the same as that obtained in Example 2.1 for 


| z? dz, 
P 


where T is the line segment from 0 to 1 +i. The reason for this will become 
clear when we get to Theorem 3.2, the Contour Independence Theorem. 


Exercise 2.3 
Evaluate 


[ee 
T 


for each of the following contours r. 


A 1+i al 


0 1 =l] 1 
(a) (b) 
In part (b) the contour consists of a line segment and a semicircle, 


traversed once anticlockwise. Take —1 to be the initial (and final) point of 
this contour. 
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We conclude this subsection by stating some rules for combining contour 
integrals. To prove them, we split the contour T into constituent smooth 
paths, and use the Sum Rule and Multiple Rule for real integration given 
in Theorem 1.3 to prove the results for each path. We omit the details. 


Theorem 2.2 Combination Rules for Contour Integrals 


Let I be a contour, and let f and g be functions that are continuous 
on T. 


(a) Sum Rule Ae ee l a i: Hace: 


(b) Multiple Rule | NAGE = af f(z) dz, where X€C. 
T T 


2.3 Reverse paths and contours 


We now introduce the concept of the reverse path (some texts use the 
name opposite path) of a smooth path T. This is simply the path we obtain 
by traversing the original path in the opposite direction, starting from the 
final point of the original path and finishing at the initial point of the 
original path. In order to define the reverse path formally, we use the fact 
that as t increases from a to b, so a+ b — t decreases from b to a. 


Definition 
Let T : y(t) (t € [a,b]) be a smooth path. Then the reverse path 
of T, denoted by I, is the path with parametrisation 7, where 


V(t)= y(a+b-t) (te [a,d)). 


Note that the initial point ¥(a) of T is the final point y(b) of T, and the 
final point ¥(b) of I is the initial point y(a) of T (see Figure 2.4). The 
path T is smooth because I is smooth. Also note that, as sets, I’ and I are 
the same. 


Figure 2.4 (a) A smooth path T and (b) its reverse path T 
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Exercise 2.4 


Write down the reverse path of the path I with parametrisation 
y(t) =2+i-t (t€ [0,2]). 


We can also define a reverse contour. This is done in the natural way — 
namely by reversing each of the constituent smooth paths of a contour and 
reversing the order in which they are traversed. 


Ly Definition 
Let Tr =I +T.+---+T,, be a contour. The reverse contour T 
l2 of Tis 
(pes Repeal pe 
T3 
Figure 2.5 A contour A contour and its reverse contour are illustrated in Figure 2.5. 
Tı +12 +T} and its reverse As an example, if T = r1 + T2+T3 is the contour from 0 to 7 in 
contour ['3 + I2 +T: Figure 2.6(a), with smooth parametrisations 


t (t € [0,2]), 
no(t)=2+it (te [0,1], 
na(t) =2+i-t (te [0,2], 


then T = P; +T +T; is the contour from i to 0 in Figure 2.6(b), with 
smooth parametrisations 


P) =t+i (t € [0, 2]), 
P(t) =2+i(1—t) (te [0,1]), 
A(t) =2—¢ (t € [0,2]). 
j = 245 i - 2+i 
I2 ie 
0 Py 2 0 Ñ 2 
(a) (b) 


Figure 2.6 (a) The contour T =T: +Ir2+T3 (b) The reverse 
contour I = T3 +I +r 


24 


Evaluate 


l ad- 
T 


where T is the reverse path of the line segment T from 0 to 1 +7. 


Solution 

We use the standard parametrisation 
y(t) =(1+%)t Ee [0,1)) 

of I’. For the reverse path T, the corresponding parametrisation is 
i a) er EE o): 

Then ¥’/(t) = —(1 + i), so we substitute 

z=(14+i)1-t), Z7=(1-i)(—-t) and dz=-(1+i)dt 


to give 


In Example 2.2 we saw that 


f zi=1, 
r 


which is the negative of the value —1 that we obtained in Example 2.5. 
This illustrates the general result that if we integrate a function along a 
reverse contour I, then the answer is the negative of the integral of the 


function along r. 


Let I’ be a contour, and let f be a function that is continuous on I’. 
Then the integral of f along the reverse contour I of T satisfies 


[t@e= - f 10) o 


The proof is in two parts. We first prove the result in the case 
when T is a smooth path, and then extend the proof to contours. 


> Cisne heane 
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(a) Let T : q(t) (t € [a,b]) be a smooth path. Then the parametrisation 


of T is 
Y(t) e (t € [a, b]). 
It follows that ¥'(t) = —y'(a +b — t), by the Chain Rule, so 


where, in the second-to-last line, we have made the real substitution 
s=a+b-t, ds=-dt. 
(b) To extend the proof to a general contour I’, we argue as follows. 


Let T = I1 +Ir2 +: +TIhn, for smooth paths I1, r2,..., In. Then 
T = În + Tna tH, 
and we can apply part (a) to see that 


cs Pref res nf 
afpaf panels 
“(fire f a) 
=- f4 5 


In Example 2.3 we saw that 


1 
[seem 
r 


where TI is the unit circle {z : |z| = 1}. The next exercise asks you to check 
Theorem 2.3 for this contour integral. 


Exercise 2.5 


Verify that 


ji 
f = dz = —2ri, 
TZ 


where I is the unit circle. 
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Further exercises 


Exercise 2.6 


Evaluate the following integrals (using the standard parametrisation of the 
path T in each case). 


(a) (i) i zdz, (ii) | Imzdz, (üi) [ zdz, 


where T is the line segment from 1 to i. 


(b) (i) i zdz, (ii) Í z dz, 


where [ is the unit circle {z : |z| = 1}. 


© @ fod, Gi) fld, 


where T is the upper half of the circle with centre 0 and radius 2 
traversed from 2 to —2. 


Exercise 2.7 


Evaluate 


f Reza: 
r 


for each of the following contours I from 0 to 1 +7. 


A 


l+i 1+i 


3 Evaluating contour integrals 


After working through this section, you should be able to: 

e state and use the Fundamental Theorem of Calculus for contour integrals 
e state and use the Contour Independence Theorem 

e use the technique of Integration by Parts 


e state and use the Closed Contour Theorem, the Grid Path Theorem, the 
Zero Derivative Theorem and the Paving Theorem. 
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4 1+72 


0 T 1 


Figure 3.1 A contour I from 
Otol+i 
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3.1 The Fundamental Theorem of Calculus 


In Example 2.4 we saw that 


2 dz = —2 4 23; 
fe dz=—3+ 31, 


where T is the contour shown in Figure 3.1. Our method was to write 
down a smooth parametrisation for each of the two line segments, replace z 
in the integral by these parametrisations, and then integrate. It is, 
however, tempting to approach this integral as you would a corresponding 
real integral and write 


Jace" 
F 

(+i)? -4 x0’ 
(1+ 3¢ + 32? + 23) 

=- + 3i. 
The Fundamental Theorem of Calculus for contour integrals tells us that 
this method of evaluation is permissible under certain conditions. Before 


stating it, we need the idea of a primitive of a complex function, which is 
defined in a similar way to the primitive of a real function (Subsection 1.2). 


Definition 
Let f and F be functions defined on a region R. Then F is a 
primitive of f on R if F is analytic on R and 


F'@)= fiz), i alz ER. 


The function F is also called an antiderivative or indefinite integral of f 
oR. 
1,3 


For example, F(z) = 32° is a primitive of f(z) = z? on C, since F is 
analytic on C and F’(z) = z?, for all z € C. Another primitive is 

F(z) = $23 + 2i; indeed, any function of the form F(z) = $27 + c, where 
c € C, is a primitive of f on C. 


Exercise 3.1 
Write down a primitive F’ of each of the following functions f on the given 
region R. 
(a) filz) =e, R=C 
(b) f(z) =(+iz)*, R=C- {i} 
(ce) fle) =z, R= {z: Rez > 0} 


We now state the Fundamental Theorem of Calculus for contour integrals, 
which gives us a quick way of evaluating a contour integral of a function 
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with a primitive that we can determine. The theorem will be proved later 
in this subsection. 


Theorem 3.1 Fundamental Theorem of Calculus 


Let f be a function that is continuous and has a primitive F on a 
region R, and let I be a contour in R with initial point a and final 
point 6. Then 


[ fea = F@)- Fla), 


We often use the notation 
[F(2)]? = F(8) - F(a). 


Some texts write F(2)|Ë instead of [F(2)]° 


je 
For an example of the use of the Fundamental Theorem of Calculus, 
observe that if f(z) = 27, then f is continuous on C and has a primitive 
F(z) = $23 there. Hence, for the contour T in Figure 3.1, we can write 


[tae= [ely = 40 409 - xO =- Ri 
P 


Exercise 3.2 A 
Use the Fundamental Theorem of Calculus to evaluate F 
Je dz, 
r > 
where T is the semicircular path shown in Figure 3.2. =2 2 


Figure 3.2 A semicircular 


path T from 2 to —2 
You have seen that 


2de — —24 2; 
fe dz = qr at 


both when T is the contour in Figure 3.1 and also when T is the line 
segment from 0 to 1 +i (see Example 2.1). This is not a coincidence: in 
fact, it is a particular case of the following important consequence of the 
Fundamental Theorem of Calculus. 


Theorem 3.2 Contour Independence Theorem 


Let f be a function that is continuous and has a primitive F on a 
region R, and let Tı and Ig be contours in R with the same initial 
point a and the same final point 6. Then 


le ide = Giziaz 
Ty T2 
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Proof By the Fundamental Theorem of Calculus for contour integrals, 
the value of each of these integrals is F(G) — F(a). a 


The idea that a contour integral may, under suitable hypotheses, depend 
only on the endpoints of the contour (and not on the contour itself) will 
prove to have great significance in the next unit. 


Exercise 3.3 


Use the Fundamental Theorem of Calculus to evaluate the following 
integrals. 


(a) f e "*dz, where T is any contour from —i to i. 
E 

(b) fe — 1)?dz, where T is any contour from 2 to 2i + z. 
Tr 

(c) f sinh zdz, where T is any contour from i to 1. 
[; 


(d) f e™ coszdz, where T is any contour from 0 to 7/2. 
EF 


sin z 
| z_ 4z, where I is any contour from 0 to m lying in 
eee C—{(n+5)r:neZ}. 


Next we give a version of Integration by Parts for contour integrals, which 
we will need later in the module. 


Theorem 3.3 Integration by Parts 


Let f and g be functions that are analytic on a region R, and suppose 
that f’ and g’ are continuous on R. Let T be a contour in R with 
initial point aœ and final point 6. Then 


i oeae = Horo — | Td 
T T 


Proof Let H(z) = f(z)g(z) and h(z) = f'(z)g(z) + f(z)g'(z). Then h is 
continuous on R, by hypothesis. Also, h has primitive H, since H is 
analytic on R and 


H(z) = h(2), 


by the Product Rule for differentiation. It follows from the Fundamental 
Theorem of Calculus that 


f h(z) dz = [H (2)]Ê; 
P 


that is, 
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Using the Sum Rule (Theorem 2.2(a)) and rearranging the resulting 
equation, we obtain 


| Fg! (2) dz = [Fee] - f f'(2)gl2) dz, 
T T 


as required. 


Example 3.1 


Use Integration by Parts to evaluate 


l ze” dz, 
ik 


where T is any contour from 0 to mi. 


Solution 


We take f(z) = z, g(z) = łe?” and R = C. Then f and g are analytic 
on R, and f’(z) = 1 and g'(z) = e?* are continuous on R. 


Integrating by parts, we obtain 
ee üz = [z x w — | il x le”? dz 
R T 


= (rix ge? —0) - jeg 


Exercise 3.4 
Use Integration by Parts to evaluate the following integrals. 


(a) f zcoshzdz, where T is any contour from 0 to mi. 
r 


(b) f Logzdz, where T is any contour from 1 to 7 lying in the 
L cut plane C — {x ER: 2 <0}. 


(Hint: For part (b), take f(z) = Log z and g(z) = z.) 


The Fundamental Theorem of Calculus is a useful tool when the function f 
being integrated has an easily determined primitive F. However, if the 
function f has no primitive, or if we are unable to find one, then we have 
to resort to the definition of an integral and use parametrisation. For 
example, we cannot use the Fundamental Theorem of Calculus to evaluate 


[ee 
r 


along any contour, since the function f(z) =Z has no primitive on any 
region. 
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To see why this is so, suppose that f is a function that is defined on a 
region in the complex plane. We observe that if f is not differentiable, 
then f has no primitive F. This is because, as we will see in the next unit, 
any differentiable complex function can be differentiated as many times as 
we like. Thus, if f has a primitive F, then F is differentiable with F” = f. 
Hence f is also differentiable. 


It follows that we cannot use the Fundamental Theorem of Calculus to 
evaluate integrals of non-differentiable functions such as 


z—> zZ, zı Rez, zı Imz and z> [|z]. 
We conclude this subsection by proving the Fundamental Theorem of 


Calculus. 


Proof of the Fundamental Theorem of Calculus The proof is in 
two parts. We first prove the result in the case when T is a smooth path, 
and then extend the proof to contours. 


(a) Let T : y(t) (t € |a,b]) be a smooth path. Then 


fte jdz= f OO) 
oros 


b 
= | Fon Hd, 


by the Chain Rule. Now, if we write (F o y)(t) as a sum of its real 
and imaginary parts u(t) + iv(t), then 


fe oy) (t) dt = [ u(t) dt +i Í v'(t) dt. 


The Fundamental Theorem of Calculus for real integrals 
(Theorem 1.2) tells us that 


b b 
1 io) AG). and I P S wel 
Hence 
fte dz = (u(b) — u(a)) + i(v(b) — v(a)) = F(B) — F(a), 


since 8 = y(b) and a = (a). 

(b) To extend the proof to a general contour [ with initial point a and 
final point 6, we argue as follows. 
Let T=, +To+---+Ty, for smooth paths r1, r2,..., In, and let 
the initial and final points of T be az and Gz, for k = 1,2,...,n 


Then 
Mao, =i, i, Qn =bn, Ge = 2: 
By part (a), 
‘ f(z) dz = F (br) — Flan) = F (8x) — F(Gx-1), 
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for k = 1,2,. (where bo = a). Hence 
[re ef ye \dzt+-- +f O ) dz 
F'(81) — F (80)) + +++ + (F (bn) — F(Bn-1)) 
a F(6o) 
= F(b) — F(a). B 


3.2 Closed paths and grid paths 


The Fundamental Theorem of Calculus has a number of important 
theoretical consequences, which we now describe. The first concerns 
integration around closed contours (where the adjective ‘closed’ has a 
different meaning to that in the phrase ‘closed set’). 


Definition 


A path or contour I is closed if its initial and final points coincide. 


For example, any circle is a closed contour, as are the contours in 
Figure 3.3. 


T3 I3 
t a 
T 
T T ry j 


Figure 3.3 Closed contours 


We remarked earlier (after the definition of contour integrals in 
Subsection 2.2) that any method of splitting a contour I into constituent 
smooth paths leads to the same value for a given contour integral along T. 
Using this fact, it can be shown that if I is a closed contour, then the 
value of any contour integral along [ does not depend on the choice of 
initial point of T. 

The following result about closed contours is a forerunner of Cauchy’s 
Theorem — a major result which appears in the next unit. 


Theorem 3.4 Closed Contour Theorem 


Let f be a function that is continuous and has a primitive F on a 
region R. Then 


f todz- 


for any closed contour I in R. 
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Figure 3.4 A grid path in a 
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Figure 3.5 Two points joined 
by a grid path in an open disc 
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Proof Since I is closed, its initial and final points a and 8 are equal. It 
follows from the Fundamental Theorem of Calculus that 


l f(2)dz = F(8) - F(a) =0. z 


Exercise 3.5 


Use the Closed Contour Theorem to prove the following statements. 


(a) f 1/zdz=0, whereT is the circle with centre 1 + ¿į and radius 1. 
i 


(b) | 1/z2dz=0, where I is the unit circle {z : |z| = 1}. 
T 


Next we use the Fundamental Theorem of Calculus to prove that a 
function that is analytic on a region R and has derivative zero 
throughout R is constant on R. To prove this result in its most general 
form, we need a further property of regions. Recall that any two points in 
a region R can be joined by a path in R, because R is connected. In fact, 
such a path can always be chosen to be a contour of the following simple 
type (along which we can integrate). 


Definition 
A grid path is a contour each of whose constituent smooth paths is a 
line segment parallel to either the real axis or the imaginary axis. 


For example, the contour shown in Figure 3.4 is a grid path. 


Regions have the following important property. 


Theorem 3.5 Grid Path Theorem 
Any two points in a region R can be joined by a grid path in R. 


The assertion of the Grid Path Theorem is obvious if R is an open disc, 
where at most two line segments are required (Figure 3.5), but it is more 
difficult to prove for a general region. We postpone the proof until after 
the next result, which demonstrates how useful grid paths can be. 


Theorem 3.6 Zero Derivative Theorem 


Let f be a function that is analytic on a region R, and let f’(z) = 0, 
for all z in R. Then f is constant on R. 


3 Evaluating contour integrals 


Proof Let a and be any two points in R, and let I be any grid path 
in R with initial point a and final point 3. Since f’(z) = 0, for all z in R, 
it follows from the Fundamental Theorem of Calculus that 


(8) - (a) = f fede = f ode =o. 


Thus f(a) = f(3), and hence f is constant on R. a 


The next exercise gives an important consequence of the Zero Derivative 
Theorem, which will be needed later in the module. 


Exercise 3.6 


Prove that if fF, and Fə are both primitives of a function f on a region R, 


then 


F(z) = Fo(z) +c, forall z in R, 


where c is a complex constant. 


3.3 Proof of the Grid Path Theorem 


The proofs in this subsection are technical, and the methods are not 
central to later units, so you may wish to skip the details on a first reading. 


We have remarked that the assertion of the Grid Path Theorem is obvious 
if the region R is an open disc (see Figure 3.5). To prove the theorem in 
general, we make use of this special case and show that we can construct a 
grid path joining two points a and 8 in R of the form 


Py +I2 +: ED, 


where each Tg, k = 1,2,...,n, is a grid path in an open disc Dg C R that 
joins two points in Dg. Figure 3.6 illustrates this construction, and shows 
the need for a finite sequence of overlapping discs D1, Do,..., Dn that 


link a to 8. 


Figure 3.6 Open discs Dj, Dg,... 
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To show that such a sequence of discs always exists, we introduce the 
following definition and theorem, the Paving Theorem. A proof of the Grid 
Path Theorem then follows almost immediately. 


Definitions 

A paving of a path T : y(t) (t € [a,b]) is a finite sequence 
Di DoD 

of open discs such that there are numbers t1, to,..., tn satisfying 
=p <i K29* Kip =O 

for which 
Wit E De k= Dee ye ioe 

We say that the discs D; pave T. 


We now state the Paving Theorem, which is illustrated in Figure 3.7. 


Figure 3.7 Open discs D1, D2,..., Dn paving a path F in a region R 


Theorem 3.7 Paving Theorem 


Any path T : y(t) (t € [a,b]) lying in a region R can be paved by open 
Psa ie ns eae discs D;, Do,..., Dn lying in R such that 


/ -<~ LJ De CR. 


I ANE N rail 
l / \ = 
l d ) 


` ~ yo Proof Let a= q(a) and 8 = ¥(b) be the initial and final points of I. 
\ D ——— Because R is open, there is an open disc {z : |z — a| < e}, say, lying in R. 
N 1 -| ; i ; ; 
h ^ Since y is continuous, there is a ô > 0 such that 
y([a, a + 38]) tE [aa +8) => |7(t)- y(a)| < €. 
Figure 3.8 The first disc Dı Hence 7([a,a+ $4ô]) C {7 : |z — a| < e}, so it is possible to start paving T 
of a paving with the disc Dı = {2 : |z — a| < e}; see Figure 3.8. 
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Now consider the set S of real numbers s € [a,b] such that the path 
determined by q(t) (t € [a,s]) can be paved. We have just seen that 
a+ 56 € S, and we want to show that b € S. Clearly, S C [a,b] and S has 
the property that ifs € S anda < t< s, then t € S also. Hence S is an 
interval with left-hand endpoint a, and its right-hand endpoint is some 
number c that satisfies a < c < b. We will show that c € S and then that 
c = b, thus completing the proof. 
Because R is open, there is a disc D’ = {z : |z — y(c)| < e’}, say, lying 
in R. Since y is continuous, there is a 6’ > 0 such that, for t € [a,b], 

t-ed<? = ht) -yole 

=> q(t) € D’. (3.1) 

Now, if s € [a,b] and c— 0’ < s < c, then s € S, so the path determined by 
+([a, s]) can be paved. Since y(s) € D’, we can add D’ to this paving, to 
deduce, by statement (3.1), that 

7({a,t}]) can be paved, fort € [a,b] withe <<t<c4+0. (3.2) 
It follows that c € S and, moreover, that c = b (since otherwise 
statement (3.2) would contradict the definition of c). Hence b € S, as 
required. | 


We can now prove the Grid Path Theorem. 


Theorem 3.5 Grid Path Theorem 
Any two points in a region R can be joined by a grid path in R. 


Proof Let a and 8 be any two points in R. Since R is a region, it is 
connected, so a and 6 can be joined by a path T : y(t) (t € [a,b]). Then 


a = (a) and 6 = (b). 
By the Paving Theorem, the path I can be paved by open discs 
Dı, Do,..., Dn lying in R such that 


nm 
U Di CR. 
k=1 
Therefore there are numbers to, t1, ...,tn such that 
a=to<t<-:-<t,=5), 


and the part of the path given by q([tk—1, tz]) lies in the open disc Dx, for 
k =1,2,...,n. Since y(t,-1) and y(t,) both lie in the disc Dx, there is a 
grid path T% in D; from one point to the other. Hence 


Pi+D2+-- +p 
forms a grid path in R joining a = y(a) to 8 = q(b). a 


We will find a number of other similar uses for the Paving Theorem later 
in the module. 
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Further exercises 


Exercise 3.7 


For each of the following functions f, evaluate 


| f(e) dz, 


where T is any contour from —i to i. 
(a) f(z)=1 (b) fe)=2z (c) f(z) = 52* + 3i2? 
(a) f(2)=(1+2i2)? (e) f@)=e* (f) f(z) =sinz 


2 


(8) f(z) = ze? (h) f(z) =z? cosh(24) (i) f(z) = ze’ 


Exercise 3.8 


Evaluate the following integrals. (In each case pay special attention to the 
hypotheses of the theorems you use.) 


1 
(a) f —dz, where [ is the arc of the circle {z : |z| = 1} from —i 
r g 4 
to i passing through 1. 


(b) | Vzdz, where T is as in part (a). 
T 

(c) [sw zdz, where I is the unit circle {z : |z| = 1}. 
T 


1 
(d) f =z dz, where T is the circle {z : |z| = 27}. 
T 2 


(Hint: For part (c), use the identity sin? z = 4(1 — cos 2z).) 


Exercise 3.9 


Construct a grid path from a to 8 in the domain of the function tan, for 
each of the following cases. 


usigi ©) a=54%,p=-2 i 


4 Estimating contour integrals 


After working through this section, you should be able to: 
e calculate the length of a smooth path or contour 


e state the Estimation Theorem and use it to obtain an upper estimate for 
the modulus of a given contour integral. 


4 Estimating contour integrals 


4.1 The length of a contour 


It is easy to calculate the length of a line segment or a circular path, or of 
a contour made up from such paths. Sometimes, however, we need to find 
the lengths of other contours, so we must define exactly what we mean by 
the length of a general contour. To do this, we first define the length of a 
smooth path, and then define the length of a general contour to be the 
sum of the lengths of its constituent paths. 


The definition is given below, but first we give a heuristic argument which 
suggests the form of the definition. 


Let T : y(t) (t € [a,b]) be a smooth path, and let L(T) be its length, which 
we wish to define. We now approximate I by a polygonal contour 
consisting of line segments joining the points 


R= Vip); B= Oye 


where a = to < tı < -+-+ < tn = b (see Figure 4.1). An approximation 
for L(I) is then given by the sum of the lengths of these line segments: 


Ly) = A bai) 


n n 
LT) & DDE. — zk-1ı| = N lte) — y(tk—1)|- Figure 4.1 Approximating a 
k=1 k=1 smooth path I by line 
Now, [ is a smooth path, so y'(t,) exists for each k = 1,2,...,n, and is segments 


approximately equal to (y(tk) — Y(tk-1))/(tk — tk-1). Hence if n is large, 
and the length tk — tk—1ı of each subinterval [tk—1, tk] is small, then 


ly(te) — y(te—1)| = |-y’(te)| (te — tr-1). 
Therefore 


LT) © YOy th) — te-1) = X |v (te) [Ste 
k=1 k=1 


where dt, = tk —t,_1. You may recognise this type of expression from the 
study of real integration in Section 1; it is a Riemann sum for the integral 


b 
f |y (t)| dt. 


Since y is smooth, the function |y’| is continuous, so this integral exists. 
We will take this integral as our definition of L(I). 


Definitions 


Let T : y(t) (t € [a,b]) be a smooth path. Then the length of the 
path T is 


b 
ne) =| |y‘(t)| dt. 


The length of a contour is the sum of the lengths of its constituent 
smooth paths. 
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Remarks 


1. It can be shown that the length of a contour is independent of the way 
that the contour is split into smooth paths, but we do not prove this. 


N 


. Using a proof similar to that of Theorem 2.1, it is easy to check that the 
length of I is unchanged if y is replaced by any other smooth 
parametrisation of T. 


ww 


. It is also easy to check that 
L(t) = L(t), 


where T is the reverse path of T. 


3+ 41 


0 


Figure 4.2 The line segment 
from 0 to 3 + 4i 


(a) Verify that the circumference of the circle with centre a and radius r 
is 27r. 


(b) Find the length of the path with parametrisation 
y(t) =t+icosht (t€ [0,1)). 
k e eal Ss 


In this module we will mainly use contours consisting of line segments and 
arcs of circles, whose lengths you knew before meeting the definition. 
However, the definition will be needed in theoretical work, and in examples 
where you do not already know the length of the path. 
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4 Estimating contour integrals 


For a given function f that is continuous on a contour I’, it may be 
impossible to evaluate fp f(z) dz exactly. However, we can derive a result 
which gives an upper estimate for the modulus of the integral. 


This result, which we state below and prove in the next subsection, is of 
immense theoretical importance: indeed, many of the main proofs in 
complex analysis involve at least one application of it. When allied with 
the Residue Theorem, which you will meet in Unit C1, it also becomes an 
exceedingly useful technique in the evaluation of integrals. 


Let f be a function that is continuous on a contour I of length L, with 
lf(2| <M, imzer 
Then 


[tea 


Note that f is required to be continuous only on I. 


< ML. 


The following example, which uses the identity |e7| = e®°* from 
Theorem 4.1(b) of Unit A2, illustrates the use of the Estimation Theorem. 


Example 4.2 r 
Find an upper estimate for 
zZ 
i a dz ; > 
Pr 2 —1 1 
where I is the upper half of the unit circle {z : |z| = 1}, which is Figure 4.3 A semicircular 
illustrated in Figure 4.3. path from 1 to —1 
Solution 


In order to apply the Estimation Theorem, we need to find the 
length L of T, and find an upper estimate M for |f(z)| on T, where 


f(z) = 


We have L = 7, as T is a semicircle of radius 1. To find a value for M, 
observe that for z € I we have 


e 
Pi 


e= i 
and 
|e*| — eRez ES el =e, 


since Rez < 1, for |z| = 1. 
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_ |e’ 


<e, forzeTl, 
[2| 
so we can take M =e. Since f is continuous on C — {0} (by the 
Quotient Rule for continuous functions), it is certainly continuous 
on I’. It follows from the Estimation Theorem that 


[ce 
rm 2 


When applying the Estimation Theorem we seek some upper estimate for 
the modulus of the integral, so there is no unique correct answer. The aim, 
roughly speaking, is to find a reasonably simple estimate that is not 
excessively large, without too much algebraic manipulation. 


Sees 


Exercise 4.2 


Use the Estimation Theorem to find an upper estimate for 


where T is 
(a) the circle {z : |z| = 5} 


(b) the square contour with vertices at 


5+5¢, —5 +54, —5— 5i, 5— 5i 


(traversed once anticlockwise, with initial point 5 + 52). 


When determining a value for M, we often need to use the Triangle 
Inequality in one of its various forms (see Theorem 5.1 of Unit A1 and its 
corollary), which it is convenient to label as follows. 


Usual form If 2, z2 € C, then 
kirala kalea a =al alal: 
Backwards form If 21, z2 € C, then 


Pe al 2 Illa ka =al 2 |= ele 


The following examples illustrate the use of the Triangle Inequality in the 
estimation of integrals. 


Estimating contour int 


iple 4.3 
Find an upper estimate for 


1 
[ z2+1 a, 
where I is the upper half of the circle {2 : |z| = 3}. 


Solution 
The length L of T is 37, as I is a semicircle of radius 3. To find an 


upper estimate M for |f(z)| on T, where 


1 


Te) = a 
we need a lower estimate for |z? + 1| on I. By the Triangle Inequality 


(backwards form), we have 


|z2 +1) > [27] —1| =W = 1/8, for €T- 
Thus 
1 1 
== = g’ for z € E 
so we can take M = 1/8. Since f is continuous on C — {i, —?}, it is also 
continuous on I, so we can apply the Estimation Theorem to obtain 


il 
—— d 
[=a 4 


Se 
Spam 


Example 


Find an upper estimate for 
| z —4Az=—3 
— d 
p (27 — le + 2) 


where T is the circle {z : |z| = 2}. 


3 


Solution 


The length L of T is 47, as I is a circle of radius 2. To find an upper 


estimate M for |f(z)| on T, where 
2 
BP = da= 
D esa): 
we need an upper estimate for |z? — 4z — 3| on I, and lower estimates 


for |z? — 7| and |z? + 2| on T. 
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By the Triangle Inequality (usual form), 
es es |e l 
=44+8+4+3=15, forzeTl, 
and by the Triangle Inequality (backwards form), 


k =al =n oren, 
and 

Ss Pee ie el 
Thus 


5 
arn, hr T 
Ta Op pee ea, 


z —4z-3 15 
(z* — 7)(z? + 2) 

so we can take M = 5/2. Since f is continuous on 

C — { V7, —V7, iv2, —iV2}, it is also continuous on I’, so we can 
apply the Estimation Theorem to obtain 


22— Az —3 5 
—— (8) a a = TM 
pS e a ge 


Use the Estimation Theorem to find an upper estimate for 


3z—4 
f £ dz 
p2z-5 


where T is the circle {z : |z| = 3}. 


i 


Our final example involves both the exponential function and use of the 
Triangle Inequality. 


Example 4.5 


Find an upper estimate for 


/ (z — 3i)e ee 
ip z2 +4 


where I is the upper half of the circle {z : |z| = 5}. 


2 


Solution 
The length L of T is 57, as I is a semicircle of radius 5. To find a value 
for M note that, by the Triangle Inequality (both forms), we have 


|z — 3i| < |z| + |-32] =54+3=8, forzeT, 


4 Estimating contour integrals 


and 
edl > 57 =A, = 91 for 2 e 


For the exponential term, we can write 


e = [|= elle = fem ne 
Nom y = 0) fore = TD we 9 < co — 1 
Thus 


8 
——— =—, forzel, 


so we can take M = 8/21. Since f(z) = (z — 3i)e"*/(z? +4) is 
continuous on C — {2i, —2i} (by the Composition Rule and the 
Combination Rules for continuous functions), it is also continuous 
on I’, so we can apply the Estimation Theorem to obtain 


(z — 3i) e” 8 407 
E A aa ee Pea, 
Za a on a So 


Exercise 4.4 
Use the Estimation Theorem to find an upper estimate for 


e2!2 
[ E dz 


ki 


where I is the upper half of the circle {z : |z| = 4}, traversed from 4 to —4. 


We now prove the Estimation Theorem. This subsection may be omitted 
on a first reading. 


We first present a useful lemma which extends the Modulus Inequality for 
real integrals (Theorem 1.3(g)) from real functions to complex functions. 


Let g: [a,b] — C be a continuous function. Then 


i “atta < f Olat 
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b 
Proof Let us write the complex number f g(t) dt in polar form, as 
a 


b 
f g(t) dt = re”. 


(We cannot do this if the complex number is 0, but in that case the lemma 
is true anyway.) Then 


b 
p= ey g(t) dt 


b 
= e "9 g(t) dt 


b b ; 
=| Refat) at +i | Im(e~"’g(t)) dt. 


Equating real parts, we see that 


r= f Re(e™™ g(t)) dt. 


a 


b 
But f g(t) a = |re®| = r, since |e®| = 1, so 
a 


f A at = f ’ Re(e~ig(t)) dt 


a 


b . 
< f le@a(t)|at 


b 
= / la(t)| dt, 


where, to obtain the second-to-last line, we used the inequality Rez < |z| 
and the Monotonicity Inequality for real integrals (Theorem 1.3(f)). m 


We can now prove the Estimation Theorem, which we repeat for 
convenience. 


Theorem 4.1 Estimation Theorem 


Let f be a function that is continuous on a contour I of length L, with 
Ife) <M, forzEr. 
Then 


| f(z) dz 


Proof The proof is in two parts. We first prove the result in the case 
when T is a smooth path, and then extend the proof to contours. 


(a) Let I: y(t) (t € [a,b]) be a smooth path. Then 


b 
f f(e)dz = l FOG) YE) dt. 


< ML. 
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Applying Lemma 4.1 with g(t) = f(>(t)) y’ (t), we obtain 


[ro ) dz < from) (i)|at 
= [sen ERO 
< i M\y'()ldt, 


using the Monotonicity Inequality for real integrals (Theorem 1.3(f)) 
and the fact that |f(z)| < M, for z € T. Hence 


| I Ronde 


by the definition of L. This proves the result in this case. 


b 
< uf ly) dt = ML, 


(b) To extend the proof to a general contour I, we argue as follows. 
Let T =T +r2 +--+ In, for smooth paths r1, r2,..., In. 
Let Lg = L(Tẹk), for k = 1,2,...,n, soT has length 
P24 ite tp, 
Then 
[i@a= f(z)dz+ flaydett | f(z) dz. 
T rı T2 


n 


By the Triangle Inequality and part (a), we have 


SANE EEA 
< Mig + ML +- +MLn 


= M(Lı + L2 +--+ Ln) 
= ML. 


Š =+ +e 


4 Estimating contour integrals 


This completes the proof. E 


Further exercises 


Exercise 4.5 


For each of the following functions, find an upper estimate for 


[ fle) dz 


where T is the circle {z : |z| = 3}. 


(a) ae z244 sin Z 


Z b a4 © f@= 
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Finding areas with contour integrals 


We began this unit by finding areas under curves using Riemann 
integration, and you may have wondered whether contour integrals 
can also be used to find areas. More precisely, suppose that T is a 
closed contour that is traversed once anticlockwise and that does not 
intersect itself, such as the contour shown in Figure 4.4. Can we use 
contour integration to determine the area A inside T? 


T 


Figure 4.4 Area inside a closed contour 


In fact, we can find this area A; it is given by the Area Formula 


1 
21 T 
A 
For example, suppose that I is the unit circle, shown in Figure 4.5, 
T traversed once anticlockwise. We can parametrise I by y(t) = e” 
(t € [0,27]), so y(t) = ie*, and hence 
il 1 2T : s 2m 1 
5 — | Zdz=— ex ieltat = f SON = ie 
Í 2i P 2i 0 0 2 


Since the area inside T is A = m, we have verified the Area Formula in 
this special case. 


It is worth observing the contrast between the two integrals 


Figure 4.5 Area inside the [ee =2iA and few =0 


unit circle 
(the second integral is 0 by the Fundamental Theorem of Calculus). 


The crucial difference between these two integrals is that the 
integrand f(z) = z of the second integral is analytic on the whole of 
the complex plane, but the integrand g(z) = Z of the first integral is 
not analytic anywhere on the complex plane. The significance of this 
difference will become more apparent when you study Cauchy’s 
Theorem in the next unit. 


The Area Formula is one of many integral formulas that relate the 
boundary of a region to its interior. It is a special case of an 
important result known as Green’s Theorem, named after the 
English mathematical physicist George Green (1793-1841), which is 
much used in engineering and physics. 
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Solutions to exercises 


Solution to Exercise 1.1 


Each of the n subintervals of P, has length 1/n. 
Therefore 


\| 
> 
Mei 
I 
a 
z| 
L, 
x 
slr 


as required. 


Since (1/n) is a basic null sequence, we see that 


i =i i 
Jim R(f; Pa) = 30 +0) 


Solution to Exercise 1.2 


Since 
2 

S Iz? 
it follows from the Monotonicity Inequality that 


1 1, 1 4 
f e” dr < f e” dx< f 5 dz. 
0 0 o 1+2 


Hence 


1 
[-e*], < f e`? dr < [tant zlo; 


that is, 


e*<e”* forO<a2<1, 


T dz < —. 


1 Pole 4 
= <I 


Since 0.63 < 1 — 7! and 7/4 < 0.79, we see that 


1 
0.63 < f e`? dr < 0.79. 
0 


1 
(In fact, | e~” dx = 0.75 to two decimal places. ) 
0 


Solutions to exercises 


Solution to Exercise 2.1 


(a) Here y(t) = 2(1+ i)t (t € [0,5]). Let 
f(z) =Z. Then 


FOH) = 2114+ at = 2(1 — aE, 
and, since y‘(t) = 2(1 + i), we obtain 


1/2 
[rae | 2(1— ijt x 2(1 +1) dt 
1/2 
=| 8t dt 
0 


= [407]; 1/2 
= 1, 
in accordance with Example 2.2. 


(b) We set out this solution in a similar style to 
Example 2.3. 


Here y(t) = e* (t € [0,27/3]). Then 


z=, ifz=e™ and dz=3ie* dt. 
1 27/3 i . 
-—dz= f e™’t x Bie dt 

0 


27/3 

E if 3 dt 
0 

_ = ijai” 

= 271, 


in accordance with Example 2.3. 


Solution to Exercise 2.2 


(a) The standard parametrisation of I is 


y(t) = (14+ 2i)¢ (te [0,1)). 
Then 
= (1+2i)jt, Rez=t, dz=(1+2i) dt. 
Hence 


1 
[Reza = | t x (1+ 2%) dt 
Ñ 0 


= (142) f tdt 
0 


1 


=(1+4 2i)[5t"], 
5 ti. 
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(b) The standard parametrisation of T is 
y(t) =at+re” (te [0,2z]). 


Then 
z=a+reř, 1/(z-—a)? =1/(r?e**), 
dz = rie" dt. 

Hence 


1 _ 2T niet 
Gap =f, ren” 
E 0 
20 i : 
=| edt 
0 r 


2T j 
a - (cost — isin t) dt 
0 r 


2T 1 2m 1 
= wsintdt +i | — cost dt 
o r o r 


1 2m il 2r 
= [+ cost] DE sin 
r r 0 
0 


Solution to Exercise 2.3 


(a) T =T +T2+Ts, where T; is the line segment 
from 0 to 1, T% is the line segment from 1 to 1+ 7, 
and T3 is the line segment from 1 +i to i. We 
choose to use the associated standard 


parametrisations 
y(t) =t (te (0,1), 
y(t) =1+it (te [0,1)]), 


y3(t)=1—t+i (te [0,1)). 
Then y4(¢) = 1, y4(t) =i, y$(¢) = —1. Hence 


[ze zdz+ f zde+ f Z dz 
T Ti T2 T3 


1 1 
= f ixidt+ f a-i) xidi 
0 0 


‘fo t—i) x (-1)dt 
‘9 

= f (t+ 2i-a)ae 
0 


‘ 1 
[3t + (2% — 1)¢], 
=342%-1=2421. 


(b) T =T; +12, where T; is the line segment 
from —1 to 1, and Tə is the upper half of the circle 
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with centre 0 from 1 to —1. We choose to use the 
parametrisations 


n(t)=t (tefi, 
t 


i T 
= f tdt + if 1 dt 
=j 0 

fiz2jl ; T 

= [3t] + ilto 

=0+ir = ri. 
Remark: You will see an interesting interpretation 
of this type of integral at the very end of the unit. 


Solution to Exercise 2.4 


Since a = 0 and b = 2, the reverse path is T : F(t) 
(t € [0,2]), where 


J) =7(2-— t) 
=2+i-(2-t) 
=t+i (te [0,2]. 


Solution to Exercise 2.5 

In Example 2.3 we used the parametrisation 
y(t) =e (te [0,27]). 

For the reverse path T we use the parametrisation 
F(t) = (Qn — t) = C (te [0,27]). 


274 


Since e*™’ = 1, we have 


F) =e" (t€ [0, 2), 


= —271. 


(Therefore, by Example 2.3, 


f i=- [ee 
rZ rZ 


Solution to Exercise 2.6 


(a) The standard parametrisation of I’, the line 
segment from 1 to 3, is 


y(t) =1—t+it (t€ (0,1); 
hence 


y'(t) =i-1. 
(i) Here f(z) = z, and 


1 
feiz fi (1—t+ it) x (i— 1)dt 
0 


- f- 14 (1-2) dt 
0 


= [nari f a-za 


= [~t] +i- 2], 
=el 
(ii) Here f(z) 


1 
[me] (Im(1 — t + it)) x (i — 1) dt 


TEEL 
=(i-1) f tat 


. 1 
= (i — [oe | 
= $(-1+%). 
(Note that this integral is different from 


(f ah which from part (a)(i) is 0.) 
T 
(iii) Here f(z 


Paa [7 (tF it) x (i-1)dt 
TERR Gat 
TERET 

Eis 


1 1 
f raat +i f ldt 
0 0 


= [t+] + ill 


= Imz, and 


(Again, note that this is different from | zdz.) 
T 


Solutions to exercises 


(b) We set out this solution in a similar style to 
Example 2.3. 


The standard parametrisation of I, the unit circle 
{z : |z| = 1}, is 


y(t) =e" (wep 2) 
hence 


zg=e", dz=ie™ dt. 


2m i . 
‘| z2 dz = -| et x ie” dt 
T 0 


2m 
= f i(cos 3t + isin 3t) dt 
0 


2m QT 
= f (— sin 3t) dti f cos 3t dt 
0 0 


= [5 cos a 
=); 


+ ilà sin Gd 


(c) The standard parametrisation of ’, the upper 
half of the circle with centre 0 and radius 2, 
traversed from 2 to —2, is 


y(t) =2e" (t € [0,7]); 
hence 

y (t) = 2ie". 
(i) e f= v and 
a =[ 5 x diel dt 


afta 
0 
= i[t]5 


= 71. 


rZ 
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(ii) Here f(z) = |z|, and 


fi dz = f l x ie’ dt 
r 0 


= | 4i(cost + isin t) dt 
0 


= (-4sint)dt +i | 4costdt 
0 0 

= [4 cost]; + 7[4sin¢]5 

= —8. 


Solution to Exercise 2.7 
(a) T =T +T2, where T; is the line segment from 
0 to i and T% is the line segment from 7 to 1 +i. 
We choose to use the standard parametrisations 
y(t) = it (te [0,1)), 
y(t) =t+i (te [0,1}). 
Then {4 (t) =i, 75(t) = 1. Hence 


[ Rezaz= | Rezds + | Rez dz 
F Ty T2 


1 1 
= Re(it) x iat+ f Re(t +7) x 1dt 
0 0 


(b) T =T; +12, where T; is the line segment 
from 0 to 1 and [2 is the line segment from 1 
to 1 +47. 
We choose to use the standard parametrisations 
y(t) =t (te (0,1), 
yo(t)=1+it (te [0,1)). 
Then y{(¢) = 1, y5(¢) =i. Hence 


[Reza = | Rezds + | Rez dz 
T Ty T2 


1 1 
z Ret x 1at+ f Re(1 + it) x idt 
0 0 


1 1 
-| tat+i f ldt 
0 0 


i. opal . 
= elo + i[t], = $ +1. 
(Note that the integrals in parts (a) and (b) have 
different values. ) 
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Solution to Exercise 3.1 


(a) F(z) = = et (z €C) 
(b) F(z) =i(1+iz)'=(z2-i)! (2€C— {i}) 
(c) F(z) =Logz (Rez >0) 


Solution to Exercise 3.2 
Let f(z) =e, F(z) = e?*/(3i) and R =C. 
Then f is continuous on R, and F is a primitive 
of f on R. Thus, by the Fundamental Theorem of 
Calculus, 
f ei dz = F(—2) — F (2) 
T 
1 | -6i 

= 5 (e%- 

The final simplification follows from the formula 


6i ; 
—= sinG. 
e”) 3 sin 


sin z = ae ge), 


with z = 6. 


Solution to Exercise 3.3 


(a) Let f(z) =e", F(z) =—e-"*/a and R =C. 
Then f is continuous on R, and F is a primitive 
of f on R. Thus, by the Fundamental Theorem of 
Calculus, 


f e-™ dz = F(i) — PÀ 
T 
= (~e fn) — (-e"/n) 
=1/r—1/r=0. 
(b) Let f(z) = (3z—1)?, F(z) = § (3z — 1)? and 
R = C. Then f is continuous on R, and F is a 
primitive of f on R. Thus, by the Fundamental 
Theorem of Calculus, 
fe — 1)? dz = F (2i + 4) — F (2) 
T 
= § (6i)? — § x 5° 
= —$(125 + 216i). 


(c) Let f(z) = sinh z, F(z) = cosh z and R = C. 
Then f is continuous on R, and F is a primitive 
of f on R. Thus, by the Fundamental Theorem of 
Calculus, 


[ sinned: = F(1) — F(i) 
T 


= cosh 1 — cosh ¿ 
= cosh 1 — cos 1. 
(d) The integrand e”? cos z can be written as 
exp(sin z) x sin’z, 
which equals (exp osin)’(z), by the Chain Rule. So 
let f(z) = exp(sin z) cos z, F(z) = exp(sin z) and 
R = C. Then f is continuous on R, and F isa 


primitive of f on R. Thus, by the Fundamental 
Theorem of Calculus, 


f e™®? cos z dz = F(a/2) — F(0) 
T 


= exp(sin(7/2)) — exp(sin 0) 
=e 1, 
Remark: If you have a good deal of experience at 
differentiating and integrating real and complex 
functions, then you may have chosen to write down 
the primitive F(z) = e&™* of f(z) = e&™* cos z 
straight away. 
(e) The integrand sin z/ cos? z can be written as 
——— cos’z 
cos? z i 
which equals 
(h o cos)’ (z), 
So let 
f(z) = sin z/ cos? z, 
F(z) = h(cos z) = 1/ cos z, 
R=C-{(n+4)n:nEezZ}. 
Then f is continuous on R, and F is a primitive 


of f on R. Thus, by the Fundamental Theorem of 
Calculus, 


| OWE de = FF) 
T 


where h(z) = 1/2. 


cos? z 
-i il 
= cost cos0 
=-l-1=-2. 


(In this solution, note that the region R does not 


Solutions to exercises 


contain the point 7/2, as cos7/2 = 0; thus T 


cannot be chosen to be a path that contains 7/2. 


Sın T 


T 
In particular, the real integral f —,— dx does 
o cos" x 


not exist.) 


Solution to Exercise 3.4 
(a) We take f(z) = z, g(z) = sinh z and R = C. 


Then f and g are analytic on R, and f’(z) = 1 and 
g'(z) = cosh z are continuous on R. 


Integrating by parts, we obtain 
| zcoshzdz = [z sinh z] 5" — | 1 x sinh z dz 
T r 


= (misinh ri — 0) — [cosh z2] . 


= mi x isina — (cosa — cosh 0) 
=0—(-1-1)=2. 
(b) We take f(z) = Log z, g(z) = z and 
R=C-—{zxeR:a< 0}. Then f and g are 
analytic on R, and f(z) = 1/z and g’(z) = 1 are 
continuous on R. 


Integrating by parts, we obtain 
; 1 
[tosede = [z Log z]; — f — x zdz 
r rZ 


= i Logi — Log 1 — [zi 
= =r /2 — (i — 1) = (1-7/2) — i. 


Solution to Exercise 3.5 


(a) Let f(z) =1/z, F(z) = Logz and 
R=C-—{xER:x <0}. Then f is continuous 
on R, F is a primitive of f on R, and T lies in R, 
as illustrated in the following figure. 


A 


C-—-{reEeR:x<0} 


Thus, by the Closed Contour Theorem, 


f uza =0. 
T 
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(b) Let f(z) = 1/2, F(z) = —1/z and 

R =C — {0}. Then f is continuous on R, F is a 
primitive of f on R, and F lies in R. Thus, by the 
Closed Contour Theorem, 


fue ae =O. 
is 


Solution to Exercise 3.6 
Let F(z) = Fi(z) — Fo(z). Since F; and F are 
both primitives of f on R, we see that 

Fi(z) = Foz) = f(2), 
Hence F is analytic on R, and 


F'(2) = Fi(z) — Fiz) =0, 


for all z in R. 


for all z in R. 


It follows from the Zero Derivative Theorem 
(with F in place of f) that 

F(z)=c, forallzin R, 
where c is a complex constant. 


Thus Fi(z) = Fo(z) + c, for all z in R. 


Solution to Exercise 3.7 


In each case, f is continuous on C and has a 
primitive on C, so we can apply the Fundamental 
Theorem of Calculus to evaluate the integral using 
any contour I from —i to i. 


(a) fia- k =l 


œ) fede = [3] 
o) fe +5i2)ae= fo +! 


=(i+1)-(-é-1) 
=2+2i 


si” — $(-i)? = 0 
(d) fo + 2iz)? dz = [a + 2iz)'°/(10 x 2) 


= ((-1)'° — 3'°) /(208) 

310 =i. 

= a7? 

(e) f etde = [e/a], 
= (e — e~t) /(—i) = 2isinh 1 


(£) [snede= [—cosz]*, 
iy 
= — cost + cos(—i) = 0 


(g) A primitive of f(z) = ze” is 


F(z) = Le. 
Hence l 
pe dz= ae" 
r —i 
je) 


F(z) = 4 sinh(24). 
Hence 


f 2 cosh(z*) dz = 
r 


sinh 1 — sinh 1) = 0. 
(i) Let g(z) = z, h(z) = e”. Then g and h are 
entire (that is, g and h are differentiable on the 
whole of C), and g’ and h’ are entire and hence 
continuous. Then, using Integration by Parts 
(Theorem 3.3), we have 


fe dz= [ze], — f lx e* dz 

r F 

(ie* — (—i)e™’) — f e dz 
JT 

Siite) e, 

= 2i cos 1 — (e = e`’) 


= 2i cos 1 — 2i sin 1 


= 2(cos 1 — sin 1)i. 


Solution to Exercise 3.8 

(a) Let f(z) =1/z, F(z) = Log z and 
R=C-—{xER:x <0}. Then f is continuous 
on R, F is a primitive of f on R, andT isa 
contour in R. Thus, by the Fundamental Theorem 
of Calculus, 


[re = [Log z]', 
T 2% 


= Logi — Log(-—1) 


T, ( Zi) : 
= >ti- (|->) =mi. 
2 2 


(b) Let f(z) = Vz, F(z) = 323/? and 
R=C-—{x eR: 2 < 0}. Then f is continuous 
on R, F is a primitive of f on R, andT isa 
contour in R. Thus, by the Fundamental Theorem 
of Calculus, 


[veu= 


Zr) 


-— 
colo 


~ 
w 
Ss 
N 
l 
os 
l 
> 
a 
w 
~~ 
N 
NS, 


|I 
N SVIN WIN WN ww 
eo a a 
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nN $ 
w 
=| 
>. z 
Sree i 
l 
fe 
pS 
gel 
AT 
l 
| 
~ 
p 
Se” 


(c) The function 


f(z) = sin? z = 5(1 — cos 2z) 


is continuous and has an entire primitive 
F(z) = $(z— $sin 2z). Thus, by the Closed 
Contour Theorem, 


f sin? z dz = 0. 
r 


(d) Let f(z) = 1/23, F(z) = —1/(2z7) and 

R =C -— {0}. Then f is continuous on R, F is a 
primitive of f on R, and F is a contour in R. 
Thus, by the Closed Contour Theorem, 


ji 
F 


Solution to Exercise 3.9 
The domain of tan is the region 
R=C-{(n+4)nr:nezZ}. 


(a) The figure shows one grid path in R from 1 
to 6 (there are many others). 


L+i 6+i 
J o | > 
lg 3r 6 

2 D 


Solutions to exercises 


(b) The figure shows one grid path in R from 


3 
S + 2i to as — i (again, there are many others). 


Solution to Exercise 4.1 


(a) The standard parametrisation of the circle 
with centre a and radius r is 


y(t) =a+re (te [0,2z]). 
Then y'(t) = rie”, so 
h'@l=r 


Thus the required length is 


2m 
f rdt = 27r. 
0 


(b) Since y(t) =t+icosht (t € [0,1]), we have 
y'(t) =1+isinht, 
and, since cosht > 0, 


ly"(t)| = V1 + sinh? t = cosh t. 


Thus the required length is 


1 
| cosh t dt = [sinh i, = sinh 1. 
0 


Solution to Exercise 4.2 


(a) The length L of [ is 107, as T is a circle of 
radius 5. To find a value for M, observe that 
for z € T we have 

|z?| —25 and |e**| = ed Rez < e5. 
since Rez < 5, for |z| = 5. Thus 

22] eld 
eT 25” 


so we can take M = e!°/25. 


for z ET, 


z2 
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Since f(z) = e?*/z? is continuous on C — {0}, it is 
also continuous on I’, so we can apply the 
Estimation Theorem to obtain 


(b) The length L of T is 40, as T is a square of 
side 10. To find a value for M, observe that for 
z E€ I we have 


since Rez < 5, for z € T. Also, since I lies in the 
set {2 : |z| > 5}, we see that 

[2°] = |z|? > 25, forzE€r. 
Thus 
szl eld 
eT 25” 


so we can take M = e!°/25. Since f(z) = e°? /2? is 
continuous on I’, we can apply the Estimation 
Theorem to obtain 


Solution to Exercise 4.3 


We need to find a value for L, the length of the 
contour I, and an upper estimate M for | f(z)| 
on I’, where 
3z— 4 
D= i 
We have L = 6r, as T is a circle of radius 3. To 
find a value for M, we need an upper estimate 
for |3z — 4| and a lower estimate for |2z — 5| on T. 
By the Triangle Inequality (usual form), we have 
[3z — 4| < |3z| + |-4| 
=9+4=13, forzeTl, 
and by the Triangle Inequality (backwards form), 
we have 
|2z — 5| > ||2z| — 5| 
=6-5=1, 


for z ET. 
Thus 


an for z ET, 


EE 
< 


so we can take M = 13. Since f is continuous on 
C — {5/2}, it is also continuous on I’, so we can 
apply the Estimation Theorem to obtain 


3z— 4 
| . dz 
rp2z-5 


Solution to Exercise 4.4 


< 13 x 67 = 787. 


The length L of T is 47, as T is a semicircle of 
radius 4. To find a value for M, note that, by the 
Triangle Inequality (backwards form), we have 


|2? -9| > I -9| 


=|16-9|=7, forzeT. 
For the exponential term, we can write 
|er| - |erle+iv) | 
= |e [le>] 
=|e™ 
— e72 
<e =1, forzeT, 


since y > 0, for z € I. Thus 


1 
e Ss; fi ET, 
Sz, forz 


so we can take M = 1/7. Since f(z) = e”*/(z? — 9) 
is continuous on C — {3, —3} (by the Composition 
Rule and Quotient Rule for continuous functions), 
it is also continuous on T, so we can apply the 
Estimation Theorem to obtain 


e?z 
|e 


Solution to Exercise 4.5 


1 An 
2 kde. 
a HETT 


In each case we check that the hypotheses of the 
Estimation Theorem apply; that is, we check 
that f is continuous on I and |f(z)| < M, for 

z €T and some positive number M. Observe 
that T has length L = 6r. 


(a) The function f(z) = (z — 3)/(z + 2) is 
continuous on C — {—2}, so it is continuous on I. 
To find a value for M, note that, by the Triangle 
Inequality (usual form), we have 

[z — 3] < |z| +|-3| 


=3+3=6, forzeTl, 


and, by the Triangle Inequality (backwards form), 
we have 


|z + 2| > [lal — [2 


=3-2=1, forzeTl. 


for z ET, 


= 6, 


so we can take M = 6. It follows from the 
Estimation Theorem that 


[se 
rz+2 


(b) The function f(z) = (z? + 4)/(z? — 4) is 


< 6 x 67 = 367. 


continuous on C — {2, —2}, so it is continuous on P. 


To find a value for M, note that, by the Triangle 
Inequality (usual form), we have 


|2? + 4l < |z7| + |4] 
=9+4= 13, 
and, by the Triangle Inequality (backwards form), 
we have 


for z ET, 


|2? — 4] > [12°] - -4l 
=9-4=5, forzeTl. 
Thus 
z2 +4| _ 13 
ZHE for z ET, 


so we can take M = 13/5. It follows from the 
Estimation Theorem that 
2 
[she 22) tee 
F z2 —4 5 5 


Solutions to exercises 


(c) The function f(z) = sin z/(1 + 2°) is 


continuous on C — {i, —i}, so it is continuous on P. 


To find a value for M, note that, by the Triangle 
Inequality (usual form), we have 


|sin z| = zje” — e | 
< alle] + |e“) 
— 4 (Ret) + a) 
= 3(e%+e") (where z= x + iy) 
< z(e? +e?) =e, forzeT, 
and, by the Triangle Inequality (backwards form), 
we have 
[1 + 27| > [1 - [27]| 
=|1-9|/=8, forzeTl. 
Thus 
: 3 
sin z e 
EE < p for z ET, 


so we can take M = e?/8. It follows from the 
Estimation Theorem that 


G 3 363 
[5 del < & x 6r = E. 
ri+z 
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Introduction 


In this unit we present three of the most important results in complex 
analysis: Cauchy’s Theorem, Cauchy’s Integral Formula and Cauchy’s nth 
Derivative Formula. These results lie at the heart of complex analysis and 
give the subject much of its distinctive flavour. 


In the previous unit we proved the Closed Contour Theorem (Theorem 3.4 
of Unit B1), which states that if f is a function that is continuous on a 
region R and has a primitive on R, then 


I f(2)dz =0, 


for any closed contour I in R. 


Cauchy’s Theorem has the same conclusion as the Closed Contour 
Theorem. It states that if R is a region of a particular type and if f is 
analytic on R, then 


f f(2) dz =0, 


for any closed contour [ in R. Cauchy’s Theorem is discussed in Section 1, 
where we give an outline proof. The full details of this proof, which are 
rather involved, appear in Section 5. 


Section 2 is devoted to a discussion of Cauchy’s remarkable Integral 
Formula, which expresses the value of an analytic function at any point 
inside a contour in terms of the values of the function on the contour. 


Using the Integral Formula, we prove a spectacular result, known as 
Liouville’s Theorem, which states that any function that is entire 
(differentiable on C) and bounded must be constant. This is a result that 
has no analogue in real analysis, where there are many non-constant 
functions, such as x œ> sin x and «+> ee that are both differentiable 
on R and bounded. 


We use Liouville’s Theorem to prove the Fundamental Theorem of 
Algebra, which says that every non-constant polynomial function has at 
least one zero. This is another result that has no analogue in real analysis, 
because there are non-constant real polynomial functions such 

as +> T° + 1 that never take the value zero. 


In Section 3 we consider a further result due to Cauchy, which gives a 
formula (in terms of an integral) for the derivative of an analytic function. 
Once again there are many surprises: not only do we use integrals when we 
want to differentiate, but we find that if a function can be differentiated 
once on a region, then it can be differentiated as many times as we like — 
again, a result that has no analogue in real analysis. 


After this wealth of unexpected results and new ideas, you may feel the 
need for a change of pace. This is provided by Section 4, a revision section, 
in which we consider examples of integrals that can be evaluated by a 
variety of methods. 
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Figure 1.1 The point 0 inside 
the unit circle I 
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Unit guide 


Most of the material in this unit is essential for your later work, and you 
should make sure that you become familiar with it. In particular, you will 
need to understand the results of Sections 1, 2 and 3, and you should know 
how to use them. However, if you are short of time, then you can omit 
Section 5 on a first reading. 


The revision section (Section 4) contains no new material, as it reviews 
techniques from this unit and the previous one. 


1 Cauchy’s Theorem 


After working through this section, you should be able to: 

e explain what is meant by a simple-closed path and a simply connected 
region 

e state the Jordan Curve Theorem 

e state and use Cauchy’s Theorem 


e state the Primitive Theorem and explain its role in the proof of 
Cauchy’s Theorem 


e state and use the Contour Independence Theorem and the Shrinking 
Contour Theorem. 


1.1 Simply connected regions 


In this subsection we introduce the type of region that we will need in the 
statement of Cauchy’s Theorem. 


The Closed Contour Theorem tells us that if f is a function that is 
continuous on a region R and has a primitive on R, then 


| oksi (1.1) 
P 


for any closed contour I in R. It is tempting to conjecture that the same 
conclusion will hold if we assume that f is analytic on the region R. 
Consider, however, Example 2.3 of Unit B1, which says that 


1 
[eden 
rZ 


where T is the unit circle {2 : |z| = 1}. Here the integrand f(z) = 1/z is 
analytic on the region R = C — {0}, which contains I (see Figure 1.1), and 


yet 
f f(z)dz £0. 
r 


In this example, however, the closed contour I encloses the point 0, so the 
inside of I does not belong to the region R. Cauchy realised that the key 
to proving equation (1.1) for an analytic function f on a region ȘR is to 
insist that the closed contour I and its inside lie in R. 


This idea leads us to make the following informal definition. 


A region R is simply connected if it has no holes in it. 


For example, the regions in Figure 1.2 are simply connected, as they have 
no holes in them. 


iif. aia i ta 
/ N Á oe `N / f \ 
/ \ / 7 `~ \ / || À 
| | 1 \ a P 
7 / , y | Y | d 
` / ww g waif 5 
X 7 Na x N d 
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Figure 1.2 Simply connected regions 


However, the regions in Figure 1.3 are not simply connected, as each has at 
least one hole in it. 
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Figure 1.3 Regions that are not simply connected 


Exercise 1.1 


Determine which of the following regions are simply connected. 


(e) {z:—1 < Imz < 1} (H taile =3} (g) C 
(h) {z:-a < Argz <a, 1< |z| < 2} 
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outside 


mJ 


Figure 1.5 The inside and 
outside of a simple-closed 
path T 
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In order to define a simply connected region formally, we need the concept 
of a simple-closed path; this is a closed path that does not intersect itself 
(except at the initial and final point). We also define the notion of a simple 
path, which is a path that does not intersect itself. 


Definitions 

A path T : y(t) (t € [a,b]) is simple if y is one-to-one on [a,b]. 

A path T : y(t) (t € [a, b]) is simple-closed if it is closed and y is 
one-to-one on [a, b). 


Since a contour is a special type of path, we also speak of simple 
contours and simple-closed contours. 


Figure 1.4 Anu as a. —on the closed paths the dot 
denotes the point y(a) = 


re O Q 


simple not simple simple-closed not simple-closed 


Figure 1.4 Paths of different types 


A circle (which is a simple-closed path) has the property that it divides the 
complex plane into two regions: the inside of the circle and the outside of 
the circle. It seems clear that every simple-closed path must have an inside 
and an outside, but this is surprisingly difficult to prove (because some 
simple-closed paths are complicated). We therefore only state but do not 
prove this general result, which is known as the Jordan Curve Theorem. 


Theorem 1.1 Jordan Curve Theorem 


The complement C — T of a simple-closed path T is the union of two 
disjoint regions, one bounded and the other unbounded. 


The bounded region is called the inside of I and the unbounded region is 
called the outside of T; see Figure 1.5. 


The following exercise will give you some idea of the difficulty of 
identifying the inside and outside of a complicated simple-closed path. For 
many simple-closed paths, however, it is clear which is the inside and 
which is the outside. 


Exercise 1.2 


(a) By shading the inside of the following simple-closed path I, or 
otherwise, determine which of the points A, B, C, D, E lie inside T. 


eB 
D 


tye 


oA Ce 


(b) Try to devise an algorithm for deciding whether a given point a lies 
inside I. (Don’t spend too long on this.) 


We can now refine the informal definition of a simply connected region 
given earlier. 


Definition 


A region R is simply connected if, whenever I is a simple-closed 
path lying in R, the inside of T also lies in R. 


For example, the region R in Figure 1.6(a) is simply connected because 
if T is any simple-closed path in R, then the inside of I lies completely 
in R. However, the region R in Figure 1.6(b) is not simply connected 
because if I is the path illustrated, then the inside of does not lie in R. 


ieee Saar Rane ee oes Pe en a Team Fas See — mm 
= 
p” — 


(a) (b) 

Figure 1.6 Regions: (a) simply connected, (b) not simply connected 

It is difficult to verify that a region is simply connected using this 
definition, because we need to check that the inside of every simple-closed 
path lies in the region. Instead we generally use the earlier informal 
definition, and identify a simply connected region as a region without any 
holes in it. 
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Origin of the Jordan Curve Theorem 


The Jordan Curve Theorem was first proved by the French 
mathematician Camille Jordan (1838-1922) in his influential text 
Cours d’Analyse (1887). Jordan saw that many of the theorems of 
complex analysis could be made rigorous only with a precise definition 
of the inside and outside of a simple-closed path. The proof of his 
theorem, however, was criticised by others, most notably the 
American mathematician Oswald Veblen (1880-1960), who published 
an alternative proof in 1905. Veblen wrote of Jordan’s work: 


His proof, however, is unsatisfactory to many mathematicians. 
It assumes the theorem without proof in the important special 
case of a simple polygon, and of the argument from that point 
on, one must admit at least that all details are not given. 


(Veblen, 1905, p. 83) 


Nonetheless, mathematicians of the present day consider Jordan’s 
proof to be acceptable, if presented somewhat obscurely. 


The Jordan Curve Theorem was strengthened by the German 
mathematician Arthur Moritz Schoenflies (1853-1928) in 1906, who 
proved that the inside of a simple-closed path is simply connected. 


1.2 Statement of Cauchy’s Theorem 


Now that we have defined simply connected regions, we can state a central 
result of complex analysis — Cauchy’s Theorem. 


Theorem 1.2 Cauchy’s Theorem 


Let R be a simply connected region, and let f be a function that is 
analytic on R. Then 


| f(2)dz =0, 


for any closed contour I in R. 


You should be aware that there are other theorems called ‘Cauchy’s 
Theorem’ in other branches of mathematics (such as group theory), which 
are quite different to this one. 

As an example of Cauchy’s Theorem, if we take R to be C, T to be the 
unit circle C = {z: |z| = 1}, and f(z) = z?, then the conditions of 
Cauchy’s Theorem are satisfied. We deduce that 


[Puro 
Cc 


a result that also follows from the Closed Contour Theorem. 


However, Cauchy’s Theorem cannot be used to evaluate 


[se 
Cz 


since there is no simply connected region R that contains C and on which 
the function f(z) = 1/z is analytic. 


Exercise 1.3 


Determine whether the conditions of Cauchy’s Theorem are satisfied for 
each of the following functions f and contours T in the open unit disc. 


fi D, S ON y N 
N N >J 
A N d \ d N 
I EN I \ l \ 
I \ I | | \ 
\ l \ l \ Ir l 
\ / \ Ir / \ / 
\ / \ / \ / 
a bh b 
(a) flz)=1/z (b) f(z) =e (c) f(z) = Logz 
- = a. o ;23 mG 
>N N >N 
d \ Á \ d N 
I ) I 1 I T | 
\ ) o | \ ) 
\ / q / \ / 
\ T M \ y N y 
o B d ee 
(a) f(2)=1W/(-3) (e Je) =z © F2) = lezl 


We now give an example to show how Cauchy’s Theorem can be applied in 
practice. 


Example 1.1 
Let T be the unit circle {z : |z| = 1}. Prove that 
1 
l az =. 
r + D 
Solution 


We first choose a simply connected region R containing I on which 
the function f(z) = 1/(z + 2) is analytic. An example of such a region 
is 

R = {z : Rez > —3/2}, 
since R does not contain the point —2 (see Figure 1.7). Then the 
conditions of Cauchy’s Theorem are satisfied, so 


1 
l dz =Q. 
pete 


1 Cauchy’s Theorem 


— _3 
w= ~% 


Figure 1.7 The unit circle T 


inside R 
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Exercise 1.4 


Prove that if T is any circle and a is any point lying outside T, then 
1 
f dz = 0. 
rTre—-a 


We conclude this subsection with an outline of a proof of Cauchy’s 
Theorem. Full details are given in Section 5. 


Outline of a proof of Cauchy’s Theorem 


Let R be a simply connected region, and let f be a function that is 
analytic on R. We wish to prove that 


| f(e) dz =0, 


for any closed contour T in R. 


ia N The proof is in three stages (the first two of which are special cases of 
A `N Cauchy’s Theorem). The aim is to show that the hypotheses of Cauchy’s 
F r | Theorem imply the hypotheses of the Closed Contour Theorem, and we 
\ / then apply that theorem to deduce Cauchy’s Theorem. 
\ / 
~ R A 1. Cauchy’s Theorem for rectangular contours 


~- 


The first stage is to prove Cauchy’s Theorem when T is a rectangular 
Figure 1.8 A rectangular contour in R, such as the one illustrated in Figure 1.8. 
contour in R 
2. Cauchy’s Theorem for closed grid paths 
ta The second stage is to prove Cauchy’s Theorem when I is a closed grid 
k path in R, such as the one illustrated in Figure 1.9. (The definition of a 
/ \ grid path was given in Subsection 3.2 of Unit B1.) 


\ f, 3. Primitive Theorem 


Y / The final stage is to prove the Primitive Theorem, which says that if f is a 
S Ro v- function that is analytic on a simply connected region R, then f has a 
: ae i primitive on R. The primitive is constructed using grid paths, and 
Figure 1.9 A closed grid path Cauchy’s Theorem for closed grid paths is applied to show that this 
in R construction does not depend on the choice of grid paths. 
Cauchy’s Theorem then follows from the Primitive Theorem and the 
Closed Contour Theorem. 


1.3 Some consequences of Cauchy’s 
Theorem 


We now use Cauchy’s Theorem to deduce some simple, but extremely 
useful, results. The first of these is a variant of the Contour Independence 
Theorem (Theorem 3.2 of Unit B1). 
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Theorem 1.3 Contour Independence Theorem 


Let R be a simply connected region, let f be a function that is À” ON 
analytic on R, and let Tı and T2 be contours in R with the same y \ 
initial point a and the same final point 6. Then á T B \ 
l l 
f(z)dz= | flz)dz. la T A 

2 
My T2 N y 
w E 


_—— 


Figure 1.10 Two contours [1 
and lə with the same 
endpoints 


Two such contours [4 and T% are illustrated in Figure 1.10. 


Exercise 1.5 


By applying Cauchy’s Theorem to the closed contour T1 + Ta, where T% is 
the reverse of T2, prove Theorem 1.3. 


Before stating our next result, we need to establish a convention about 
integrals around simple-closed contours. Recall that a closed path 

T : y(t) (t € [a,b]) is simple-closed if y is one-to-one on fa, b). Thus as t 
increases from a to b, the point y(t) traverses I exactly once, in either the 
clockwise or the anticlockwise direction. 


Convention 


Unless otherwise specified, any simple-closed contour I appearing in a 
contour integral will be assumed to be traversed once anticlockwise, 
with the inside of I on the left. 


Contours that are traversed in the manner described by the convention are 
sometimes said to be positively orientated. 


The next result, which will be needed in Section 2 and elsewhere, shows 
that, under suitable conditions, we can replace an integral around a 
simple-closed contour by an integral around a circle. 


Theorem 1.4 Shrinking Contour Theorem 


Let R be a simply connected region, let I’ be a simple-closed contour 
in R, let a be a point inside I, and let f be a function that is analytic 
on R — {a}. Then 


| f(2dz= iL f(e) dz, 


where C is any circle lying inside I with centre a. 
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~N a 
a 


Figure 1.11 A circle C 
inside T 


A suitable contour TI and circle C are illustrated in Figure 1.11. The 
purpose of replacing an integral along a simple-closed contour with an 
integral along a circle will emerge in Section 2. 


Proof Draw two line-segment contours Lı and Lg, which do not intersect 
each other, from the circle C to the contour I, thereby dividing I into two 
parts P, and P2, and C into two parts Cı and C2, as shown in Figure 1.12. 


Figure 1.12 Line segments Lı and Lə used to split each of I and C into two 
parts 


Let Rı be a simply connected region contained in R that contains the 
contour Ty = Li + Py + Lo + C1, but does not contain the point a; see 
Figure 1.13(a). Such a region can be chosen because R is simply connected 
(in contrast, if R had a hole in it, inside 1, then no such simply connected 
region Rı could be chosen). 


Similarly, let Rg be a simply connected region contained in R that 
contains the contour Tg = Lz + P2 + Li + C2, but does not contain the 
point a; see Figure 1.13(b). 


Figure 1.13 (a) The contour, = Lı + P, + Lə +C, (b) The contour Py = Ly + Po + Li + C2 


70 


Applying Cauchy’s Theorem to the function f around the contour [4 in 
the region R 1, we obtain 


oder f sodet f, f(z)dz + A f(z)dz = 0. 


Similarly, applying Cauchy’s Theorem to the function f around the 
contour [> in the region R2, we obtain 


f(z)dz+ | f(z)dz+ J. flz)dz+ |. f(z)dz=0. 
Lo P> Lı C2 
If we add these two equations, the integrals along Lı and La cancel, since 


| f(z)dz=— |} f(z)dz, 


Lı Lı 


by the Reverse Contour Theorem (Theorem 2.3 of Unit B1), as do the 
integrals along Lə and Lə. We obtain 


fle)de+ | fle)de + f fle)dz+ |. f(z)dz = 0; 
Pı P> C1 C2 
that is, 

[fades fe fle)dz= f fe)de+ a f(z) dz. 


Since [ = P) + Pp and C = C1 + C2, we see that 


[10i | foa : 


Remark 


The technique used here of introducing extra contours in order to apply 
Cauchy’s Theorem is a standard technique in complex analysis. It will be 
used in Unit C1 in the proof of the Residue Theorem. 

Exercise 1.6 
Use the Shrinking Contour Theorem to evaluate the integral 


1 
[ee 
T 2 
x 


2 
where T is the ellipse F + T =l; 


N 
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Further exercises 


Exercise 1.7 


State whether or not each of the following regions is simply connected. 
Justify your answers. 


(a) {z:2<|z-3] < 4} (b) {z: |z| > 0} (c) {2:-1< Rez <1} 
(d) {z:-m < Argz < r} (e) The domain of the tangent function 


Exercise 1.8 


State which of the following paths T are simple-closed. For those that are 
not, explain why not. 


(a) T: y(t) = e* (t e [0,7]) (b) T: y(t) = e* (te [0, 27]) 
(c) T: y(t) = e® (t € [0, 47]) (da) T : y(t) = te” (t € [0, 27]) 


Exercise 1.9 


For each of the following integrals, find a simply connected region 
containing [ = {z : |z| = 2} on which Cauchy’s Theorem can be applied to 
show that the integral has value zero. 


(a) fanza (b) [tante/2) dz (c) [= 


(d) f ((2° + 3z — 2)e* + Log(z + 3i)) dz 


dz 


Exercise 1.10 


Explain why Cauchy’s Theorem is not appropriate for evaluating each of 
the following integrals. 


(a) [secede where T = {z : |z| = 2}. 
T 


(b) fro +z)dz, where I = {z : |z| = 1}. 


1 
(c) f dz, whereT = {z : |z| = 3}. 
Pe 1 


(d) | e* dz, where I has parametrisation y(t) = (1 — t) + it (t € [0, 1)). 
t 


Exercise 1.11 


For each of the following pairs of integrals, explain why Jı and I> are 
equal. (Do not evaluate the integrals.) 


2 Cauchy’s Integral Formula 


(a) Ty z. ze" dz, Tı: y(t) = it (t€ [0,1]) 


I =| ze dz, T2: y(t) = i+ ge" (t € [-1/2, 1/2) 
T2 


L 
(b) n=f S dv, Tr={es|e—4/=2} 


Cauchy’s legacy 


Augustin-Louis Cauchy, whom you encountered in Book A, is rightly 
regarded as the foremost founder of complex analysis. From 1814 
until the end of his life in 1857, he produced a huge array of papers on 
complex functions, including Mémoire sur les intégrals définies, prises 
entre des limites imaginaires (1825), regarded by many as his 
masterwork. It was this paper that contained the first version of 
Cauchy’s Theorem and other integral theorems attributed to Cauchy 
that you will meet in this module. 


Cauchy’s influence is summed up in an obituary written in 1857 by 
the French mathematician Charles Auguste Briot (1817-1882): 


Young geometers who have the courage to read his works in 
detail and with care will find them to be a mine of ideas, with 
rich veins of discoveries and insights to follow through on and to 
bring up to date. 


(Belhoste, 1991, p. 212, cited in Bottazzini and Gray, 2013, p. 212) 


From a contemporary perspective, Cauchy’s writing can seem at times 
obscure and misguided, if illuminated by brilliance. This clumsiness in 
Cauchy’s exposition is a reflection of the subtleties of the concepts 
underpinning complex analysis. However, Briot’s recommendation 
proved to be true, as generations of mathematicians followed Cauchy’s 
lead, refining the subject to its present polished state. 


2 Cauchy’s Integral Formula 


After working through this section, you should be able to: 
e state and apply Cauchy’s Integral Formula 
e state and apply Liouville’s Theorem 


e understand the Fundamental Theorem of Algebra. 
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2.1 Introducing Cauchy’s Integral Formula 


In this subsection we present a remarkable result which expresses the 
values of an analytic function f inside a simple-closed contour T in terms 
of the values of f on I. The formula involves an integral, and it can also 
be used in reverse to evaluate integrals, as you will see. The theorem will 
be proved in Subsection 2.2, and some features of it are illustrated 


in Figure 2.1. 


A 
\ 
4 
/ \ , 
/ y Theorem 2.1 Cauchy’s Integral Formula 
/ 
| R ) Let R be a simply connected region, let I be a simple-closed contour 
7 d in R, and let f be a function that is analytic on R. Then 
\ IP l 
1 Z 
x fla) = nen fla) dz, 
Ti Jp Z—-@ 
x l 
sS y for any point a inside T. 
“SS i 


_—— 


Figure 2.1 A point a inside oo, ; 
A i Cauchy’s Integral Formula has great theoretical importance, in that the 
the simple-closed contour T : : i . 
representation of f(a) in terms of an integral can be used to find properties 
of the function f. For example, we will use it to derive a formula for the 
derivative f’ in Section 3, and to prove Taylor’s Theorem in the next unit. 


More important for our present purposes are the practical consequences of 
Cauchy’s Integral Formula. In one direction, it tells us that we can find the 
value of f(a) by integrating the function 

f(z) 

z-a 

around the contour I (recall our convention from Subsection 1.3 that T is 
assumed to be traversed once anticlockwise). Often, however, it is more 
useful to reverse the procedure and write Cauchy’s Integral Formula as 


[ Be = ari flo), 
rz-a 


and then evaluate the integral using the value of f(a). The following 
examples should make this method for evaluating integrals clear. 


zZ 


Example 2.1 


Evaluate 


zZ 
£ dz, 
ro! 


where I is the circle {z : |z| = 2}. 


Solution 


We use Cauchy’s Integral Formula with f(z) = e”, a = 1 and R =C. 
We must first check that the hypotheses of the theorem are satisfied. 
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Certainly R is simply connected, T is a simple-closed contour in R, 


and a lies inside I (see Figure 2.2). Also, f(z) = e” is analytic on R. 


It follows from Cauchy’s Integral Formula that 


l Ca a 
ip & i 


= 2rie! 


= 2net. 


Exercise 2.1 


Use Cauchy’s Integral Formula to evaluate the following integrals. 


(a) f a dz, where T is the circle {z : |z| = 2}. 


(b) f - dz, where T is the circle {z : |z — 3| = 5}. 
r + 1 


When the integrand is not as simple as those considered above, we need to 
be careful in choosing the function f, as the following example illustrates. 


Example 2.2 


Evaluate 


2 
| a 
r 2(z — 2) 
where T is the circle {z : |z| = 1}. 


Solution 


Looking at the denominator, we see that 0 and 2 are the only points 
where the integrand is not defined. Of these two points, only 0 lies 
inside T. We therefore take f(z) = (z2? + 3)/(z — 2) and a = 0, and 
let R be any simply connected region that contains [ but not the 
point 2; for example, R = {z :Rez < 3h. Then T is a simple-closed 
contour in R, and a lies inside I (see Figure 2.3). Also, f is analytic 
on R. 


It follows from Cauchy’s Integral Formula that 


| tke [ee 


z 


Lye) 
ie rar 
= Pi O) 


= 2ni x (-3) = —3ri. 


2 Cauchy’s Integral Formula 


Figure 2.2 The circle 
T= {z: || =2} 


— 3 
t= % 


(J 
Y 


l 
| 
| 
| 
| 
| 
| 
m2 
| 
| 
| 
| 
| 


Figure 2.3 The circle 
Tr = {2z : |z| = 1} in the 
region R 
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Exercise 2.2 


Use Cauchy’s Integral Formula to evaluate the following integrals. 


e37 
(a) [me where T = {z : |z — 1| = 2}. 
he 


2 
(b) f = dz, where T is the square contour with vertices 
palet +4) lag, eh ead, 1—i 


As we have seen, Cauchy’s Integral Formula can be used to evaluate 
integrals of the form 


IO gy 

rez-a 
where f is a function that is analytic on a simply connected region 
containing I. We now look at how to extend the range of applicability of 
Cauchy’s Integral Formula by using partial fractions. 


Consider the integral 


e2? 
[ae where [ = {z: |z — 1| = 2}. (2.1) 


This is not in a suitable form to apply Cauchy’s Integral Formula because 
the denominator z? + 1 = (z + i)(z — i) has two zeros, —i and i, both of 
which lie inside I. However, by splitting the rational expression 1/(z? + 1) 
into a sum of two simpler rational expressions, we can write the integral as 
a sum of two integrals that are in a form suitable for Cauchy’s Integral 
Formula. 
To do this, we write 

1 1 A B 


2+1 (z +i)(z— i) gg 


where A and B are complex numbers to be determined. One way to find A 
and B is by the method of equating coefficients, as follows. 
First we multiply both sides by z? + 1, to give 

1= A(z -—1)+ B(z +i). (2.2) 
By equating the coefficients of z and constants, we obtain 

z: 0= A+B, 

1: 1=—Ai+ Bi. 
Solving these simultaneous equations gives A = 7/2 and B = —7/2. Thus 

ee ee (2.3) 

zt+looz+%4 z-7% 
Alternatively, we can find A and B by substituting suitable values of z into 
equation (2.2) rather than by equating coefficients. For example, 
substituting z = i into equation (2.2) gives 1 = 2Bi, so B = —7/2, and 
substituting z = —i gives A = 1/2. 


2 Cauchy’s Integral Formula 


The expression on the right of equation (2.3) is the partial fraction 
expansion of 1/(z2 +1), and the terms 
2 2 
De oi a 
z+ zZ—4 
are the partial fractions of 1/(z? +1). By similar methods, we can find the 
partial fraction expansion of any rational expression 1/p(z), where p(z) is a 


polynomial expression that can be written as a product of distinct linear 
factors. 


We can now use the partial fraction expansion of 1/(z? + 1) together with 
Cauchy’s Integral Formula to evaluate the integral (2.1). Before we do 
this, however, you should try the following exercise, the results of which 
will be used in Exercise 2.4 and Example 2.4. 


Exercise 2.3 


Find the partial fraction expansions of the following expressions. 


a> WO a5 


We now show how partial fractions can be used in conjunction with 
Cauchy’s Integral Formula. 


Example 2.3 


Evaluate 
2g 
|e 
iP z2 +1 
where T is the circle {z : |z — 1| = 2}. 


Solution 


Using the partial fractions obtained in equation (2.3), we have 


22 : 2z a 22 
[neinei -dz R 
rz? +1 2 jJpz+iíi 2/pz-1 

We now use Cauchy’s Integral Formula with f(z) = e”, R =C 
and a = —i and i (in turn). Then R is simply connected, F is a 


simple-closed contour in R, —i and 2 lie inside T, and f is analytic 
on R (see Figure 2.4). Thus 


e” l 
| dz = 2nif(—1) = 2me~* 
it 


zit 
and 
e27 Figure 2.4 The points —i 
-dz = 2nif(i) = mie and i inside the circle 
i aoa! Pe{er\le=—1|—2} 
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Putting all this together, we obtain 


2z 
i Sri a 5 x Dmie = 5 x 2rie”* 
ik z 


= 2m sina 2, 


since sin z = le" — e 7) /(2%). 


-xercise 2.4 


Use Cauchy’s Integral Formula to evaluate 


COS 3z 
E dz, 
r Zo = Zz 


where T is the circle {z : |z — 1| = 2}. 


The following example illustrates how we can sometimes save effort when 
partial fractions are involved. 


Example 2.4 


Evaluate 


cos Z 
—— d 
haa” 
where I is the circle {z : |z — 2| = 3}. 


C_i 


wlsatacr 
LIOIN 


First note that the denominator can be factorised as a product of 
distinct linear factors: 


ale” = 4) (= 2e +2): 


It is tempting to expand 1/(z(z? — 4)) in partial fractions 

as A/z+ B/(z—2)+C/(z +2) and proceed as in Example 2.3. 
However, an alternative approach involving a simpler partial fraction 
expansion is as follows. 


The three zeros of the expression z(z? — 4) are 0, 2 and —2. Of 


these, 0 and 2 lie inside I but —2 lies outside I. This suggests 
combining (z + 2) with cos z to form f(z) = (cosz)/(z+2). Using 


partial fractions (see Exercise 2.3(b)) we have 
ll 1 1 


46 =) IE) 


sO we can write 


COS z we IN il f(z) 


We now let R be any simply connected region containing I but not 
the point —2; for example, R = {z Rez —3} (see Figure 2.5). 
Applying Cauchy’s Integral Formula with f(z) = (cos z)/(z + 2), 
which is analytic on R, and a = 0 and 2 (in turn), gives 


l O E 
ip, 
=mi <4 


OS ey = Ut 


and 
i Hoy = Pra (2) 


cos2 mim. Go 
7 aS ; 


Putting all this together, we obtain 


= Vir X 


l COS Z d Ia eee, 9 
——— dz = —= x mi + = X =i cos 
r 2(22 — 4) 2 2? 


(—2 + cos 2)i. 


Exercise 2.5 


(a) Use the partial fraction expansion 


i. if 4 I i i 
zt—-1 4\z-1 z+1 z-i z+ií 


to evaluate 


e” 
IES = dz, 


where T is 
(i) the ellipse 4x? + 9y? = 36 
(ii) the rectangular contour with vertices 


442i, -44+2i, -4-2i, $ — 2i. 
(b) Confirm your answer to part (a)(ii) by using the approach of 


Example 2.4. 


Using the approaches just described, we can evaluate any integral of the 
form 


[Ba 


where T is a simple-closed contour, g is a function that is analytic on some 
simply connected region R containing I’, and p is a polynomial function 
with distinct roots that do not lie on I. This is because p(z) can be 
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v 


— _3 
c= 9 


Figure 2.5 The points 0 
and 2 inside the circle 
Tr = 2% |z- 2| = 3} 
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expressed as a product of n distinct linear factors by the Fundamental 
Theorem of Algebra, discussed at the end of this section. But we cannot 
yet evaluate integrals involving polynomial functions with repeated roots 
in the denominator, such as 


[ope 


Methods for dealing with such integrals will be discussed in Section 3, and 
a general strategy is given in Section 4. 


2.2 Proof of Cauchy’s Integral Formula 


In this subsection we prove Cauchy’s Integral Formula. 


Theorem 2.1 Cauchy’s Integral Formula 


Let R be a simply connected region, let I be a simple-closed contour 
in R, and let f be a function that is analytic on R. Then 


fa)= 5 [| Sa 


De eS 


for any point a inside I. 


Before we give a proof, we make two introductory remarks. 


Remarks 


1. A standard method to prove that a complex number J is zero is to show 
that, for some positive constant K, 

I| < Ke, (2.4) 
for each positive number e. To see why this proves that J = 0, suppose 
that I #0, and take € = 3|I|/K in inequality (2.4). This gives 

HESTI 
which is false. Thus J = 0 after all. 

2. During the proof, we will need the fact that 


1 
f dz = 271, 
Coxw~-a 


where C is any circle with centre a (and radius r, say). We proved a 
special case of this result for a = 0, r = 1 in Example 2.3 of Unit B1. 
To prove the general case, we use the standard parametrisation 


y(t) =at+re* (t€ [0,2z]). 


Then y/(t) = rie", and we have 


1 Qn riet 
[ z—a de f rett wi 
QT 
= | idt = 277. 
0 
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We now prove Cauchy’s Integral Formula. The basic tools are the 
Shrinking Contour Theorem (Theorem 1.4) and the Estimation Theorem 
(Theorem 4.1 of Unit B1). 


Proof of Cauchy’s Integral Formula There are four steps in the 
proof. 


1. Consider the integral 


LONA 
T2-a 


By the Shrinking Contour Theorem applied to the function with rule 
f(z)/(¢ — a), we can replace T by any circle C with centre a, lying 
inside I (such a circle C exists, since the inside of I is an open set), to 
obtain 


Ne) dz = BiCay dz 
pz-a Cz-a 


The radius r of C will be chosen in step 3. 
2. L 


et 
_ f fl ; 


To prove the theorem, we need to show that the complex number I is 
equal to zero. 


By Remark 2, we can replace the 277 by 


1 
i dz 
G A =Q 


l= L -pa | 
_f (£2. ANa 
iy 
c z-a 


In the second-to-last line we have taken f (œ) inside the integral, which 
is valid because it is a constant. 


3. We now use the Estimation Theorem to give an upper estimate for ||. 
The length of C is easy to find: it is just 27r, the circumference of the 
circle. To find an upper estimate for 

f(z) = F(a) 


= & 


on C, we use the fact that f is continuous at a (since it is differentiable 
at a). Thus for each e > 0, there is 6 > 0 such that 


|z -al< = |f(z)-f(a)| <e. 
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If we now choose the radius r to be any positive number less than 6, 
then we can write 


f(z) = Fla) 


a a 


_@=flo)| - ¢ 
|z — a| p 


for z € C. It follows from the Estimation Theorem, with M = €/r and 
L = 2rr, that 


| < E x Qnr = Ime. 
r 


4. Finally, we use the result of Remark 1. Since |I| < 27e, for each positive 
number £, we obtain J = 0. This concludes the proof. E 


Exercise 2.0 


Let R be a simply connected region, let C = {z : |z — a| = r} be a circle 
contained in R, and let f be a function that is analytic on R. Use Cauchy’s 
Integral Formula and the standard parametrisation of C to prove that 


1 20 


f(a) = rae flat re”) dt. 


The result of this exercise is called Gauss’s Mean Value Theorem. It 
tells us that the value of f at the centre of the circle C is the ‘average’ of 
the values of f on C. 


2.3 Liouville’s Theorem 


We come now to one of the most surprising results in complex analysis, 
namely Liouville’s Theorem. (Liouville is pronounced ‘lee-oo-vill’, or 
similar. ) 


In your study of real functions, you will have met many functions that are 
differentiable at all values of x, and which are bounded. Examples of such 
functions are f(x) = sing, f(x) = exp(—a”) and f(x) = tan™! z, the 
graphs of which are illustrated in Figure 2.6. 


—1 


f(x) = sinz, 
lsinz| < 1 


A al 
i E s 
1 1 
—7/2] g 
CEE) Marta, 
lexp(—a)| <1 [tant z| < 1/2 


Figure 2.6 Real functions that are differentiable on the entire real line and are bounded 
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In complex analysis, however, the class of all bounded functions that are 
entire (that is, differentiable at all values of z) is highly restricted: it 
consists of only the constant functions! 


Theorem 2.2  Liouville’s Theorem 


Every bounded entire function is a constant function. 


Another way of expressing this result is to say that 
if f is a non-constant entire function, then f is unbounded. 


Before proving Liouville’s Theorem, we give two exercises to test your 
understanding of its statement. 


Exercise 2.7 


Determine what is wrong with the following false statement. 


‘Since f(z) = sin z is entire and |sin z| < 1, for all z € C, the sine function 
is constant, by Liouville’s Theorem.’ 


Exercise 2.8 


Use Liouville’s Theorem to prove that the function f(z) = exp(i|z|) is not 
an entire function. 


Let us now prove Liouville’s Theorem. In order to prove that a bounded 
entire function f is a constant function, we choose an arbitrary point œ in 
the complex plane and show that f(a) = f(0). To do this, we use Cauchy’s 
Integral Formula to write 


fo) =~ [| £ 


~ mi jgoz-a 


dz, 


where C is a circle with centre 0 that contains a inside. 


If the radius of C is large, then the points a and 0 (as seen from C') will 


look close. We use this fact to show that f(a) — f(0) = 0. C 
Proof of Liouville’s Theorem The proof, which may be omitted on a 
first reading, is in four steps. 7 


Suppose that f is a bounded entire function. 


1. Let œ be any point of C, and let C be a circle with centre 0 and 
radius r, where r > |a| (see Figure 2.7). Since f is analytic on C, and C 
is simply connected, we can apply Cauchy’s Integral Formula to give 
ail ü of p i Figure 2.7 Point a inside the 


f(a) = Ea (2) dz and f(0)= F) f(z) dž. circle C with centre 0 and 
2mri Joz—a 2m Jo ż radius r 


83 


Unit B2 Cauchy’s Theorem 


84 


Thus 
Fa) - $00) = f (2 - 2) 4) ae 


. We now estimate this integral. 


Since, by assumption, f is bounded, there exists a number K such that 
lf(z)| << K, for allzecC. 


Also, for each z on C, we have |z| = r, so, by the backwards form of the 
Triangle Inequality, 
|z—al>|z|—Ja|=r—|al, forzEeCc. 
It follows that 
f(z) 
z(z— a) 


Then, using the Estimation Theorem, with M = K/(r(r — |a|)) 
and L = 27r, we obtain 


~ = [ 1 a, 
|a| K 
T 2r r(r—|al) 


K 


< ——., forzed. 
r(r — |al) 


. The inequality just obtained is valid for any value of r > |a|. In 


particular, given any positive number £, we can choose r to be 
sufficiently large so that 


Ha-a ee 


r= 


To do this, we observe that 
Kal 
r — |a| 


<e <> r-|al>lalK/e 


<> r>|al(1+ K/e). 
It follows that if r > |a|(1 + K/e), then | f(a) — f(0)| < €. 


. We now see (using Remark 1 after Theorem 2.1 of Subsection 2.2) that 


f(a) — f(0) =0, 
so f(a) = f(0). Since this is true for any point a € C, we deduce 
that f is a constant function. | 


Origin of Liouville’s Theorem 


In 1844 the French mathematician Joseph Liouville (1809-1882) 
announced the theorem that is now known as Liouville’s Theorem. 
However, he stated the theorem for only a certain class of analytic 
functions known as doubly periodic functions. He wrote: 


If a (single-valued) function is doubly periodic, and if one 
recognises that it never becomes infinite, one can, from this 
alone, affirm that it reduces to a constant. 


(Bottazzini and Gray, 2013, p. 179) 


It seems that Liouville did not appreciate the full significance of his 
result, because although he lectured on the topic, he never published a 
proof of the theorem. On learning of Liouville’s idea, however, Cauchy 
immediately recognised its importance, and in 1844 produced several 
proofs of the general version of the theorem that we use today. 
Cauchy wrote: 


If a single-valued function reduces to a determinate constant F 
for every infinite value of z, then it will reduce to the same 
constant value when the variable z has any finite value. 


(Bottazzini and Gray, 2013, p. 180) 


This somewhat cryptic statement is essentially the same as the result 
that we call Liouville’s Theorem, but uses language typical of Cauchy 
from that period. 


There is a remarkable generalisation of Liouville’s Theorem due to the 
French mathematician Emile Picard (1856-1941). This result, which 
is called Picard’s Little Theorem, published in 1879, says that any 
entire function whose image set omits two points in the complex plane 
is constant. 


To help appreciate this theorem, consider the function exp. The 
image set of exp omits the point 0, because exp z is never 0. Since exp 
is not a constant function, we see from the theorem that the image set 
of exp must be C — {0} (a fact we knew already). 


Picard’s Little Theorem is one of the jewels of complex analysis, but it 
is not an assessed part of this module, so you cannot quote it in your 
work — unless you prove it first! 


We finish this subsection with an important application of Liouville’s 
Theorem. Recall that a zero of a function f is a value z for which f(z) = 0. 


Theorem 2.3 Fundamental Theorem of Algebra 


Every non-constant polynomial function has at least one zero. 
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Joseph Liouville 
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Proof Suppose, in order to reach a contradiction, that p is a polynomial 
function of degree n (where n > 0) without any zeros. Let an be the 
coefficient of z” in p(z). By dividing p(z) through by an (which does not 
introduce any zeros), we can assume that an = 1, in which case 


plz) = 2" + On—12") +++ +a1z + ao, (2.5) 
where do, @1,---,@n_1 € C. 
Let M = max{|ao|, |a1|,...,|@n—1|}. If M = 0, then p(z) = z”, which has a 
zero at z = 0, so we can assume that M > 0. We will show that 

\p(z)| >1, for jz} >14+ M. (2.6) 


To do this, we first apply the Triangle Inequality to obtain 
Jan 12") +--+ az + ao] < |an—1z"*| + +++ + Jaz] + lao] 
< M(t +--+ +2) +1). 


ny] 
=M a , for |2| #1. 
|z|—1 
Now suppose that |z| > 1+ M. Then |z|-—1> M, so 


lel" —1 et), 
M <M = — 1. 
( qi) | oe 


Hence 
|@n—12” 1 +--+ a1z + a| < |z|” — 1. (2.7) 


Next we apply the backwards form of the Triangle Inequality to give 
Iplz)| = |z” + an—iz™ 1 +++» + a1z + aol 
> |z|" —|an_az™ +- -- + az + aol. (2.8) 
This last expression is greater than or equal to 1, by inequality (2.7), so we 
have shown that |p(z)| > 1, for |z| > 1 + M, as required. 


Let us now define f(z) = 1/p(z), which is an entire function because p has 
no zeros. By inequality (2.6), we have 


1 
F= <1, 
le(2)| 
Furthermore, by the Boundedness Theorem (Theorem 5.3 of Unit A3), f is 
also bounded on the compact set {2 : |z| < 1+ M} because it is analytic 
and hence continuous on C. Therefore f is a bounded function (on the 
whole of C). 


We have established that f is bounded and entire, so it is constant, by 
Liouville’s Theorem. Therefore p is constant too, which is a contradiction, 


for |z| > 1+ M. 


as we assumed otherwise. Hence, contrary to our assumption, p has at 
least one zero. E 


It is remarkable that techniques from complex analysis can be used to 
prove this central theorem in algebra. In fact, the proof shows that not 
only does the polynomial function p (given by equation (2.5)) have at least 
one zero, but any zero of p has modulus less than 


1+ M = 1 + max{|ao|, |a1|,..., |an—i]}. 


The following corollary to the Fundamental Theorem of Algebra 
demonstrates that a polynomial function of degree n > 1 has not one but n 
zeros, possibly with some ‘repeated’. To prove the corollary, we use the 
Geometric Series Identity (Theorem 1.3 of Unit A1) in the form 


Pao Soa +e ate or eo tee) 


to observe that z* — a* can be written as the product of (z — a) with a 


polynomial expression of degree k — 1. 


Corollary 


Any polynomial function p of degree n > 1 can be expressed as 
p(z) = a(z = a1)(z = a2) ---(z— an), 


where a is a non-zero complex number and ay, a2,...,Q@» E C are all 
zeros of p, some of which may be repeated. 


Proof Let us write p(z) = anz” + an_12""! +-+++a1z + ap, where 
a0, @1,---,@4n—1,dn E€ C and an # 0. By the Fundamental Theorem of 
Algebra, p has a zero ay, so p(a;) = 0. Hence 

p(z) = p(z) — par) 

= an(z™ — a?) + ana (2™ | — at) +- + a(z — 04). 

Using the observation made just before the corollary, applied to each of the 
terms z* — af, k =1,2,...,n, we can write p(z) = (z — a1)q(z), where the 
‘quotient’ function q is a polynomial function of degree n — 1. We can then 
repeat this argument with q in place of p, and carry on in this way 
obtaining successive factors (z — a2), (z — a@3),..., until we reach a 
quotient function of degree 0, a constant function, with value a say. As a 
result, we obtain the equation 


p(z) = a(z — a1)(z — ag)---(z— an). 
Clearly each value a,x is a zero of p, and a is non-zero (in fact a = an, the 


coefficient of z” in p(z)). E 


The next exercise is about another interesting corollary to the 
Fundamental Theorem of Algebra. 


Exercise 2.9 
Prove that the image set of any non-constant polynomial function is the 
entire complex plane. 


(Hint: For a non-constant polynomial function p and a point w in C, 
consider the function f(z) = p(z) — w.) 
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Further exercises 


Exercise 2.10 


Evaluate each of the following integrals by using either Cauchy’s Integral 
Formula or Cauchy’s Theorem, as appropriate. In each case, 
T= {z: |z- 1| = 2}. 


eit 2/2 z3 z+4 
(a) [ae (b) [ax (c) [Se 


, 2 
sın z FA 

d 

a [a © faqe 


Exercise 2.11 


Use partial fractions and Cauchy’s Integral Formula to evaluate the 
following integrals. In each case, F = {z : |z — 1| = 3}. 


2z sin 2z 6 cosh z 
=y b d -m 
@ aa g o [a a (c) cme 


Exercise 2.12 


(a) Use Liouville’s Theorem to show that if f is an entire function and K 
is a positive constant such that 


\f(z)| => K, for all z EC, 
then f is a constant function. 


(b) By finding a counterexample, show that the result in part (a) is not 
valid if the condition on |f(z)| is replaced by 


|f(z)| > 0, for all z EC. 


3  Cauchy’s Derivative Formulas 


3  Cauchy’s Derivative Formulas 


After working through this section, you should be able to: 
e state and apply Cauchy’s nth Derivative Formula 


e state and apply the Analyticity of Derivatives Theorem. 


3.1 Cauchy’s First Derivative Formula 


In the previous section you saw that if f is an analytic function on a 
simply connected region R, and if T is a simple-closed contour in R, then 
Cauchy’s Integral Formula holds: 
1 f(z) 
fla) = 55 f as, (3.1) 
for any point a inside I’. We now show that there is a similar formula for 
the first derivative f’, namely 


ie Te 


Ori z-a) 


Observe that this is the result you would get if you argued as follows. In 
equation (3.1), a is a fixed point inside I, but suppose that we now think 
of a as a (complex) variable, and differentiate each side of equation (3.1) 
with respect to a. We obtain 


f'(a) = e MA dz) 


~ da\2rijr z—a 

1 d 1 
= — | — d 

2ri Jp da (=o ` 

1 f FÈ 
2ri Jp (z — a)? 
This is the right answer, but the reasoning is faulty since we cannot just 
‘differentiate under the integral sign’ without justification. We give a full 
proof of the formula for f’(a@) at the end of this subsection. 


The formal statement of the formula is as follows. 


Theorem 3.1 Cauchy’s First Derivative Formula 


Let R be a simply connected region, let I’ be a simple-closed contour 
in R, and let f be a function that is analytic on R. Then 


i _ 1 f(z) 
f'(a) = mal oo ade 


for any point a inside I. 


We can use Cauchy’s First Derivative Formula to evaluate certain integrals 
with square factors in their denominators, by writing 


f(z) = ri f'(a 
[en f'(a). 


z-a) 
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Figure 3.1 The point 1 inside 
the circle I = {z : |z| = 2} 


90 


We give two examples of this. 


Example 3.1 


Evaluate 


ze* 
i Ep 


where I is the circle {z : |z| = 2}. 


Solution 


We use Cauchy’s First Derivative Formula with f(z) = ze*, a = 1 and 
R = C. Then R is simply connected, I is a simple-closed contour 
in R, and a lies inside I (see Figure 3.1). Also, f is analytic on R. 


It follows from Cauchy’s First Derivative Formula that 
Zea 
——, dz = 2mi f"(1). 
or are gh (1) 
But f(z) =e" + ze*, so f (i= Ze. Thus 


ze? ; 
l e dz = 4rei. 


In the next example we are required to find the partial fraction expansion 
of an expression that has a quadratic factor (z + 2)? in the denominator. 
To do this, observe that, more generally, a factor (z + a)” in the 
denominator of a rational function leads to the n terms 

Ay Ao An 


z+a’ (z+a)?’"""’ (z+a)” 
in the partial fraction expansion of the rational function, some of which 
may be zero. 


Example 3.2 
Evaluate 
4 cos z 
— d 
il z(z + 2)? < 
where [ is the circle {z : |z + 1| = 3}. 


Solution 
First we express 4/(z(z + 2)”) in partial fractions: 
eee ee O ae 
z(z +22 z z4+2 (242)? 
where A, B and C are complex constants. Note that the repeated 
factor (z + 2)? in z(z + 2)? leads to the two terms B/(z +2) 


3 Cauchy’s Derivative Formulas 


and C/(z + 2)?. 
Multiplying both sides by z(z + 2)?, we obtain 
4 = Ale 2) Be +2) t Cz 
= A(z? 4z F4) B(2* +2z)+Cz. 
By equating the coefficients of z?, z and constants, we obtain 


0= A+B, 0=4A+2B+C and 4= 4A, R 
which can be solved to give A = 1, B = —1, C = —2. Thus T 
E S 2 
a(z F2) 2 z+2 (z+2)?’ T 
so 2 
4cosz cos z cos z cos z 
—— dz = dz dz — 2 dz. 
Vee ee eer er 
We now use Cauchy’s Integral Formula and First Derivative Formula 
with f(z) = cos z, œ = 0 and —2, and R = C. Then R is simply Figure 3.2 The points 0 
connected, T is a simple-closed contour in R, and both values of a lie and —2 inside the circle 
inside I (see Figure 3.2). Also, f is analytic on R. T= {z:|z+1|= 3} 


It follows from Cauchy’s Integral Formula that 
l O57 dz = 2rif (0) = 2ricos0 = 2ri 
ir 2 


and 


and it follows from Cauchy’s First Derivative Formula that 


Cos z on 
[ (+ 2p dz = 2ni f'(—2) 


= 2ni(— sin(—2)) 
= Zao sim 7. 


Putting all this together, we obtain 


4 
[yet = 2 (1-082 — 2sin2) 


Exercise 3.1 


Evaluate the following integrals, where F is the circle {z : |z| = 3}. 
e2? e22 
—_ d — d 
o ferp® © Jr” 


We now present a proof of Cauchy’s First Derivative Formula, which may 
be omitted on a first reading. 
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Proof of Cauchy’s First Derivative Formula There are four steps 


in the proof. 
1. Consider the integral 


Figure 3.3 Circle C, with 
centre a and radius r, inside [ 
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Of IO 
teole ye 


By the Shrinking Contour Theorem (Theorem 1.4), we can replace I by 
a circle C, with centre a and radius r, lying inside I. Thus 


1 
2ri Jo (z-a)? 
To prove that I = f’(a), we need to show that 


tiv “(f(a in aOyeT. 


. Since we are going to let h > 0, we can assume that a + A lies inside C 


(see Figure 3.3), so |A| < r. Thus, by Cauchy’s Integral Formula, we 
have 


= Py and ath) =z | Oa 
C 


2ri Joz—a 2ri Jo z—l(a+h) 
It follows that 


L (ffa +h)- fla) -1 


“aah tee) eh) 
= aa Gace OO 


after simplification. 


. We now use the Estimation Theorem to give an upper estimate for the 


modulus of this last integral. 


For all z on C, we have |z — a| = r, so, by the backwards form of the 


Triangle Inequality, 
|z-a—hl|>|z-a|—-|h|=r—|Al, forzec. 


Also, since f is continuous on R, it follows from the Boundedness 
Theorem (Theorem 5.3 of Unit A3) that, for some number K, 


f(D) < kK, forzec. 
Thus 
h h| K 
C= Car che S tr IAD’ for z EC. 


Since C has length 27r, we can apply the Estimation Theorem to give 


1 h 1 |hl 

wei (aaa) | Soe 
_ _Ih|K 
(r= hl)’ 
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4. From steps 2 and 3 we know that 


s(a) = f(a) = < EE 


h r(r— |h) 
If |h| < r/2, then r — |h| > r/2, so 
1 hK 2K 


=(fla+h) = f(a) -1| < 


Next we choose any positive number ¢, and observe that if |h| < r/2 
and |h| < r?e/(2K), then 


|h]. 


rxr/2 re 


1 2K rte 
7 tla +h) -F =z =e oe 
Hence 
lim =(f(@ + h) - f(a) = 1, 
as required. a 


3.2 Cauchy’s nth Derivative Formula 


We have just seen that, starting from Cauchy’s Integral Formula for an 
analytic function, we can derive another contour integral which gives an 
expression for the first derivative f’. It is natural to ask whether we can 
repeat the procedure and derive an expression (involving an integral) for 
each of the higher derivatives, if these exist. 


In order to discover such a formula, let us again abandon rigour 
temporarily, and differentiate each side of Cauchy’s Integral Formula n 
times with respect to a by using the formula 


d” qr-t 
aan? —a)")= ae —a)~?) 
qr-2 
= Z le-a’) 
= n!(z — a), 
Then 
Mo- E (1 f f@ 
pe is Desert 
1 d” 1 
= Ori [ (5) foe 


il n! 
~ Oni [ (z — april) a 


This leads us to the formula 


f(a) =f ae 
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A rigorous proof that this formula does indeed hold for n = 2,3,... can be 
given along the same lines as the method for proving Cauchy’s First 
Derivative Formula, using the Principle of Mathematical Induction. The 
details are more complicated, however, and in Unit B3 we will be able to 
deduce this formula from Taylor’s Theorem. At this stage, therefore, we 
just state Cauchy’s nth Derivative Formula and give some of its 
applications. 


Theorem 3.2 Cauchy’s nth Derivative Formula 


Let R be a simply connected region, let IT be a simple-closed contour 
in R, and let f be a function that is analytic on R. Then, for any 
point a inside I, f is n-times differentiable at a and 


6%) = “aw, LOK — We Dee 
È 


; (z =; ayer 


When referencing Cauchy’s nth Derivative Formula, we often simply refer 
to, for example, ‘Cauchy’s Second Derivative Formula’ in order to specify 
the value of n (in this case n = 2). 


We can now evaluate integrals with higher powers of linear factors in their 
denominators, by writing Cauchy’s nth Derivative Formula in the form 


e 
rl 


z—a)rtl n! 


Example 3.3 
t Evaluate the integral 
=? 4 i ate 2) : 
| zZsin z fe 
A r G-r 
where T is the square contour with vertices 2 + 2i, —2 + 2i, —2 — 2i 
&- > z 
A and 2 — 2i. 
Solution 
“9 D 2 J; We use Cauchy’s nth Derivative Formula with n = 2, f(z) = zsinz, 
a=7/4 and R = C. Then R is simply connected, I is a simple-closed 
Figure 3.4 The point 7/4 contour in R, and a lies inside I (see Figure 3.4). Also, f is analytic 
inside the square contour T on FR. 


It follows from Cauchy’s Second Derivative Formula that 


zsin z a f” (a/4) 
i (—7/4)3 dz = L 


But f’(z) =sinz+zcosz, and f”(z) = 2cosz— zsinz, so 


f" (w/4) = 2cos(m/4) — (1/4) sin(r/4) = V2(1 — 1/8). 
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Thus 


Í cae dz = V2n(1 — 1/8)i. 


Exercise 3.2 


Evaluate the following integrals, where I is the circle {z : |z| = 2}. 
cosh 2z ze” e?? 
d b — d — d 
Gjer" © fea Uam” 


The method of evaluating integrals of the type in Example 3.3 and 
Exercise 3.2 is set out in a strategy given in Section 4. 


The next exercise asks you to prove a result which will be needed later in 
the module. 


Exercise 3.3 


Let R be a simply connected region containing the circle 
P={2:|z-al=r}. 

Let f be a function that is analytic on R, and suppose that 
\f(z)|< K, forzeT. 


Use the Estimation Theorem and Cauchy’s nth Derivative Formula to 
prove that, for any n > 1, 


IF| < Kn!/r”. 


The result from Exercise 3.3 is called Cauchy’s Estimate. 


Cauchy’s nth Derivative Formula is evidently a useful tool for evaluating 
certain types of contour integrals. However, the greater significance of this 
result is that it shows that if f is analytic on a region R, then f has 
derivatives of all orders at any point a in R. 


Theorem 3.3 Analyticity of Derivatives 


Let R be a region, and let f be a function that is analytic on R. 
Then f possesses derivatives of all orders on R, so f®, f@), f@,... 
are all analytic on R. 


Note that R is not assumed to be simply connected in this result. 
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Proof Let a be any point of R, let D be an open disc with centre a 
lying in R, and let I be any circle with centre a lying in D — such a disc 
exists because R is an open set. Then f(”) (a) exists, for n = 1,2,..., and 
is given by Cauchy’s nth Derivative Formula. E 


Note that the corresponding assertion for real functions does not hold. For 
example, consider the differentiable function 


z*, £>0, 
T) = 
f(a) {ie x<0. 


Then f'(x) = 2|2z|, so f’ is not differentiable at 0 (see Figure 3.5). 


Figure 3.5 Graphs of y = f(x) and y = f'(x) 


Exercise 3.4 


Use the Analyticity of Derivatives to prove the following facts. 
(a) There is no analytic function F such that 
F'(z)=|z|, for all z EC. 


(b) If f is an entire function such that f’ is bounded, then f is a linear 
function; that is, 


f(z) =az+ 8, wherea,BeEC. 


Further exercises 


Exercise 3.5 


Evaluate the following integrals by applying Cauchy’s nth Derivative 
Formula. In each case, I = {z2 : |z| = 2}. 


COS Z cosh rz sin z 

© foam? O fepe © laa 
sin 2z 1 

Olea © fame 
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4 Revision of contour integration 


Exercise 3.6 


Evaluate 


e37 ; 
> dz 
pt — 2234 22 


where [ = {z: |z| = 3}. 


4 Revision of contour integration 


After working through this section, you should be able to: 


e identify and use appropriate techniques for evaluating various contour 
integrals. 


In this unit and the previous one you have met a number of methods for 
evaluating complex integrals. In this section we will review some of these 
methods. Let us begin by listing the techniques that we will use. 


Parametrisation 


Let T : y(t) (t € [a,b]) be a smooth path in C, and let f be a function that 
is continuous on I. Then, by definition, 


b 
[ f(2)dz = l FOE 1" dt. 


The integral of f along a contour is the sum of the integrals of f along its 
constituent smooth paths. (See Subsection 2.2 of Unit B1.) 


Closed Contour Theorem 


Let f be a function that is continuous and has a primitive F on a 
region R. Then 


i f(z) dz =0, 


for any closed contour I in R. (See Theorem 3.4 of Unit B1.) 


Cauchy’s Theorem 


Let be a simply connected region, and let f be a function that is 
analytic on R. Then 


[ f(2) dz =0, 


for any closed contour I in R. (See Theorem 1.2.) 
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Cauchy’s Integral Formula 
Let R be a simply connected region, let be a simple-closed contour in R, 
and let f be a function that is analytic on R. Then 


ro) == [ 


— wijpz-a 


dz, 
for any point a inside T. (See Theorem 2.1.) 


Cauchy’s nth Derivative Formula 


Let R be a simply connected region, let be a simple-closed contour in R, 
and let f be a function that is analytic on R. Then, for any point a 
inside I, f is n-times differentiable at a and 


£0) = 2 [| ae forn =1,2,.... 
T 


2ri Jp (z-—a)rtt 
(See Theorem 3.2.) 


The results of the following exercise in partial fractions are needed later. 


Expand each of the following expressions as partial fractions. 


1 
(a) ea) (b) Fee (c) z3) 


We now look at several examples to demonstrate the different techniques 
for evaluating integrals. In these examples, we continue to use our 
convention that if a parametrisation of a simple-closed contour is not 
specified, then it is assumed that the contour is traversed once 
anticlockwise. 


4 Revision of contour integration 


Instead we apply the Closed Contour Theorem, which still requires us 
to find a region R that contains T, but that region need not be simply Ir 
connected. We choose R = C — {i}, which contains the contour I, as 
shown in Figure 4.1. The function f is continuous on R and has a 


primitive > 
il 2 
Eg) s= 
ee 
on R. Hence, by the Closed Contour Theorem, R 
r (z—-?) Figure 4.1 The point 7 inside 


the circle I = {z : |z| = 2} 


Let us consider another example. 


Example 4.2 


Evaluate 


1 a F 
[= i 


where T is the unit circle {2 : |z| = 1}. 


Solution 


The method of parametrisation again leads to an awkward algebraic 
expression. We cannot use Cauchy’s Theorem either, because the 
integrand 1/(z — 1/2) is not analytic at the point 1/2, which lies 
inside the unit circle, as illustrated in Figure 4.2. Figure 4.2 The point 1/2 


Next we might consider the Closed Contour Theorem, perhaps inside the circle 
making use of the function F(z) = Log(z — 1/2). This function P= {z: || =1} 
satisfies F’(z) = 1/(z — 1/2), for z € C — {x € R : x < 1/2}. However, 

F is not a primitive of 1/(z — 1/2) on any region that contains a 

contour such as I that encircles the point 1/2 (because F is not 

continuous on such a contour, let alone differentiable). 


Instead we use Cauchy’s Integral Formula with R = C and f(z) =1. 
Then a = 1/2 lies inside the simple-closed contour T, which is 
contained in R, and f is analytic on R. So we can apply Cauchy’s 
Integral Formula to see that 


[ > = dz = Bra (2) = Pari. 


A similar argument shows that if T is any circle, and a is a point inside I, 
then the integral of f(z) = 1/(z — a) around F is 277. On the other hand, 
if a lies outside I, then the integral of f around I is 0, by Exercise 1.4. 
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R 


IP 


—3 


r = —2 


Figure 4.3 The points 0 
and 3 inside the circle 
r= {z: |z- 2| = 3} 
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In summary, 


| 1 d 2ri, if q lies inside L, (4.1) 
Z= . 
pe-a 0, if a lies outside I. 


Here is an exercise to try for yourself. 


Exercise 4.2 


Evaluate the following integrals, where TI is the circle {z : |z — 1] = 2}. 


(a) [oe (b) fe (c) [re 


The next example combines Cauchy’s Integral Formula with the use of 
partial fractions. 


Example 4.3 


Evaluate 


e 
[ TaD 


where TI is the circle {z : |z — 2| = 3}. 


Solution 
The integrand is analytic except at the points 0, 3 and —3. The first 
two of these lie inside I’, and the last one lies outside I’, as illustrated 
in Figure 4.3. To apply Cauchy’s Integral Formula, we must choose a 
simply connected region R that includes the circle IT but omits the 
point —3; the region R = {z : Rez > —2} will do. 
We choose f(z) = e*/(z +3), which is analytic on R. (We could have 
chosen f(z) = e* instead, but that choice would make the calculations 
more complicated.) The integrand can now be written as 
f(z) 

z(z— 3)’ 
but this is not in a suitable form to apply Cauchy’s Integral Formula 
because the denominator has two linear factors rather than one. To 
get round this problem, we split up the denominator using partial 
fractions, as follows: 

N. 

22-3) 2z-3 z 

(by Exercise 4.1(a)). Therefore 


r 2(z2 — 9) 3Jrz-3 3p 2 i 


4 Revision of contour integration 


We now apply Cauchy’s Integral Formula to each of the two integrals 
on the right, where f(z) = e*/(z + 3), to obtain 


if — ra ; x 2nif (3) — 5 x 2rif (0) 


z? — 9) 
A Dri fe? æ 
DANG 3 


When the denominator of the integrand contains factors (z — a)”, 

where n > 1, then we can apply a similar strategy to that of Example 4.3, 
but using Cauchy’s nth Derivative Formula as well as Cauchy’s Integral 
Formula. 


Example 4.4 


Evaluate 


e 
>= i 
[mama 
where T is the circle {z : |z — 2| = 3}. 


Solution 


This integral is similar to that of Example 4.3, except that the z term 
in the denominator of the integrand from the earlier example has been 
replaced by 22. 
We use the same simply connected region R as before, and the same 
function f(z) = e*/(z +3). This time, however, we need the partial 
fraction expansion of 1/(z?(z—3)), which is 
1 lien Se 8 

E(2=3) z 3 z z 
by Exercise 4.1(b). 
It follows that 


i f(z) r A (z) pase (z) cee (z) dz 
T 


Z(2—3) Aes rz-3 9jp z 3Jp 2? 


The first two integrals on the right can be evaluated using Cauchy’s 
Integral Formula, and the third integral can be evaluated using 
Cauchy’s First Derivative Formula. For the third integral we need the 
derivative of f, which is 


os ea eae 
eres aes ee 
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We obtain 
| ants dz = = x 2nif (3) — = x 2nif (0) — = x 2ri f" (0) 
(eo. =) 
96 3 g 
= ale — 6)i 


Here is a similar integral for you to try. 


Exercise 4.3 


Evaluate 


e” 
=> d 
reza” 
where T is the circle {z : |z — 2| = 3}. 


By looking at these examples, we can extract a strategy for evaluating a 
wide variety of integrals. 


To evaluate the integral 


where 

e T is a simple-closed contour 

e g is analytic on a simply connected region containing I 
e pis a polynomial function with no zeros on I, 

carry out the following steps. 


1. Factorise p(z) as r(z)s(z), where the zeros of r lie inside T and the 
_————~. zeros of r zeros of s lie outside I. Then the function f = g/s is analytic on a 
R simply connected region R that contains I but does not contain 
the zeros of s. 


\ 2. Expand 1/r(z) in partial fractions. 


I 3. Expand | a dz as a sum of integrals that can be evaluated 
DAE 


\ / 
rs Ir y using Cauchy’s Integral and nth Derivative Formulas. 
‘xN 
~ SS 
zerosofs 7 œ 
Figure 4.4 Zeros of r and s Some features of the strategy are illustrated in Figure 4.4. 
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Exercise 4.4 


Use the strategy to evaluate the following integrals, where 
T = {z : |z — i/2| = 3/4}. 


e2?” e?” 
o pam” © haem 


In Unit C1 you will learn about a powerful result called the Residue 
Theorem, which provides an alternative procedure for evaluating contour 
integrals to that presented in the strategy above. 


Further exercises 


Exercise 4.5 


All but two of the following integrals can be evaluated by the methods A 
introduced in this unit. Identify these two integrals and say how you would 
evaluate them. Evaluate the other seven integrals. 
The contours I1, [2 and I3 are as follows: 

Tı is the triangular contour shown in Figure 4.5 


T2 is the line segment from —1 to i =Í fy i 
T3 is the circle {z : |z| = 2}. 
; =e 1 Figure 4.5 A triangular 
(a) Í. sin z dz (b) [ sin(z*) dz (c) f. ET dz contour 


sin z cosh z 
d f zsmzaz o f dz nf dz 
a f ofa ofS 


2 z 
— d h —~——._ dz i Re zdz 
) [ cosh 52 Z (h) [ 4z2 +1 (i) 3 


5 Proof of Cauchy’s Theorem 


After working through this section, you should be able to: 
e understand the proof of Cauchy’s Theorem 
e state Morera’s Theorem. 


In Subsection 1.2 we outlined a proof of Cauchy’s Theorem. We now 
expand this outline to a full proof. The details of the proof are challenging, 
so you may choose to omit them on a first reading. However, make sure 
you get to Morera’s Theorem at the end of the section, as it is needed later 
in the module. 


A key ingredient in the proof is the Nested Rectangles Theorem 
(Theorem 5.6 of Unit A3). We state it here for convenience. 
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-m 


a ~ 
a N 
A N 
/ \ 
I R E 
\ / 
~ d 
SS B7 


~<- 


Figure 5.1 A rectangular 
contour 
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Nested Rectangles Theorem 


Let Ro, R1, R2,... be a sequence of closed rectangles with sides 
parallel to the axes, and with diagonals of lengths so, 51, 52,..., such 
that 


Iii) D din D lig Docs and lim 6 = 0. 


N—- Co 


Then there is a unique complex number a that lies in all of the 
rectangles Rn. Moreover, for each positive number e€, there is an 
integer N such that 


Ra G{z:|2—e|<e}, foralla > N. 


5.1 Cauchy’s Theorem for rectangular 
contours 


In this subsection we give the first stage of the proof of Cauchy’s Theorem 
— the special case when I is a rectangular contour in R (see Figure 5.1). 
This special case is in fact due to Edouard Goursat (1858-1936), a French 
mathematician who made contributions to refining Cauchy’s Theorem. 
Earlier proofs of Cauchy’s Theorem had made the unnecessary assumption 
that the derivative of f is a continuous function. 


Theorem 5.1 Cauchy’s Theorem for rectangular contours 


Let f be a function that is analytic on a simply connected region R. 
Then 


| f(z)dz =0, 


for any rectangular contour T in R. 


Proof There are four steps in this proof. 


Let 
[= T(z dz, 


where T is a rectangular contour in R. 


1. We first construct a sequence Ao, A1, Ao,... of rectangular contours 
in R such that 


I KOL 


We use the Greek capital letter A (delta) for these contours because T 
is already in use. 


To begin, let Ap =T. 


forn =0,1,2,.... 


$ 


[7] < 4” 


In order to construct A4, we split the interior of [ into four congruent 
rectangles with boundary contours I1, r2, 3 and T4, the vertices of 
which are labelled O, A, B, C, D, E, F, G and H (see Figure 5.2). 


D T C B 


Figure 5.2 Tı : OABCO, Tyg: OCDEO, T; :OEFGO, T4 :OGHAO 
Consider the sum 


l T dz+ f fe)de+ f ddt f Hod 


Let us denote the line segment from O to A by OA (and similarly for 
other line segments in Figure 5.2). Since 


IG \dz=— f t0 ) dz, [ foe =- j| f@a 


fedz=- | feda | teae=-| fea 
OE EO OG GO 
we have 


f(z)dz+ | f(z)dz+ | f(z)dz+ ] f(z)dz= 
Ta T2 T3 T4 
so, by the Triangle Inequality, 
I| < pi maali seae + 
Py Tp 
Now let k be such that 


f(z) dz 


f(z) dz| + 
T3 


f(z) dz 
r4 


Tk 


is the largest of the four terms on the right (the choice of k may not be 
unique), and let Ay = Ty. Then 


A EOL 


Now suppose that the original contour I has length l. Then the length 
of the new contour Aj is $l; we write L(A1) = $l. 


| <4 


In summary, we have chosen A, such that 


|I| < af f(z)dz| and L(Aj) = 4l. (5.1) 


5 Proof of Cauchy’s Theorem 
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We now repeat the argument above starting with A; instead of T; we 
split the interior of A; into four congruent rectangles, and let Ag be the 
boundary of one of these, chosen so that the integral around it has the 
largest modulus: Figure 5.3 shows an example of this, in the case that 
A, =I ,. Hence, as before, 


Figure 5.3 I’: BDFHB, A; :OABCO, ^s: OIJKO 


Also, the length of Ag» is half of the length of Aj; that is, 
L(A2) = L(A). Combining these results with those of equation (5.1), 


we obtain 
f fea 
A2 


We now repeat the argument indefinitely to produce a sequence of 


|I| < 4? and L(Ag) = 4l. 


nested rectangular contours An, n = 0,1,2, ..., such that 
se| f Fdz (5.2) 
An 
and 
L Apni =i. (5.3) 


2. Next we use the Nested Rectangles Theorem. For n = 0,1,2,..., let Rn 
be the closed rectangle consisting of Ap and its inside. Then 


Ro 2 Ri 2 Ry D> . 


An Also, for each rectangle Rn, the length sn of its diagonal (see 
Figure 5.4) satisfies 


OL sn < LGA, |. 


Since lim L(Ap) = lim 1/2” = 0, it follows from the Squeeze Rule for 
sequences (Theorem 1.1 of Unit A3) that 


Figure 5.4 The rectangle Rn 


lim s, = 0; 
noo 
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The Nested Rectangles Theorem then tells us that there is a unique 
complex number a that lies in all of the rectangles Rn (see Figure 5.5). 


Figure 5.5 Complex number a that lies in all of the rectangles Rn 


3. Since f is an analytic function, it is differentiable at a. Hence, by the 
Linear Approximation Theorem (Theorem 1.2 of Unit A4), we can write 


f(z) = fla) + (z — a) f'(a) + e(2), 


where e(z)/(z — a) > 0 as z —> a. The function e is analytic on R, 
since f is analytic on R. Let us now define 


r=) (zeR- {a}, 
z—a 
which is analytic and hence continuous on R — {a}. Then 

f(z) = f(a) + (z - a) f'(a) + (z — a)r(z), 
where r(z) > 0 as z > a. We now extend the domain of r to R by 
defining r(a) = 0. Since a is a limit point of R — {a}, and 

lim r(z)=r(a) = 0, 
it follows from Theorem 3.1 of Unit A3 that r is continuous at a. So r 
is continuous throughout R. 
Integrating around An, we obtain 

f f(z)dz = Í (f(a) + (z — a) f'(a)) dz + | (z — a)r(z) dz. 

An An An 


The first integral on the right-hand side is 0 since the integrand is a 
polynomial, and the Closed Contour Theorem can be applied. Thus 


EG r= f e-e PA 


4. Finally, we apply the Estimation Theorem (Theorem 4.1 of Unit B1) to 
the previous integral. 


By equation (5.3), the length of the contour is L(A,,) = 1/2”. 


Now suppose that £ > 0 is given. Since r(z) > 0 as z > a, we know 
that there is a 6 > 0 such that 


lz -al< = > |r(z)| <e. 
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By the Nested Rectangles Theorem, we can choose an integer N in such 
a way that, for n > N, the contour Ap lies entirely within the disc 
{z:|z—a| < 6}. Thus, for z E€ An, where n > N, we have 


I = a)r(z)| = |z = aļlr(2)| < 1/2")e, 


since |z — a| < sn and sn < L(An) = 1/2”. It follows, on applying the 
Estimation Theorem with M = (1/2”)e and L(An) = 1/2", that 


l i? 
I f(z) dz f (z — a)r(z) dz a PE - 

An An 
Hence, by inequality (5.2), 


= gn * on yn 
f toe 
Ay 


Since |Z| < le for each positive £, it follows that J = 0 (using Remark 1 
after Theorem 2.1 of Subsection 2.2). E 


2 
ety Pe 


wis” _ 


5.2 Cauchy’s Theorem for closed grid paths 


The next stage in the proof of Cauchy’s Theorem is to prove the theorem 
for the case of a closed grid path. Recall from Subsection 3.2 of Unit B1 
that a grid path is a contour made up of line segments that are parallel to 
the x- and y-axes. 


Theorem 5.2 Cauchy’s Theorem for closed grid paths 


Let f be a function that is analytic on a simply connected region R. 
Then 


f f(2)dz =0, 


for any closed grid path T in R. 


Proof Suppose first that T is a simple-closed grid path, such as the one 
illustrated in Figure 5.6(a). Then we can introduce extra horizontal and 
vertical line segments, as shown in Figure 5.6(b), to divide the inside of T 
into rectangles R1, R2,..., Rn, whose interiors are disjoint; for example, 
this can be done by extending to the inside of I all the horizontal and 
vertical line segments in I. (There are other methods of dividing the inside 
of T into rectangles; it does not matter which method we pick.) 


(a) (b) 
Figure 5.6 Dividing the inside of a simple-closed grid path 


Now note that the integral of f around each of the boundaries 
T1, T2,..., In of the rectangles R1, Ro,..., Rn is zero, by Cauchy’s 
Theorem for rectangular contours (Theorem 5.1). So 


[te [feof foo 


Also, as in the proof of Theorem 5.1, the integral of f along each of the 
line segments inside I occurs twice in this sum of integrals (once in each 
direction), so they cancel in pairs. It follows that 


[tart frees f tao 


as required. 
To complete the proof we note that any closed grid path can be 
decomposed into: 

a finite number of simple-closed grid paths, and 

a finite number of line segments, each traversed in both directions. 
This fact is illustrated in Figure 5.7. 


line segments 


simple-closed 
grid paths 


Figure 5.7 A ‘decomposed’ closed grid path 


Since the integral of f around a simple-closed grid path is zero, and the 
integrals of f along the line segments cancel in pairs, we deduce that the 
integral of f along any closed grid path is zero. 


5 Proof of Cauchy’s Theorem 
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5.3 Primitive Theorem 


In this subsection we present the final stage in the proof of Cauchy’s 
Theorem. We start by proving the Primitive Theorem. 


Theorem 5.3 Primitive Theorem 


Let f be a function that is analytic on a simply connected region R. 
Then f has a primitive on R. 


The Primitive Theorem is also known as the Antiderivative Theorem. We 
prove it as a consequence of the following lemma. 


Lemma 5.1 


Let f be a function that is continuous on a region R and satisfies 


l f(2)dz =0, 


for all closed grid paths [ in R. Then f has a primitive on R. 


The Primitive Theorem is an immediate consequence of this lemma and 
Cauchy’s Theorem for closed grid paths (Theorem 5.2). This is because 
the hypotheses of the Primitive Theorem are that f is analytic on a simply 
connected region R, so we can apply Theorem 5.2 to see that 


f f(2)dz =0, 


for all closed grid paths I in R. Hence f has a primitive on R, by 
Lemma 5.1. 


It remains to prove the lemma. 


Proof of Lemma 5.1 First we introduce the notation 


B 
f f(z)dz, fra, b ER, 


to denote the integral of f along any grid path in R from a to 8; such a 
path exists by the Grid Path Theorem (Theorem 3.5 of Unit B1). There is 
no ambiguity in this definition because the value of the integral does not 
depend on which grid path from a to 8 we choose. (This is because if Ty 
and Ty are both grid paths from a to 8, then 


ft@a-f tods | teas f tera, 
= f(z)dz=0 


Ta 


since T4 +T% is a closed grid path in R.) 


> 


5 Proof of Cauchy’s Theorem 


Now we choose a point a in R and define a function F: R — C by 


F(z) -f f(w)dw (ZER). 
We claim that 

F'(z)= f(z), fr zER, (5.4) 
so F is a primitive of f on R. 


To prove equation (5.4), note that if z + h € R, then 


Ternet _1( [aa a) 


z+h 
=> / Navan 


This last equality follows by considering a grid path in R from a to z+h 
that passes through z, as shown in Figure 5.8(a). 


_-— Tr - — ~_ ee ee 


a TON p N 
Pa 
da eam R | da R ) 
ae SS 
/ / á P N y 
/ d / /zt+he d 
I I I 
; i L L ea : i ô ) 4 
T \ \ eee \ 
N ) ba ) 
D p “= —_ al 


@) . 


Figure 5.8 (a) A grid path from a to z + h through z (b) An open disc 
centred at z of radius 6 


Hence 
F(z+h) — F(z) a one 
ee =f Ce-au, 


zth zth 
f f(2)dw = KOJI i= 
To prove that F’(z) = f(z), we need to show that 


tim (> / rw) — £2) iw) =0. (5.5) 


h-0 


We do this by using the Estimation Theorem to obtain an upper estimate 
for the modulus of the integral. 


First some preliminaries. Let ¢ be any positive number. Since f is 


continuous at z, there is a 6 > 0 such that zah 
|f(w)— f(z)|<e, for all z € R with |w-— z| < ô. 
Let us choose 6 to be sufficiently small so that the open disc centred at z r |h| 
of radius ô is contained in R, as illustrated in Figure 5.8(b). Consider a 
non-zero complex number h with |A| < 6, and take a ‘simplest possible’ z 
grid path T in R from z to z + h (consisting of at most two line segments, Figure 5.9 Simple grid path 
see Figure 5.9). from z toz +h 
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Now we apply the Estimation Theorem. Observe that 
LL) < 2A, 


as illustrated in Figure 5.9. Next, if w E€ L, then |w — z| < 6, so 
|f(w) — f(z)| < £. Applying the Estimation Theorem with M = € 
and L < 2\h| gives 


1 


z+h 1 
zS TOR FE) de < gij Xe x 2h = 2e. 


In summary, we have shown that for any £ > 0, there is a 6 > 0 such that 


1 zth 
hea = S (P) = FO) de PEA 
This establishes equation (5.5), so F’(z) = f(z), as required. a 


At long last we can now prove Cauchy’s Theorem! 


Theorem 1.2 Cauchy’s Theorem 


Let R be a simply connected region, and let f be a function that is 
analytic on R. Then 


l f(z) dz =0, 


for any closed contour I in R. 


Proof By the Primitive Theorem (Theorem 5.3), f has a primitive on R. 
Also, f is analytic on R, so it is continuous on R. Since f is continuous 
on R and has a primitive on R, it follows from the Closed Contour 
Theorem (Theorem 3.4 of Unit B1) that 


f f(e) dz =0, 


as required. | 


5.4 Morera’s Theorem 


In this subsection we state and prove a theorem first established in 1886 by 
the Italian mathematician Giacinto Morera (1856-1909), which will be 
used later in the module. (The name Morera is commonly pronounced 
‘more-rare-ruh’.) As you can see, this theorem is a partial converse to 
Cauchy’s Theorem. 


5 Proof of Cauchy’s Theorem 


Theorem 5.4 Morera’s Theorem 


Let f be a function that is continuous on a region R and satisfies 


Í f(2)dz =0, 


for all rectangular contours I in R. Then f is analytic on R. 


Proof Lemma 5.1 tells us that f has a primitive F on R. Then, by the 
Analyticity of Derivatives (Theorem 3.3), we see that the function f = F” 
must be analytic on R, as required. E 
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Solutions to exercises 


Solution to Exercise 1.1 


The regions in parts (a), (b), (d), (e), (g) and (h) 
are simply connected (because each one has no 
holes in it); the regions in parts (c) and (f) are not 
simply connected (because each has at least one 
hole in it: two in the case of (c) and one in the 
case of (f)). 


Solution to Exercise 1.2 
(a) The points A, C and D lie inside I. 


(b) There are several possible algorithms. The 
following algorithm makes use of the fact that, 
since I is simple-closed, it lies in some closed disc 
D = {z : |z| < r}, say, so any point in C — D lies 
outside r. 


Suppose then that we wish to determine whether a 
point a lies inside I. To do so, choose a point 8 
that definitely lies outside [. Draw a line segment 
from a to 8, and count the number of times that 
the line crosses I’. If this number is odd, then a lies 
inside [; if it is even, then a lies outside I. 


The algorithm is demonstrated for the points A 
and B in the figure below. 


4 crossings 
: i 


5 crossings 


Solution to Exercise 1.3 


Let R be the open unit disc {z : |z| < 1}, a simply 
connected region. 


(a) No, f is not analytic on R. 
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(b) Yes, even though F is not simple-closed. 

(c) No, f is not analytic on R. 

(d) Yes, f is analytic on R since 3 lies outside R. 
(e) No, T is not closed. 

(£) No, f is not analytic on R. 


Solution to Exercise 1.4 


Let R be a simply connected region that 
contains IĮ, but excludes the point a. For 
example, R could be the open disc with the same 
centre as I and with a on its boundary. 


Then T is a closed contour in R, and 
f(z) = 1/(z — a) is analytic on R. Thus the 
conditions of Cauchy’s Theorem are satisfied, so 


f 1 
r= a 


Solution to Exercise 1.5 


dz = 0. 


Let Tr =T; + Ts, Then T is a closed contour in R, 
and it follows from Cauchy’s Theorem that 


mio) ier fe mir- IEG P 


But, by the Reverse Contour Theorem 
(Theorem 2.3 of Unit B1), 


| f(e)dz=- | f(2)dz. 


Ty Tə 
Thus 


j(Zjdz= f(z) dz. 
Tı T2 


Solution to Exercise 1.6 


By the Shrinking Contour Theorem, we can 
replace I by any circle lying inside I, for example, 
by the unit circle C. Thus 


1 1 
ade = | ods =2ni, 
rZ CZ 


(The value of the integral of 1/z around C was 
mentioned at the beginning of Subsection 1.1, and 
was originally found in Example 2.3 of Unit B1.) 


Solution to Exercise 1.7 


(a) The region {z : 2 < |z — 3| < 4} is an annulus, 
so it has a hole; therefore it is not simply 
connected. 


(b) The region {z : |z| > 0} is a punctured plane, 
so it has a hole (at 0); therefore it is not simply 
connected. 


(c) The region {z :—1 < Rez < 1} is a vertical 
strip, so it has no holes; therefore it is simply 
connected. 

(d) The region {z : =r < Arg z < 7} is a cut 
plane, so it has no holes; therefore it is simply 
connected. 


(e) The domain of the tangent function is the 
region 


C—{(n+35)nr:neZ}, 


which has holes at each of the points (n + i)m, 
n € Z; therefore it is not simply connected. 


Solution to Exercise 1.8 


(a) The path T : y(t) = e* (t € [0,7]) is the upper 
half of the circle {z : |z| = 1}, with endpoints 

(0) = 1 and y(r) = —1. Thus T is not closed and 
hence not simple-closed. 


(b) The path T : y(t) = e* (t € [0, 27]) is the 
circle {z : |z| = 1} traversed once anticlockwise. 
Hence I is simple-closed. 


(c) The path T : y(t) = e* (t € [0,47]) is the 
circle {z : |z| = 1} traversed twice anticlockwise. 
Thus y is not one-to-one on the interval [0, 47) (for 
example, y(r) = y(3a) = —1). Hence F is not 
simple-closed. 


Solutions to exercises 


(d) The path TF : y(t) = te” (t € [0,27]) is not 
simple-closed because it is not closed (y(0) = 0, 
but y(27) = 27). 


Solution to Exercise 1.9 


In each case the integrand is analytic on the simply 
connected region R specified below, and each 
region R contains the closed contour 

T = {z : |z| = 2}. Hence, by Cauchy’s Theorem, 
the value of each integral is zero. 


(a) R=C 

(b) R={z:|z| < a} 
(e) R={z: |z| < x} 
(d) R={z:Imz>-—3} 


(Other choices for R are possible, of course.) 


Solution to Exercise 1.10 


(a) The function sec is not defined at 7/2, which 
lies inside F = {z : |z| = 2}. 

(b) The function z +> Log(1 + z) is not analytic 
at —1, which lies on T = {z: |z| = 1}. 

(c) The function z —> 1/(z — 1) is not defined 
at 1, which lies inside F = {z : |z| = 3}. 

(d) The path T : y(t) = (1 — t) + it (t € [0,1)) is 
the line segment from 1 to 7, so it is not a closed 
contour. 


Solution to Exercise 1.11 


(a) Let R = C. Then R is a simply connected 
region on which f(z) = ze” is analytic. Also, [1 is 
the line segment from 0 to į and Tə is a semicircle 
with centre ži, initial point 0 and final point i. 
Thus T; and T% are contours in R with the same 
initial and final points. 


Hence, by the Contour Independence Theorem, 


f ze” dz -f ze dz. 
ři Üs 


(b) Let R = {z : Rez > 0}. Then R is simply 

connected and g(z) = (Log z)/(z — 3) is analytic on 

R — {3}. Also, T1 is a simple-closed contour in R 

(the circle with centre 4 and radius 2), and [2 is a 

simple-closed contour in R (the circle with centre 3 
1 


and radius 5), and T% lies inside Py. 
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Hence, by the Shrinking Contour Theorem, 


Solution to Exercise 2.1 


(a) We use Cauchy’s Integral Formula with 

f(z) =sinz, a= —i and R = C. Then R is simply 
connected, I = {z : |z| = 2} is a simple-closed 
contour in R, and a lies inside I. Also, f is 
analytic on R. 


It follows from Cauchy’s Integral Formula that 


sin Z : : 
[= dz = 2ni f(—i) 


= 2risin(—i) 

= 2r sinh 1. 
(b) We use Cauchy’s Integral Formula 
with f(z) = 3z, a = —1 and R = C. Then R is 
simply connected, I = {z : |z — 3| = 5} is a 
simple-closed contour in R, and a lies inside I. 
Also, f is analytic on R. 


It follows from Cauchy’s Integral Formula that 


3z : 
[= i dz = 2nif(-1) 


Solution to Exercise 2.2 


= —671. 


(a) The integrand is not defined at the points 2 
(inside I) and —2 (outside T). We therefore take 
f(z) =e? /(z +2) and a = 2, and let R be any 
simply connected region that contains [ but not 
the point —2; for example, R = fz : Rez > -3 : 
Then T is a simple-closed contour in R, and a lies 
inside I’. Also, f is analytic on R. 


A 


R 
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It follows from Cauchy’s Integral Formula that 
3z 
f 7 dz = Fl) dz 
ræ = 4 TZe- 2 
= ri f(2) 


e 
= 271 x (5) = sme. 


(b) The integrand is not defined at the points 0 
(inside T) and 2i and —2i (both outside T). 


We therefore take f(z) = (cos 2z)/(z? + 4) and 

a = 0, and let R be any simply connected region 
that contains [ but not the points 2i and —2i; for 
example, R = {z : -3 < Imz < 3h. Then T is a 
simple-closed contour in R, and a lies inside I. 
Also, f is analytic on R. 


21 $ y=? 
=] 0 Iara 
T > 
—l-1i l=; 
Ee ee oe 
—2i $ UEa 


It follows from Cauchy’s Integral Formula that 


r: cos 2z m= FO) a, 
r z(z2? +4) rz—0 
= 2ri f (0) 
cide sa, 
(02 +4) 2 


Solution to Exercise 2.3 
(a) We have 
1 1 A B 


~ Si 


an z(z-1) z 
where A and B are constants. Multiplying both 
sides by z? — z, we obtain 

1 = A(z — 1) + Bz. (S1) 
By equating the coefficients of z and constants, we 
obtain 

z: 0= A+B, 

1: 1=—A. 


Solving these simultaneous equations gives A = —1 
and B = 1. Thus 
Io í i 
fae z z=l' 


(Alternatively, substituting z = 0 in equation (S1) 
gives A = —1, and substituting z = 1 gives B = 1.) 
(b) We have 
1 _A B 

z(iz—2) z ° z-2’ 
where A and B are constants. Multiplying both 
sides by z(z — 2), we obtain 

1 = A(z — 2) + Bz. 
By equating the coefficients of z and constants, we 
obtain 


z: 0= A+B, 


1: 1=-—2A. 
Solving these simultaneous equations gives A = -4 
and B = 4. Thus 
1 1 1 
=--> + 


z(z— 2) 2z 2(z—2) 


Solution to Exercise 2.4 


First note that 


2 —z=zļlz-1), 


and both 0 and 1 lie inside rI. 


A 


Using partial fractions, we can write 
1 1 1 


7 z-l’ 


zag z 


by Exercise 2.3(a), so 


[= da=- [MPa | EE a, 
F= r 2 rz-l1 


Solutions to exercises 


We now use Cauchy’s Integral Formula with 

f(z) =cos32, R = C and a = 0 and 1 (in turn). 
Then œR is simply connected, T is a simple-closed 
contour in R, and f is analytic on R. We obtain 


f E FO ae 
rT zZ 


and 


f REE ft ea 
T 


z—1 
Thus 
3 
i Ž dz = —2ni + 2micos3 
Te =z 


= 2ri (cos3 — 1). 


Solution to Exercise 2.5 
(a) We have 


Z al z 1 2 
[= dz = 5 f ae— 7 f dz 
p= 4 rz-l1 4 rztl 

a e* i e* 
— dz — - d 
r i ee ° 


(i) All four points 1, —1, i and —i lie inside I. 
We use Cauchy’s Integral Formula with f(z) = e’, 
R =C and a = 1, —1, i and —i (in turn). 


A 


R 
2i 
Ir 


Then œR is simply connected, I is a simple-closed 
contour in R, and f is analytic on R. Thus 


e” 
| 521 dz = 2ri f (1) = 2rie, 
e” 
f PEE] dz = 2ri f(—1) = 2nie™, 
e” ; 
f - dz = 2ri f (i) = 2rie’, 
Tet 


Z . 
I 5 dz = 2ri f(—i) = 2rie™. 
r l 
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Putting all this together, we obtain 
zZ 
f = i dz = 4 (2ni(e—e7' + ie! — ie™)) 


= mi (sinh 1 — sin 1). 


(ii) In this part, only the two points i and —i lie 
inside I’. We now let R be any simply connected 
region containing [ but not the points 1 and —1; 
for example R = {z : -3 < Rez < 3h. The value 
of the integral is therefore 


q(2mi (ie' — ie™')) = —risin 1. 
(The other two terms each have value 0, by 


Cauchy’s Theorem.) 


A 


14214 bya 
| 
| 
| 
| 
| 
| 
| 
eT oe > 
=] 1 
| 
| 
| 
| 
| 
-4 — 2i | 5 — 2i 


(b) First note that 
zt —1= (z2? —1)(22 +1) 
= (z — 1)(z+ 1)\(z — i)(z +2) 
and that 7 and —7 lie inside I, but 1 and —1 lie 
outside I. Also, 
1 ~i/2 4/2 
2+1 z-i 2th 


by equation (2.3), so 


e? = i fèe —1) 
IESE J aA 
; z 2 
+i | E ie U i 

il 


2 z+í 
We now let R be any simply connected region 
containing I, but not the points 1 and —1; for 
example, R = fz : -3 < Rez < ae 


Applying Cauchy’s Integral Formula with 
f(z) = e*/(22 — 1), which is analytic on R, 
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and a = i and —i (in turn) gives 


e? a ee a ; : 
[ane nik ts 2rif(i) + 5% Qi f (—t) 


as before. 


Solution to Exercise 2.6 


We apply Cauchy’s Integral Formula with T = C 
and a the centre of C. Then 
i 
toa] L 


27t Jo z—-a 


The standard parametrisation of C is 


y(t) =at+re” (t€ [0,2n]), 
so 
1 [7 fla+re”) a 
f(a) = mi $ a x rie dt 
1 2m i 
= fla + re”) dt. 
T JO 


Solution to Exercise 2.7 


It is not true that |sin z| < 1 for all z € C; for 
example, 


|sinz| = |i sinh 1| = sinh 1 = 1.175 


to three decimal places. 


Solution to Exercise 2.8 


We use the method of proof by contradiction. 
Assume that the function 


f(z) = exp(i|2|) 
is an entire function. Observe that 
exp(2|z|) = cos |z| + isin |z]. 


Hence |f(z)| = 1, so f is bounded. Therefore, by 
Liouville’s Theorem, f is a constant function. But, 
for example, 


f(0)=exp0=1 
and 


f(1) = expi = cos 1 + isin1. 


Thus f(0) 4 f(1), so we have a contradiction. It 
follows that f is not an entire function. 


Solution to Exercise 2.9 


Let p be a non-constant polynomial function, and 
let w € C. Then f(z) = p(z) — w is a non-constant 
polynomial function, so, by the Fundamental 
Theorem of Algebra, there is a complex number a 
for which f(a) = 0. Hence p(a) = w, so w lies in 
the image set of p. Since the point w was chosen 
arbitrarily in C, we see that the image set of p is 
the entire complex plane. 


Solution to Exercise 2.10 


Cauchy’s Integral Formula is appropriate for all 
parts except part (c), in which we apply Cauchy’s 
Theorem. The figure shows [ = {z: |z — 1| = 2} 
and points relevant to parts (a), (b), (d) and (e). 


A 


(a) Let R = C, which is simply connected. Then 
f(z) = e"*/? is analytic on R, T = {z : |z — 1| = 2} 
is a simple-closed contour in R, and the point 1 
lies inside I. Hence, by Cauchy’s Integral Formula, 


oon E 
—— 


= Iriel? = —2r. 


(b) Let R = C, which is simply connected. Then 

f(z) = 2? is analytic on R, F = {z : |z — 1| = 2} is 
a simple-closed contour in R, and the point 2 lies 

inside I’. Hence, by Cauchy’s Integral Formula, 


f z3 
= 271 X 23 = 1677. 


(c) Let R = {z: Rez < 4}, which is simply 
connected. Then f(z) = (z + 4)/(z — 4) is analytic 


dz = 2ri f (2) 


Solutions to exercises 


on R, and T = {z : |z — 1| = 2} is a closed contour 
in R. Hence, by Cauchy’s Theorem, 


[He 
rz—4 


(d) Let R = C, which is simply connected. Then 
f(z) = sinz is analytic on R, F = {z: |z — 1| = 2} 
is a simple-closed contour in R, and the point 7 lies 
inside I. Hence, by Cauchy’s Integral Formula, 


f cai ME 2m f (i) 
T 


= 0. 


z—í 
= 2risin i = —2r sinh 1. 

(e) First note that 2? — 4 = (z + 2)(z — 2) and 
that the point 2 lies inside T = {z : |z — 1| = 2} 
and the point —2 lies outside T. 
Let R = {z : Rez > —2}, which is simply 
connected. Then f(z) = z?/(z +2) is analytic 
on R,T is a simple-closed contour in R, and the 
point 2 lies inside I. Hence, by Cauchy’s Integral 
Formula, 


Solution to Exercise 2.11 


The figure shows [ = {z : |z — 1| = 3} and the 
points relevant to parts (a), (b) and (c). 


(a) Note that 2? — 1 = (z — 1)(z + 1) and that the 
points 1 and —1 lie inside I. So we find the partial 
fractions of 1/(z? — 1): 
t 12 1p 
2—1 z=1 241 
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Then 


2 
[e] £ dz f . dz. 
rpe-1 rz-1 rztl 


Let R = C, which is simply connected. Then 

f(2) =z is analytic on R, T = {z : |z — 1| = 3} isa 
simple-closed contour in R, and the points 1 

and —1 lie inside I. Hence, by Cauchy’s Integral 
Formula applied to the two integrals on the 
right-hand side of equation (S2), 


2z ; : 
f | dz = 2nif (1) — 2nif(-1) 
= 2ri x 1 — 2ri x (—1) = 4ri. 


(S2) 


(b) Note that z? + 1 = (z+4)(z—1) and that the 
points —7z and å lie inside I. So we find the partial 
fractions of 1/(z2 + 1): 
1  é/2 4/2 
z2 +1 z+i 2-7’ 


as obtained in equation (2.3). Then 


[+ de= 5 f| ae i fas, 
peti 2Jp z+i 2J/p z-i 


Let R = C, which is simply connected. Then 

f(z) = sin 2z is analytic on R, T = {z : |z — 1| = 3} 
is a simple-closed contour in R, and the points —i 
and 7 lie inside I. Hence, by Cauchy’s Integral 
Formula applied to the two integrals on the 
right-hand side of equation (S3), 


f E E E 
A 2 2 


(53) 


z2 +i 
= —msin(—2i) + m sin 2i 
= 2risinh 2. 
(c) Note that z(2? — 9) = z(z — 3)(z + 3), and 
that the points 0 and 3 lie inside I, but the 


point —3 lies outside I. So we find the partial 
fractions of 1/(z(z — 3)): 


1 1/3 1/3 
z(z=3) z-3 z` 


Then 


f 6 cosh z dz =2 f (cosh z)/(z + 3) de 
r 2(z2 — 9) r z—3 


B 2f (cosh z)/(z + 3) ay 
T 2 
Let R = fz : Rez > —3}, which is simply 
connected. Then f(z) = (cosh z)/(z + 3) is analytic 
on R, T = {z:|z—1| = 3} is a simple-closed 


(S4) 
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contour in R, and the points 0 and 3 lie inside T. 
Hence, by Cauchy’s Integral Formula applied to 
the two integrals on the right-hand side of 
equation (S4), 


6 cosh | | 
laze"? x 2rif(3)— 2x 2rif(0) 


h h 
=a 3 ae 0 
6 3 


2 
= = (cosh 3 — 2)i. 


Solution to Exercise 2.12 


(a) Let g = 1/f. Then g is entire, since f is entire 
and never takes the value 0. Also, g is bounded, 
since 


l9(z)| = I/|f(z)| < 1/K, 


Hence, by Liouville’s Theorem, g is a constant 
function and therefore f is a constant function. 


for all z € C. 


(b) The function f(z) = e* is a counterexample. 
It is an entire function such that 


le*|>0, forall zeC. 


But f is not a constant function. 


Solution to Exercise 3.1 


(a) We use Cauchy’s First Derivative Formula 
with f(z) = e”, a = —1 and R =C. Then R is 
simply connected, [ = {z : |z| = 3} is a 
simple-closed contour in R, and a lies inside T. 
Also, f is analytic on R. It follows from Cauchy’s 
First Derivative Formula that 


e22 ay 
l Ta = 2ni f (—1). 
But f'(z) = 2e?*, so f'(—1) = 2e7?. Thus 


J e22 d 4 <a 
—{ dz = 4re “i. 
F (z + 1)? 
(b) The integrand is not analytic at 0 and —1, 
both of which lie inside I = {z : |z| = 3}. Thus we 
must first express 1/(z(z + 1)?) in partial fractions. 
We write 
1 _A 4 B y C 
z(z+1)2 z z+1 (z+1) 


where A, B and C are constants. Multiplying both 
sides by z(z + 1)?, we obtain 
i= A(z +1)? + Bele + 1) + Cz. 


By equating the coefficients of 22, z and constants, 
we obtain 


z2: 0=A+B, 


z: 0=2A+B+C, 
1: 1l=A. 
So A = 1, B = —1, C = —1. Thus 
1 1 1 1 
zz+l1j2 z z+1 GED? 
and hence 


e2% 
lyre 
r 2(z+1)? 
22 22 22 
= Zaz- | Ld- | ae, 
r 2 perl r (z+1) 


We now use Cauchy’s Integral Formula and First 
Derivative Formula with f(z) = e?%, a = 0 and —1, 
and R = C. Then R is simply connected, I is a 
simple-closed contour in R, and both values of a 
lie inside T. Also, f is analytic on R. 


It follows from Cauchy’s Integral Formula that 


zZ 


e2? 
1 — dz = 2ri f (0) = 2mie® = zi, 
r 


e?” 
f dz = 2ri f (—1) = 2re™?i, 
E2 + 1 


and it follows from Cauchy’s First Derivative 
Formula that 


e?” li 
lyre = 2ri f'(—1) 


= 2ri x 2e? = 4re `’ i. 


Putting all this together, we obtain 


e22 F 5 
eee ee ee 
ls z = 2ni(l—e 


= 2r (1 — 3e7?)i. 


= 2e) 


Solution to Exercise 3.2 

(a) We use Cauchy’s nth Derivative Formula with 
n = 2, f(z) = cosh 2z, a = —i and R =C. 

Then R is simply connected, [ = {2 : |z| = 2} is a 
simple-closed contour in R, and a lies inside I. 
Also, f is analytic on R. 


Solutions to exercises 


It follows from Cauchy’s nth Derivative Formula 
that 


Wis 
f cosh 2z P drat ( i) 
1 . 


But f”(z) = 4cosh 2z, so 
f”(—i) = 4cosh(—2i) = 4 cos 2. 
Thus 


| Sa ae dz = 4ri cos 2. 
r (z +i)’ 

(b) We use Cauchy’s nth Derivative Formula with 
n = 9, f(z) = ze, a = 1 and R =C. Then R is 
simply connected, [ = {z: |z| = 2} is a 
simple-closed contour in R, and æ lies inside I. 
Also, f is analytic on R. 


It follows from Cauchy’s nth Derivative Formula 
that 


= eri 
18144 

(c) The integrand is not analytic at 0 and —1, 
both of which lie inside I. Thus we must first 
express 1/(z3(z + 1)) in partial fractions. We write 

1 ZA BC D 

B(z+1) z 2 2 z+ 

where A, B, C and D are constants. Multiplying 
both sides by 2°(z + 1), we obtain 


1 = A2? (z +1) + Bz(z+1)+C(z+1)+ D2’. 


By equating the coefficients of 2°, z?, z and 
constants, we obtain 


2: 0=A+4+D, 


2: O=A4+B, 
z: O=B4ZC, 
1: 1=C. 
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SoA=C=1,B=D=~—1, and 
1 1 1 1 1 
e+) z 2 B z+ 
Thus 


e? 
[ Soa 


22 2z 2z 2z 
a t dgy- Sat | Ga- f C dz 
r 2 r 2 r 2 rzt+l 


We now use Cauchy’s Integral Formula and First 
and Second Derivative Formulas with f(z) = e”, 
a = 0 and —1, and R = C. Then RF is simply 
connected, [ = {z : |z| = 2} is a simple-closed 
contour in R, and both values of a lie inside T. 
Also, f is analytic on R. 


It follows from Cauchy’s Integral Formula that 
2z 


“dz = 2ri f(0) = 2ri, 
T 2 

e?” ‘ 
f al dz = 2ni f(—1) = 2re` 4i, 


and it follows from Cauchy’s First Derivative 
Formula that 


e2% 
f — dz = 2ri f'(0) 
T Z 
= 2ri x 2e? = Ani. 


Also, it follows from Cauchy’s Second Derivative 
Formula that 


2z 11 
0 
de = omit (0) 
T 2 2! 
4e? 
= mi x — = Ani. 
2! 


Thus 
e?” 
f PI EET dz = 2ri — 4ri + 4ri — 2ne774 
pe(z+1) 
= In(1—e7*)i. 


Solution to Exercise 3.3 
By Cauchy’s nth Derivative Formula, 


! 
(n)(4) L f(z), 

Pe) 2ri Jp (z —a)rt = 
OnT we have |z — a| = r and |f(z)| < K. So, by 
applying the Estimation Theorem to this integral 
with M = K/r"*! and L = 2rr, we see that 
n! K Kn! 


= 57 proces =a 
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Solution to Exercise 3.4 


(a) Assume that there exists an analytic 

function F such that F’(z) = |z|, for z € C. Then, 
by the Analyticity of Derivatives, F’ is analytic 

on C. But F’(z) = |z|, which is not analytic on C 
(by Example 1.5 of Unit A4). This contradiction 
implies that no such function F exists. 

(b) Since f is entire, so is f’, by the Analyticity of 
Derivatives. Since f’ is entire and bounded, f’ is 
constant, by Liouville’s Theorem. 


Thus f’(z) = a, where a € C. Then the function 
g(z) = az is a primitive of f’ on C. Furthermore, 
any primitive of f’ on C is equal to g(z) + 8, for 
some constant 3 (by Exercise 3.6 of Unit B1). 
Hence 


f(z) =az+8, wherea,B €C. 


Solution to Exercise 3.5 


The figure shows [ = {z : |z| = 2} and points 
relevant to parts (a)—(e). 


A 


For parts (a), (b), (d) and (e), we take R = C, 
which is simply connected. 

(a) The function f(z) = cos z is analytic on R, 
T is a simple-closed contour in R, and the point 
1/2 lies inside I. 


Hence, by Cauchy’s First Derivative Formula, 
COS Z 


f Goa) dz = 2nif' (1/2) 
= 2ni(—sin(a/2)) = —2ri. 


(b) The function f(z) = cosh 7z is analytic on R, 
T is a simple-closed contour in R, and the point i 
lies inside I. Hence, by Cauchy’s Second 
Derivative Formula, 


cosh rz 2ri ; 
|a Fre 
pr (z—-i)8 2! 
= Ti x n° cosh ri 
= rĉicost = —r’i. 


(c) Note that z? + 2z — 3 = (z + 3)(z — 1) and 
that the point 1 lies inside I but the point —3 
does not. Let R = fz : Rez > —3}. Then 

f(z) = (sin z)/(z + 3)? is analytic on R, and T is 
a simple-closed contour in R. Observe that 


(z+ 3)% cos z — 2(z + 3)sinz 


Vy) — 
Hence, by Cauchy’s First Derivative Formula, 
ip : sin Z ja = | eae) dz 
r F23) popen 
= 2ri f'(1) 
4? cos 1 — 8sin1 
= 271 x ee 


1 ; ; 
= 162 cos 1 — sin 1 )ri. 


(d) The function f(z) = sin 2z is analytic on R, 
T is a simple-closed contour in R, and the point 
1/4 lies inside I. Hence, by Cauchy’s nth 
Derivative Formula with n = 4, 


i sin 2z O 2ri 
T: 


Gry Ë= eel 


= s x 24 sin 27/4 
Ar. 


= 2. 


3 


(e) The function f(z) = 1 is analytic on R,T is a 
simple-closed contour in R, and the point —1 lies 
inside I. Hence, by Cauchy’s nth Derivative 
Formula with n = 10, 


1 
[ za 


since f(z) = 0, for all z € C. 


Remark: This integral can also be evaluated using 
the Closed Contour Theorem. 


Solutions to exercises 


Solution to Exercise 3.6 
Note that 


2 — 229 + 2? = 27 (27 — 22-41) = 27(z—- 1), 


and that the points 0 and 1 lie inside I’. Let us 
write 
1 A B C D 

Pantie 2tetz—-itG—p 
for constants A, B, C and D. Multiplying both 
sides by z?(z — 1)?, we obtain 
1 = Az(z — 1)? + B(z — 1} Scr e@—1)4 D2. 
By equating the coefficients of 23, z2?, z and 
constants, we obtain 

2: 0=A4+C, 

2: 0=-2A+B-—C+D, 

z: 0=A-2B, 


Ls t= 6. 
Solving these simultaneous equations gives 
A=2, B=1, C=-2, D=1. 
Hence 
1 _ 2 J; 1 2 "m 1 
zA—Qz84+272 z z2 z-1 (z-1)} 


Thus 


e37 
f z4 — 223 + 72 


e37 

b i C-IP 
We now apply Cauchy’s Integral Formula to the 
first and third integrals on the right-hand side of 
this equation and apply Cauchy’s First Derivative 
Formula to the other two. We take R = C, which 
is simply connected. Then f(z) = e?* is analytic 
on R,T is a simple-closed contour in R, and the 


points 0 and 1 lie inside I. 
We obtain 


e37 
—— dz 
f z4 — 223 + z2 


= i (2f (0) + 0) — 2f) + F0) 
= 2ri (2e? + 3e? — 2e? + 36°) 
= 27 (5 + e°). 
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Unit B2  Cauchy’s Theorem 


Solution to Exercise 4.1 
(a) Let 
1 _A $ B 

z(z=3) z 2-3 
where A and B are constants. Multiplying both 
sides by z(z — 3), we obtain 

1 = A(z — 3) + Bz. 
By equating the coefficients of z and constants, we 
obtain 


z: 0=4A+B, 
1: 1=-—3A. 


Solving these simultaneous equations gives 


A=-1/3, B=1/3. 


Thus 
1 ys 1p 
2(z-3) 2-3 z` 

(b) Let 
1 AB C 


z?(z—-3) z oe res 


where A, B and C are constants. Multiplying both 
sides by z?(z — 3), we obtain 
1 = Az(z — 3) + B(z — 3) + C2’. 


By equating the coefficients of z?, z and constants, 
we obtain 


z2: 0=A4+C, 
z: 0=-3A+B, 
1: 1=-—8B. 


Solving these simultaneous equations gives 
A=-1/9, B=-1/3, C=1/9. 


Thus 
1 1/9 1/9 1/3 


g(z—3) 2-3 z z2 


Alternatively, by part (a) we have 
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Multiplying both sides of this equation by 1/z gives 
bi 1/3 


z4(z—8) 2(z-3) 2 


=(4 -2)-2 


3\2-3 z z2 
pt A 
z—3 ž z2 
(c) Let 
1 ABC D 


Fe- 2° r F 2-3 


where A, B, C and D are constants. Multiplying 
both sides by 2°(z — 3), we obtain 


1 = Az*(z — 3) + Bz(z — 3) +C(z-—3) + Dz’. 


By equating the coefficients of 23, z”, z and 
constants, we obtain 


2: 0=A+4+D, 
z2: 0=-3A4+B, 
z: 0=-3B+C, 
1: 1=-8C. 
Solving these simultaneous equations gives 
A = —1/27, B= -1/9, C = —1/3, D = 1/27. 
Thus 
1 1/27 1/27 1/9 1/3 
23(z — 3) ~ 2-3 z 2o 8 


Alternatively, by part (b) we have 
1 1/9 1/9 1/3 


Z2(z—-3) 2-3 z 2° 
Multiplying both sides of this equation by 1/z, and 
using the result of part (a), we obtain 

1 1/9 1/9 1/3 


9 
_ 1/237 1/27 (1/918 


„ 18) 1/9 1/3 


E 2S z z2 z3 


z—3 Z z? z3 
Solution to Exercise 4.2 
(a) Using equation (4.1), we have 


1 
=dz = 2ri, 
rZ 


since 0 lies inside T = {z : |z — 1| = 2}. 


(b) Using equation (4.1), we have 


1 
I dz = 0, 
rz-9 


since 5 lies outside [ = {z: |z — 1| = 2}. 


(c) The standard parametrisation of 
T = {z : |z — 1| = 2} is 
y(t) =14+2e" (te [0,2z]). 


Hence 


1 a 2m 1 id 
ETIP TJ pap” 
i 2m ; 
=; e” dt 
2 Jo 
i 2r 2m 
=3(/ costdt— i f sineat) 
2\Jo 0 


= 0. 
This integral can also be evaluated by using the 
Closed Contour Theorem with f(z) = 1/(z— 1), 
which is continuous and has a primitive 
F(z) = —1/(z — 1) on the region R = C — {1}. 
This region contains the simple-closed contour I. 


By the Closed Contour Theorem, 


[ape 


Solution to Exercise 4.3 


The integrand is analytic except at 0 and 3, which 
lie inside I’, and —3, which lies outside I. Hence 
we choose 

e 


f(z) = ere 


which is analytic on R = {z : Rez > —2}, as in 
Example 4.3. As noted in that example, R is 
simply connected and I is contained in R. 


z 


By Exercise 4.1(c), we have 


1 1/27 1/27 1/9 1/3 
2(z—3) 2-3 z 2 2’ 
T ro (2) (2) 
ie _ dl f(z 1 f(z 
E E sa 
LP fa, iff 
“or aw de 


Solutions to exercises 


Applying Cauchy’s Integral Formula to the first 
and second integrals on the right-hand side, 
Cauchy’s First Derivative Formula to the third, 
and Cauchy’s Second Derivative Formula to the 
fourth, gives 


[=e ye er Qrif (3) — = x 2nif (0) 


27 2 
1 ao 1 2min 
O 271 e? 271 1 
7 6 27 3 
271 x 2 mi 5 
9 9 3 27 
since 
j (z+ 2)e ji (z2? + 4z + 5)e” 
f= ae ad f= SSS 


Simplifying this, we obtain 


fz) T 
[ z3(z — 3) K a 


Solution to Exercise 4.4 


11)i. 


(a) In this case, 


glz) =e” and p(z)=z(2 +1). 

The three steps of the strategy are as follows. 

1. Write p(z) = r(z)s(z), where 

s(z)=z+i. 

The zeros i and 0 of r lie inside 

T = {z : |z — i/2| = 3/4}, and the zero —i of s 
lies outside I’, as shown in the figure. 


r(z)=(z—i)z and 


A 


Then f(z) = g(z)/s(z) = e?*/(z + i) is analytic 
on the simply connected region 
R = {z : Imz > —1/2}, which contains I. 
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2. 


Let 
1 1 A B 


re) (z-i)z z-i z’ 


where A and B are constants. Multiplying both 
sides by (z — i)z, we obtain 

1 = Az + B(z— i). 
By equating the coefficients of z and constants, 
we obtain 

z: 0= A+B, 

1: 1=-Bi. 
Solving these simultaneous equations gives 
A=-iand B =i. Thus 


1 _ a a 
riz) z-t z 
. We have 


a Ce 


z—i z 


Applying Cauchy’s Integral Formula to each of 
the integrals on the right-hand side, we obtain 


2z 
f T yy 2 = ix rif (i) +i x rif (0) 
= 2r (e” / (2i) — 1/i) 
= —ri(e” — 2) 
= —Ti(cos 2 + isin 2 — 2) 
= Tsin 2 + (2 — cos 2)ri. 


(b) In this case, 


g(z) =e” and p(z)=27(z? +1). 


The three steps of the strategy are as follows. 


1. 
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Write p(z) = r(z)s(z), where 


r(z)=(z—- i) and s(z)=z+4+i. 

Again, the zeros ¿į and 0 of r lie inside 

T = {z : |z — i/2| = 3/4}, and the zero —i of s 
lies outside T. Also, 

f(z) = g(z)/s(z2) = e? /(z + i) is analytic on the 
simply connected region R = fz :Imz > —5 j 
which contains T. 


. As you can check, 
it ._.t 1 i 
riz) (z-i)z2  z=i z z2 


3. We have 


[ as 1) as ae ey ae 
T 


z 


rif PHEH ay 


we 
Applying Cauchy’s Integral Formula to the first 
two integrals on the right-hand side, and 
applying Cauchy’s First Derivative Formula to 
the third, we obtain 


e22 
haar” 
= —2ri f (i) + 2ri f (0) + i x 2rif'(0) 
e” 1 
= —2ni x y + 2ni x = — 2n(1— 2i) 


= —T cos 2 + (4 — sin 2)zi, 
where we have used the formula 
Pe) = (2z + 2i =e" /(z + i)}?. 


Solution to Exercise 4.5 
We provide only brief solutions. 


(a) By Cauchy’s Theorem with R = C, 


f sin z dz = 0. 
Tı 


(b) By Cauchy’s Theorem with R = C, 


i. sin(z”) dz = 0. 
rı 


(c) By Cauchy’s Theorem with 
R = {z : Imz > —1/2}, 


1 
f -dz =Q. 
r +? 


(d) The integral 


f zsin zdz 
T2 


cannot be evaluated by the methods of this unit, 
since T% is not a closed contour. The integral can 
be evaluated using Integration by Parts and the 
Fundamental Theorem of Calculus. 


(e) By Cauchy’s First Derivative Formula 
with R = C, 


1 ee dz = 2i sin’ (0) 
T3 


z2 


= 2ri cos 0 = 2771. 


(£) By Cauchy’s nth Derivative Formula 
with n = 4 and R = C, 


h 2ri 
f aa E cosh“) (0) 
Ts 


z5 4! 


mi mi 
12 cosh 0 D 


(g) Let R = {z:-—a < Imz <m}. This region 
does not contain any of the zeros of cosh $2, which 
have the form (2n + 1)7i, for n € Z. Hence, by 
Cauchy’s Theorem, 


5 
f Z m dz=0. 
T cosh 52 


(h) By Cauchy’s Integral Formula with 
R = {z : Imz > —1/4}, 


z = z/(2z +i) 
| rar a 
=; f z/(2z +i) jy 
Ty 


l- 
Z= 7? 


= 4 x 2ri x (ži/(2 x 4i +i)) 
Ti 

a 

(i) The integral 


f Rez dz 
T3 


cannot be evaluated by the methods of this unit, 
since f(z) = Rez is not an analytic function. The 
integral can be evaluated using parametrisation. 


Solutions to exercises 
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Unit B3 
Taylor series 


Introduction 


Introduction 


In this unit we develop an important technique for investigating the 
properties of analytic functions. Rather than working with a given analytic 
function directly, we represent the function by an expression known as a 
power series and investigate the series instead. 


A power series can be thought of as an infinite-degree polynomial, such as 
1 +2z +32? +42 4+5244+.... 


In order to make this notion of a power series precise, we need to be able 
to work with sums that involve infinitely many terms. In Section 1 we 
show how this is done by using the idea of the limit of an infinite sequence 
to give a rigorous definition of an infinite sum, or a convergent series as it 
is more formally known. We then discuss a number of tests that can be 
used to check whether a series converges. 


In Section 2 we give a formal definition of a power series, and observe that 
power series can be used to define functions. For example, we can define a 
function f by the rule 


f(z) =1 +22 +32? +42 +52 +. 


We then show that we can find the derivative of such a function by 
differentiating the power series term by term as if it were a polynomial. 


In Section 3 we turn the process around. Instead of starting with a 
complex power series and using it to define a function, we start with a 
function f that is analytic at a point a and obtain a power series that 
represents f near a. This is the Taylor series about a for f, a version of 
which may be familiar to you from real analysis. The existence and 
uniqueness of the Taylor series about a for f is established in Taylor’s 
Theorem. After proving this theorem, we give a proof of Cauchy’s nth 
Derivative Formula, as promised in Unit B2. 


Section 4 illustrates how you can find new Taylor series by manipulating 
other known Taylor series. This approach is often easier than a direct 
application of Taylor’s Theorem. 


Finally, in Section 5, we present a uniqueness theorem which shows that 
remarkably little information is required to identify an analytic function. 
Just as Cauchy’s Integral Formula tells us that the values of an analytic 
function within a circle are uniquely determined by the values of the 
function on the circle, so the Uniqueness Theorem tells us that the values 
of an analytic function on a region R are uniquely determined by the values 
of the function on a sequence of points that converges to a point of R. 


This unit contains several applications of the Monotone Convergence 
Theorem for real sequences. This theorem is about monotonic sequences, 
that is, real sequences (£n) that are either increasing (xı < £2 <---) or 
decreasing (xı > £2 >---). We say that a real sequence (£n) is bounded 
above if there is a real number K with £n < K, for n =1,2,..., and (£n) 
is bounded below if there is a real number K with x, > K, for n =1,2,.... 
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We state the theorem here for convenience. 


Monotone Convergence Theorem Any real sequence that is increasing 
and bounded above, or decreasing and bounded below, converges. 


Unit guide 
This unit forms the basis for Unit B4 on Laurent series. The most 
important sections are Sections 2 and 3 — especially Section 3. 


Section 1 is slightly longer than the other sections, so if you have not 
already studied series in the subject of real analysis, then you should be 
prepared to spend extra time on this part of the unit. 


On the other hand, if you have studied real series before, then you will be 
familiar with the form of many of the results presented here. There are, 
however, important differences between real and complex series. For 
example, you will see in Section 3 that a complex function that is analytic 
at a point a has an infinite Taylor series about a, whereas, in contrast, a 
real function that is differentiable on an open interval containing a point @ 
may not have an infinite Taylor series about a. 


Section 5 contains some theoretical work on uniqueness that prepares the 
way for the study of analytic continuation in Unit C1. The final subsection 
indicates an alternative approach to the definition of complex functions 
which you may find interesting if you have the time. 


1 Complex series 


After working through this section, you should be able to: 

e explain what is meant by convergent and divergent series 

e use partial sums to find the sum of a given convergent series 

e use the Non-null Test to show that a given series diverges 

e recognise a convergent geometric series, and write down its sum 


e use the Combination Rules for series to find the sum of a convergent 
series 


e check the convergence of a series by inspecting its real and imaginary 
parts 


e check for convergence using the Comparison Test 
e explain what is meant by an absolutely convergent series 


e check for absolute convergence using the Absolute Convergence Test and 
the Ratio Test. 


1.1 Convergent series 


Given any finite collection of complex numbers, we can form the sum of 
those numbers. In this section we investigate whether this idea of 
summation can be generalised to an infinite sequence of complex 

numbers (zn). Roughly speaking, the idea is to see whether successive sums 


4, m+, wmt+2+ 23, 


(called partial sums) approach a limit as more and more terms are 
included. In preparation for this, we make the following definitions. 


Definitions 
Given a sequence (zn) of complex numbers, the expression 
2 iP BP ap BB ap ee 
is called an infinite series, or simply a series. The number z,, is 
called the nth term of the series. 


The nth partial sum of the series is the complex number 


n 
Sn = ATAA +2, = > Zhe 
k=l 


We sometimes refer to a series as a complex series if we wish to stress the 
fact that the terms of the series are complex numbers, not necessarily real. 
We refer to a series as a real series if all its terms are real numbers. 


Remarks 


1. Note that in the definition of the nth partial sum, we have used the 
letter k as an index. We choose k rather than, say, n or i, because n is 
already being used for a different purpose, and, in complex analysis, we 
prefer to reserve i for a square root of —1. 


2. Observe the difference between the sequence of terms (zn) of the series 
and the sequence of partial sums (sn) of the series. 


As for finite sums, we frequently use sigma notation to represent an infinite 
series. Thus we write 


Co 
So mautatate. 


n=1 


If we need to begin a series with a term other than z1, then we write, for 
example, 


oe) co 
So m=amtutat-: or Son = 2a +z ++. 


n=0 n=3 


For such a series, the nth partial sum s,, is defined to be the sum of all the 
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terms up to and including z,. For instance, the fifth partial sum of the 
[0,6] 

series a Zn 1S 
n=3 


5 


S85 = ) Zk = 23 + 244+ 25, 
k=3 


and the first and second partial sums are not defined. 


Exercise 1.1 


Evaluate the Oth, Ist, 2nd and 3rd partial sums of the series 


Occasionally it is possible to find an explicit expression for the nth partial 
sum of a series. For example, using the standard formula for the sum of a 
finite geometric series (Remark 2 after Theorem 1.3 of Unit A1), we can 
see that the nth partial sum of the series in Exercise 1.1 is given by 


B l= Gi2y* 
~ 1— (i/2) 


Since ((i/2)”) is a null sequence, it follows that 


Sn 


Sn > ———— as n> o. 


1 — (7/2) 
Thus it seems reasonable to define the sum of the series in Exercise 1.1 to 
be 1/(1 —i/2). More generally, we make the following definitions. 


Definitions 
The complex series 
Bil =P 2 oP EB ap eee 


is convergent with sum s if the sequence (sn) of partial sums 
converges to s. In this case, we say that the series converges to s, 


and write 
OO 
AAl ap 22 rar =S Ot ` Zn = 8: 
n=l 


The series diverges if the sequence (s,,) diverges. 


These definitions extend in the natural way to series that begin with a 
term other than 21; likewise, theorems and corollaries in this section could 
be stated with alternative choices of starting terms. 
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Let us now look at methods for proving that infinite series converge or 
diverge. One strategy is to apply methods for determining whether 
sequences converge or diverge to the sequence (sn) of partial sums of 
a series. 

Example 1.1 


For each of the following infinite series, calculate the nth partial 
sum sn, and determine whether the series converges or diverges. 


0O 
(a) X 2i=2i+2i +24- 


(a) The nth partial sum of the series is 


n 
s Y m 
k=1 
Since the sequence (2ni) does not converge (it tends to oo), the 


co 
series J 2i diverges. 
m=i 


(b) By the formula for the sum of a finite geometric series, we have 


6 
SS Sr 
fie) 
Since ((i/3)”) is a null sequence, it follows that 
l Torno 
MS ee Ti = 3(9 + 3i), 


so the series converges to +(9 + 3%). 


ise 1.2 


For each of the following series, calculate the nth partial sum sp, and 
determine whether the series converges or diverges. If the series converges, 
then calculate its sum. 


(a) Dro o D 


n=1 
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It is sometimes possible to show that a series converges or diverges without 
having to calculate its partial sums. One technique for proving divergence 
relies on the following theorem. 


Theorem 1.1 


If SS Zn converges, then (zn) is a null sequence. 


m=i! 


n 


[0,6] 
Proof Let s, = W9 zp be the nth partial sum of » Zn. Then (sp) is a 
k=1 n=1 
convergent sequence, with limit s (say). Since 


Sn = Sn- Fin; for n= 2,3,..., 

we have 
Zn = 8n—Sn-1, forn=2,3,.... 

Hence, by the Combination Rules for sequences (Theorem 1.3 of Unit A3), 
Jim m= Jim (sn — Sn-1) = Jim Sn — Jim, Sn-1 =8—s=0. 

Thus (zn) is a null sequence. E 


Theorem 1.1 shows that a series cannot converge unless its terms form a 
null sequence. We therefore have the following divergence test. 


Corollary Non-null Test 
co 
If the sequence (zn) is not null, then the series ť D Zn diverges. 


m= 


For example, the series 
OO 
X ni=i+2i+3i+-- 
n=1 
diverges, since the sequence (ni) is not null (it tends to oo). 


It is important to realise that the converse of the Non-null Test is false. 
That is, if (zn) is a null sequence, then it does not follow that 


oo 
doen 
n=1 


converges: it may converge, but it may diverge. For example, the 
sequence (1/n) is null and yet the series 


Ste r 
n 2 3 4 


n=1 


diverges, as you will see in Theorem 1.3. This series is called the 
harmonic series. 


Exercise 1.3 


Use the Non-null Test to show that each of the following series diverges. 


(a) 2 ay (b) a (c) dm tnt 


1.2 Some basic series 


Many of the series we have mentioned so far have been of the form 


(= al 
X a =a+az +a? +. 


n=0 


Such series are known as geometric series with common ratio z. The 
following theorem enables us to decide whether a given geometric series 
converges or diverges. 


Theorem 1.2 Geometric Series 


OO 
Consider the series ; az”, where a,z € C. 
n=0 


(a) If |z| <1, then the series converges to a/(1— z). 
(b) If |z| >1 and a 40, then the series diverges. 


Proof 


(a) If z 41, then the nth partial sum is given by 
_ gntl 
sn=ataz+az +i baz" =a( =), 
-z 


Furthermore, if |z| < 1, then (z”) is a basic null sequence 
(Theorem 1.2(b) of Unit A3). So, by the Combination Rules for 


sequences, 
— gntl a 
lim sn = lim (=) = i 
n— o0 n— o0 l-z l-z 
OO 
Thus the series > az” converges to a/(1 — z). 
n=0 


(b) If|z| > 1, then (z”) does not converge to 0 (see Theorem 1.7 of 
Unit A3). Since a Æ 0, the sequence (az”) does not converge to 0 


either. Hence the series diverges, by the Non-null Test. E 
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Exercise 1.4 


Use Theorem 1.2 to check your answers to Exercise 1.2. 


The convergence or divergence of a given complex series can often be 
determined by comparing it with another series that is known to converge 
or diverge. As you will see later in this section, such comparisons are 
frequently made with geometric series. Other series that are sometimes 


used in this way are series of the form 
1 1 il 1 
+ 3p + 3p + Pp apes 


where p is real. The convergence of such series depends on the value of p. 


Theorem 1.3 


The series 
ee eee 
Ph 2P 3P 4P 


converges if p > 1 and diverges if p < 1. 


For example, if p = 2, then we obtain the convergent series 
1 1 
eR 
Later on in the module, you will see that this series converges to 7?/6. On 


the other hand, if p = 1, then we obtain the divergent series 
tne aso 
2 3 4 ` 


This is the harmonic series that we mentioned earlier. 


1 
ltt Je. 


Proof If p<, then all the terms of the series are greater than or equal 
to 1, so the series diverges, by the Non-null Test. This leaves two other 
cases to consider: 0 < p < 1 and p> 1. 


For the case where 0 < p < 1, consider the n rectangles in the Cartesian 
plane that have the intervals [1, 2], [2,3], ... , [n,n + 1] on the z-axis as their 
bases and have heights 1,1/2?,...,1/n?, respectively, as shown in 

Figure 1.1(a). (For clarity the vertical axis in that figure has been 
stretched.) The nth partial sum of the series is equal to the total area of 
the rectangles. As the figure shows, this area is greater than the area 
under the graph of the real function f(x) = 1/x? between 1 and n + 1, so 


1 1 1 1 . f” 1 d 
Syn = { — { — { KES — — aux. 
" 3P i 


2P nP xP 


Since 1/x? > 1/x, for x > 1, we can use the Monotonicity Inequality for 
integrals (Theorem 1.3(f) of Unit B1) to obtain 


n+l 1 n+l 1 
me Zæ f — dx = log(n + 1). 
1 oP 1 T 


It follows that the sequence of partial sums (sn) tends to infinity, so the 
series diverges for p < 1. 


1234: 7 
(a) (b) 


Figure 1.1 (a) Overestimating the area under the graph of y = 1/z?, 
for0<p<1_ (b) Underestimating the area under the graph of y = 1/2?, 
for p>1 


For the case where p > 1, we construct another set of n rectangles, this 
time with bases [0, 1], [1, 2],...,[n — 1, n] and heights 1,1/2?,...,1/n?, 
respectively, as shown in Figure 1.1(b). The nth partial sum is equal to the 
total area of the rectangles, and these rectangles lie beneath the graph of 
the real function f(x) = 1/x?. If we remove the first rectangle by 
subtracting 1, then it follows that 


es ot +5. pts O 
~ QP 3P nP 1 gP ~ 1—p], 


Since p > 1, we deduce that 


E ni-P 1 N en ee 
Sn — — — | = — | 1 — — 
" 1-p 1-p p-1 np-1 p-1 


so the sequence (sn) is increasing and bounded above by 1 + 1/(p— 1). By 
the Monotone Convergence Theorem, stated in the Introduction, the 
sequence (sn) converges, and hence the series converges. E 


1.3 Convergence theorems 


When we investigate the convergence properties of series, it is not always 
possible, or convenient, to work directly with partial sums. You have 
already seen that the Non-null Test can sometimes be used to check 
divergence without the need to calculate partial sums, so let us now turn 
our attention to some rules for checking convergence. 


We begin with the Combination Rules. 
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Theorem 1.4 Combination Rules for Series 


0O [0,6] 
If the series ` Zn, and `z Wn both converge, then 


m= m=i 


(a) Sum Rule o (zn + Wn) -5 Zn + 2 Wn 


w= 


(b) Multiple Rule a Nm =A ss Zeon owe Ce 


m=. m= 


For example, from the formula for geometric series (Theorem 1.2), we 


know that 
S1 <S (1-iV 
HA =1 and 2 5 ) =-1 


(the second sum was calculated in Exercise 1.2(b)). Hence 


Se T) =7x1+ix(-i)=8. 


n=1 


Proof The proofs of these Combination Rules follow from the 
corresponding Combination Rules for sequences. We will prove the Sum 
Rule, and leave you to prove the Multiple Rule in Exercise 1.5. 


Let (sn) and (tn) be the sequences of partial sums given by 


n n 
Sy = > zk and ty, = J Wk, 
k=1 k=1 


and let 
[0,6] [0.6] 
s=) z and t= S i 
k=1 k=1 


Then sn > s, tn > t, and, by the Sum Rule for sequences, Sn + tn > s +t. 
But 


n 


Sn + tn = Sa + wk), 


k=1 
co 
so we see that So (er + wr) converges to s +t. Hence 
k=l 
OO 
5 Zk + Wk) -s412 J a+) ur 
k=1 k=1 a 
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Exercise 1.5 


Prove the Multiple Rule for series. 


An immediate consequence of the Combination Rules is that if (zn) is a 


(oe) (oe) 
sequence for which both the series `> Re zn and > Im zn converge, then 


n=1 n=l 
Co 


the series J Zn converges and 


n=l 


0O [0.6] oO 
J = J Re zy, +i > Im Zn. 
n=l n=1 n=1 


[0,6] 
In fact the converse is also true. For if the series ) Zn converges to $, say, 


n=1 


then 


n 


Jim, 2 Re zk = Jim, Re (>: a) = Res, 
=1 


=1 


where we have applied Theorem 1.4(c) of Unit A3 to interchange the order 
of the limit and the real part function. 


(oe) oO 
So y Re zn converges to Res, and similarly pa Im zn converges to Ims. 
n=l n=1 


CoO 0O 
The series `> Re zn and D Im z, are called the real part and 


n=1 n=l 
[0.0] 


imaginary part, respectively, of the series ` Drs 

n=1 
We have therefore established the following equivalence between the 
convergence of a series and the convergence of its real and imaginary parts. 


Theorem 1.5 
OO co Co 
The series Sy Zn converges if and only if both 5 Re zn and ` ea 


m=i w= o= 


converge. In this case, 


OO [0.6] [0.0] 
y a > Rezn +i% Im Zp. 
i=l) m= n=1 


This theorem can be used to check whether a series converges or diverges. 
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For example, the series 


¥(5+2)=4 ti) 4 GG ! 5) Bis 


n=1 


diverges because its imaginary part 2, 1/n diverges. On the other hand, 


n=1 
the series 
Cee meee a tee 
2 \ nt n 7 4 8 9 27 


[0.6] 0O 
converges because both `> 1/n? and Ly 1/n® converge. 

n=1 n=1 
Theorem 1.5 can also be used in a rather unexpected way to find the sums 
of certain real series. 


First observe that 
sinna = mle), forn=0,1,2,.... 
Hence, by Theorem 1.5, 


esl Sle 
` on sinnx = in( So ze) 


n=0 


where, to obtain the last line, we have applied Theorem 1.2(a) on 
geometric series. Multiplying the numerator and denominator of 


1 
1— Jei? 
by the complex conjugate of 1 — jet” , namely 


= ie 3) a Lea ee 
7c) Sb ce SL se 


co 


il -4 eit 
So sinine = Im 
2n 1 (i = a) 


m= eE 
S —x) +isin(—2z)) 
= In ie a= ao ee 
ze We AP a 
(i (eee) ERA 


ae 1 (eiz of Ca) 


Exercise 1.6 


0O 
1 
Find the sum of the series ) — cos nz, where x E€ R. 
2N 
n=0 


We are often required to prove that a given series converges without 
needing to know the value of the sum. In such cases it may be possible to 
use a theorem like the following one, which enables us to test a series for 


convergence by comparing it with another series that is known to converge. 


OO 
If > an is a convergent real series of non-negative terms, and 
m= 
al Sti O n= l ee, 
[0,6] 


then the series J Zn CONVerges. 


n=l 


Before proving this theorem, we illustrate how it is used by reconsidering 
the series in Example 1.2. This method of establishing convergence is 
simpler but it does not yield a value for the sum. 


Example 1.3 


Show that the following series converges, where x € R: 


oO 


` x sin nz. 


a0 
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Show that the following series converges: 


ee) 
D cos n 


n=1 


The next exercise asks you to use the Comparison Test to prove a striking 
result about complex series that will be needed in the next subsection. 


oe) 


Use the Comparison Test to prove that if the series S len converges, then 


oo n=1 


the series ` Zn converges. 


3 
ll 
= 


We end this subsection by proving Theorem 1.6. 


oO 
Proof of the Comparison Test Let eo be a complex series, and 


n=1 
oo 


let X an be a convergent real series of non-negative terms satisfying 


n=1 


[Zul Ging for = 12s. 


oO 


We will split the proof that the series ` Zn, converges into three stages. 


n=1 
We prove it first for the case where all the terms z, are real and 
non-negative, then for the case where they are arbitrary real numbers, and 
finally for the case where they are arbitrary complex numbers. 


1. If all the terms z, are real and non-negative, then 0 < zn < dn, 
n 


for n = 1,2,.... So the partial sums sn = 2. Zp satisfy 
k=1 
0O 
Sn <Sn41 and Sn < S ah forn=1,2,.... 
k=1 


Hence (sn) is an increasing real sequence, bounded above by the sum 
OO 


> ak. So, by the Monotone Convergence Theorem, (sn) converges. 
k=1 
0O 
It follows that the series D Zn, converges. 
n=1 
2. If all the terms z, are real numbers, then we can separate the positive 
and negative terms by writing z, = 27 — z}, where 


Ñ Zn, Zn > 0, = —Zn, Zn <0, 
n = ; and z, = f 
0, otherwise, 0, otherwise. 


(For example, if 


3 ee ee ee eee 
m= 3t] 8g I6 i 
n=1 
then 
ee ee ee nee 
4 16 
n=1 
and 


Soa =0+54+04+54+04+---.) 
2 8 
n=1 
Then, for n = 1,2,..., 
Zn | Saal <an and |z| < |z| < an, 


so, by step 1 of the proof, 
0O [0,6] 
`y zt and i. Ln, 
n=l n=1 


converge. Thus, by the Combination Rules, the series 


oo oo 
doen = Dn — a) 
n=l n=1 


also converges. 


1 Complex series 


145 


Unit B3 Taylor series 


146 


3. Finally, for complex terms zņ we have 
|Rezn| < eal <an and |Imzn]| < |zn| < an, 


so, by step 2 of the proof, the series 


Co Co 
`> Rezn and D Im zn 
n=1 n=1 


converge. It follows from Theorem 1.5 that the series 
co 
dm 
n=1 


also converges, as required. 


1.4 Absolute convergence 


In Exercise 1.8 you saw that 


(oe) co 
if `> |zn| converges, then y Zn converges. 
n=1 n=1 
This observation is useful because it is often easier to check the 
convergence of the former series of real non-negative terms than it is to 
check the convergence of the latter series of complex terms. 


Definition 
co 

The complex series Se Zn is absolutely convergent if the real series 
m=i 


oO 

` |zn| is convergent. 

=l 

We also say that a series converges absolutely if it is absolutely 
convergent. 


0O 
For example, if |z| < 1, then the geometric series `> az” is absolutely 
n=1 
convergent. This is because 
0O [0,6] 
$ lej = So allel”, 
n=1 n=1 


and the series on the right is a (real) geometric series with common 
ratio |z| that is less than 1, so it converges. 


We can now write out the result of Exercise 1.8 in the form of a 
convergence test. 


0O [0.6] 
If the series D Zn is absolutely convergent, then the series > en 


m= n=1 


converges. 


The converse to this theorem is false, because there are convergent series 
that do not converge absolutely. We will look at examples of such series 
shortly (in Exercise 1.10), but for now let us see how the Absolute 
Convergence Test can be applied. 


Show that the following series converges: 


og (Lye i2 ri iA >? 

ee a 

n=l 
Solution 
The series 

a ae | a n3 

m= m m= i 
converges, by Theorem 1.3. So, by the Absolute Convergence Test, 
the series 


3 (=D 
3 
n=l n 


converges. 


The next example uses the Absolute Convergence Test to generalise the 


result in Theorem 1.3. 


Prove that the series 
OO 


1 1 1 
eg ee 
=l 


converges whenever Rez > 1. 


Solutio 
First recall that |e®| = e®®* (Theorem 4.1(b) of Unit A2). Then 


îl 
nRez ` 


= e =n = e (Rez) Logn _ 


ne 
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[e.e] 
1 
The series > —, for Rez > 1, is used to define the famous zeta function, 
n 
n=1 


which you will meet in Unit C2. 


Determine which of the following series are absolutely convergent. 


(a) ee 


a n 2 3 4 5 
2 (— 1)" (1 +i)” l1+i lege G+ aaa 
o ys ru E Gey Or) ae 


The Absolute Convergence Test states that if the series F |zn| converges, 
oo n=1 


then so does >, Zn, but it does not indicate any connection between the 


n=1 
sums of these two series. The following result, which is an infinite form of 
the Triangle Inequality (see Theorem 5.1 of Unit A1, and its corollary), 
provides a connection. 


(oe) n 
i 
For example, the series ; — İs absolutely convergent because 
n 


n=l 
OO iji a oo 
i” 1 
ia 
n=1 neat 


and this real series converges by Theorem 1.3. So it follows from 
Theorem 1.8 that 


o v . oo 
Ok 2 1 

> 2 D2 2 
n 

n=l nai 


Proof By the Triangle Inequality for finite collections of complex 
numbers (see the corollary to Theorem 5.1 of Unit A1), 


n 
2 4 
k=1 
Now, if (an) and (bn) are two convergent real sequences with an < bn, for 


n = 1,2,..., then it can easily be proved from the definition of a limit that 
lim an < lim bn. Let us apply this fact with 
n—> oo n— o0 


n n 
Sz and b= > eel: 
k=1 k=1 


First we need to check that these sequences (an) and (bn) converge. 


M 
<y ferh forn=1,2,.... 
k=1 


an = 


We are given that the series 
[0,6] 
>on 
n=1 


is absolutely convergent, and the Absolute Convergence Test tells us that 
it is therefore convergent. Since the series converges absolutely, we deduce 
that the sequence (bn) converges. Since the series converges, we deduce 
that the sequence 


n 
Sn = X Zk 
k=1 
converges. What is more, 
DS 


(oe) m 
J Zk lim J Zk 
nN—- Ooo 
k=1 k=1 k=1 


where we have applied Theorem 1.4(a) of Unit A3 to interchange the order 
of the limit and the modulus function. So, in particular, the sequence (an) 
converges. 


n 


(1.1) 


= lm 
noo 


Hence lim an < lim bn; that is, 
noo n— oo 


n n 
DE < lim $ [zl (1.2) 
k=1 k=1 


Combining equations (1.1) and inequality (1.2), we obtain 
n 


lim 
noo 


[0,6] m [0.6] 
> zķ| = lim > 2%| < lim > [zz] = 5 [zrl 
n—- Ooo noo 
k=1 k=1 k=1 k=1 
as required. | 
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It is important to realise that not every convergent series is absolutely 
convergent. For example, in Exercise 1.9(a) you showed that the following 
series does not converge absolutely: 


(=e 1 1 1 1 
` =1-=+ + 

n 4 
n=1 


And yet this series does converge, as we now ask you to show. 


Exercise 1.10 


Use the identity 


ee ee 
n n+1 n(n+1) 


to prove that the following series converges: 


gee beri 
—& n  — 2 3 45 l 


(Hint: Prove that both the odd and even subsequences of the sequence of 


partial sums converge to the same value a. It then follows, by Exercise 1.14 
of Unit A3, that the sequence of partial sums also converges to a.) 


Fortunately, many of the series we consider in this module are absolutely 
convergent, and we end this section with a test that can sometimes be used 
to check absolute convergence. It is based on the behaviour of the ratio 
between consecutive terms of a series. 


Theorem 1.9 Ratio Test 


co 
Suppose that SS Zn is a complex series for which 


m=i 


Zn+1 
Zn 


—> las n —> oo. 


OO 
(a) If0<1<1, then De Zn converges absolutely (so it converges). 


m= 


CO 
(b) If? > 1, then `> Zn, diverges. 


m=] 


Remarks 
1. The Ratio Test yields no information if l = 1. 


Zn+1 


2. The case l > 1 includes the situation where 


= co as n CO. 
Zn 


3. In applications of the Ratio Test, it may happen that some of the 
terms 2n take the value 0, in which case the ratio Zn+1/2n is not 
defined. However, if this happens for at most finitely many n, then the 
limit of the sequence (|2n41/2n|) may still exist, in which case the test 
still applies (because the exclusion of a finite number of terms from a 
series does not affect whether it converges or diverges). 


Before proving the Ratio Test, we illustrate how it is used. 


Example 1.6 
Prove that the series 
S (el 
aap 
converges absolutely if |z| < 1, and diverges if |z| > 1. 
Solution 
Let 


(taking care to distinguish between the term z,, and the power z”). 
The series is clearly absolutely convergent if z = 0, so let z Æ 0. Then 


ee 


which tends to |z| as n — oo. It follows from the Ratio Test, applied 
with | = |z|, that 


es —1)r2r 
ae 


n=l 


(-1 ve a grt 


a. 


_ nel 
pel 


Zn+1 
Zn 


is absolutely convergent if |z| < 1, and divergent if |z| > 1. 


Exercise 1.11 


(a) Use the Ratio Test to determine whether or not the series 


Se 


is absolutely convergent. 
(b) Prove that the series 


OO n 


ae 
n! 


n=0 
is absolutely convergent for all z € C. 
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Proof of the Ratio Test 


(a) 


For the case 0 < 1 < 1, we choose £ > 0 such that 
l+e<l. 


(For example, choose € = (1 — 1)/2.) Since |zn41/2n| > las n > 00, 
there is a positive integer N such that 


Zn+1 


Zn 


Thus z, £ 0 for all n > N, and if n > N, then 


<l+e, foralln>N. 


aj ae | RI te | ot, |ZN+1| < (Iter, 
ZN Zn—1|| Zn—2 ZN 
since each of the modulus terms in the middle is less than l + ¢. Hence 
zal <lznw|(l+e)"-%, for alln >N. (1.3) 
Now 


So lewl(l te)? = lew] + lenit +e) + lenll +e)? + 
n=N 


is a geometric series with common ratio l +e. Since 0 </+e < 1, this 
series converges, so, by inequality (1.3) and the Comparison Test, 


oe) oe) 
x |Zn| also converges. Hence the series 3 Zn is absolutely 


n=N n=1 
convergent, because the inclusion of a finite number of extra terms at 


the beginning of a series does not affect its convergence. 


z 
If || > lasn> co, and / > 1, then there is a positive integer N 
Zn 
such that 
Laa >1, foraln> N. 
Zn 


(This also holds if |zņ+1/Zn| + oo as n + 00.) Thus, for all n > N, we 
have 


Zn 


ZN 


Zn Zn—1 ZN+1 


ZN 


>1, 


Zn—1|| Zn—2 
since each of the modulus terms is greater than 1. Hence 

l2n| >|zn| >0, for alln > N, 
so the sequence (zn) cannot converge to 0 as n — co. Thus, by the 


Co 
Non-null Test, the series 5 Zn diverges. E 


m=i 


Further exercises 


Exercise 1.12 


For each of the following series, calculate the Oth, 1st, 2nd, 3rd and nth 
partial sums. 


ads Ove oe 
n=0 n=0 n=0 


Exercise 1.13 


Determine whether each of the following series converges or diverges. If the 
series converges, then give its sum. 


(a) Da-i (b) ao (c) S 


n=0 n=0 


Exercise 1.14 


Use Theorem 1.5 and the result of Exercise 1.13(b) to show that 


oO nT 

y 52>"? cos — = 1. 
cos A 

n=0 


Exercise 1.15 


Determine which of the following series are absolutely convergent. 


oe) oO oO 


1 1 mi A oi 
(a) Lei (b) pa (c) 2 72 (d) Dam 


(e) er(i-1) 
n=0 


2 Power series 


After working through this section, you should be able to: 

e explain the terms radius of convergence and disc of convergence 
e state the Radius of Convergence Theorem 

e state and use the Radius of Convergence Formula 


e state and use the Differentiation and Integration Rules for power series. 
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2.1 The radius of convergence 


As you know, a polynomial expression in z is a finite sum of multiples of 
positive powers of z. The theory of series enables us to take a step beyond 
this definition and examine expressions that include infinitely many 
positive powers of z, such as 


1+2z +42 +92 +. 


Such series are known as power series. Each value of z gives rise to a 
different series. In the next section we will show that any analytic function 
can be represented by a power series; our aim here is to study power series 
in their own right. 


Definitions 


Let z € C. An expression of the form 


CoO 
> Ume = an aie op oeo 


o=) 
where an € C, n = 0,1,2,..., is called a power series about 0. 


More generally, if œ € C, then an expression of the form 


0O 
X an(z — a)” = a +ai(z—a)+a2(z-a)? +---, 
m=) 
where an € C, n = 0,1,2,..., is called a power series about a. 
Remarks 


1. We interpret (z — a)? in the power series about a as 1, even when z = a. 


2. Power series often appear in disguise; for example, since 


> G = 22)" = SO(-1)"2"(z - $1)", 
n=0 n=0 


this geometric series is a power series about si. 


The z in a power series is a ‘variable’, like the z in the rule z ++ f(z) for 
specifying a function. Different values of z in the power series 


` An (z — a)” 
n=0 


give different series. For some values of z the series converges; for others it 
diverges. We say that a power series converges on a set S if, for each 

z E€ S, the corresponding series converges. For example, by Theorem 1.2, 
the power series 


lage a2 hoe 


converges for |z| < 1 and diverges for |z| > 1. Hence this power series 
converges on the open disc D = {z : |z| < 1}, and indeed on any subset 
of D. Therefore we can define a function f with domain D and rule 


f@)H=lawte a2 fave, 


Also, from Theorem 1.2, the power series 1 — z + z? — z3 +--+ converges 
to 1/(1+ z), for |z| < 1. Thus an equivalent definition of f is 
1 
== € D). 
f= (ED) 


In general, if 


A= f: : ` an(z — a)” converges}, 


n=0 


then we can define a function 
Fe) =Y anle- a)”, 
n=0 


which has domain A. This accords with our usual convention that the 
domain of a function specified just by its rule is the set of all complex 
numbers to which the rule is applicable. 


It is sometimes useful to refer to f as the sum function of the power 
series. 


If we replace z by z — 1 in the power series 
laap a 

then we obtain a new power series about the point 1: 
1—(z-1)+(z-1)}?-—(z-1)} +- 


When |z — 1| < 1, this series converges to 


1 1 
1+(z-1) 2’ 

and when |z — 1| > 1, it diverges. Thus the sum function of the power 

series 1 — (z — 1) + (z — 1} — --. is 


1 
ge)=} (z€B), 
where B is the open disc {z : |z — 1| < 1}. 
It is not always possible to find a simple way of expressing the sum 
function of a power series as we have done here. 


One of the remarkable features of power series is that the sum functions 
that they define always turn out to have ‘disc-shaped’ domains. This is a 
consequence of the following theorem, which we prove at the end of this 
subsection. 
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o series diverges 
at this point 


P 
ai > 
N 


7 r A 
4 series converges \ 


A * at this point y 
/ 
l 
| a 
| R 
\ / 
\ A 
N y 
\ 
Ss E p7 


~o- 
series may or may not 
converge at this point 


Figure 2.1 Behaviour of a 
power series at points inside, 
outside and on the circle 
|z-al=R 
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Theorem 2.1 Radius of Convergence Theorem 


For a given power series 
co 
S 7 an(z — a)” = ay +ai(z—a) +a2(z a) +--+, 
nO 

precisely one of the following possibilities occurs: 

(a) the series converges only for z =a 

(b) the series converges for all z 


(c) there is a number R > 0 such that 


ye an(z — a)” converges (absolutely) if |z — a| < R, 


m=] 


and 


D an(z — a)” diverges if |z — a| > R. 


n=0 


Case (c) of the theorem is illustrated in Figure 2.1. The series converges at 
all points inside the circle of radius R centred at a, and diverges at all 
points outside the circle. The series may or may not converge at points on 
the circle |z — a| = R itself. We discuss the issue of convergence on the 
boundary circle later in the section. 


Definition 
The radius of convergence of a power series satisfying case (c) from 
the Radius of Convergence Theorem is the number R. 


We extend this definition of the radius of convergence R by 
writing R = 0 for case (a), and R = co for case (b). 


Thus R is either a non-negative real number or it is the symbol co. The 
use of this convenient notation does not mean that we regard œo as a real 


number! 
Here are some examples to illustrate that all three of the cases mentioned 


in the theorem can occur. 


Example 2.1 

Find the radius of convergence of each of the following power series 

about 0. 
co 


() Donte) SE) ot 
n=0 m= n n=0 


Solution 


(a) Clearly, the power series converges for z = 0. But for any other 
value of z, the power series diverges, by the Non-null Test. 
Indeed, given a non-zero complex number z, we see that 
io > Lel then |n 2 = e > Iso (a 2") 16 not, a null 
sequence. Thus the series converges only for z = 0, so R = 0. 

(b) In Exercise 1.11(b) you used the Ratio Test to show that this 
series converges for all z € C. Thus R = co. 


(c) This is a geometric series, so, by Theorem 1.2, it converges 
to 1/(1 — z) for |z| < 1, and diverges for |z| > 1. Thus R = 1. 


Exercise 2.1 


(a) Find the radius of convergence of the power series 


OO 


S (L). 


n=0 
(b) More generally, find the radius of convergence of the power series 


oO 


Da)” 


n=0 


when a Æ 0. 


All the convergence tests in Section 1 can be applied to power series, since, 
for each value of z, a power series is just a series. The Ratio Test is 
particularly useful in this respect, because it can often be used to find the 
radius of convergence of a given power series. 


The power series 


D an(z — a)” 
n=0 


has radius of convergence 


provided that this limit exists (or is oo). 
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Remarks 
1. Note that the limit involves the ratio an/an+1, not @n41/an.- 
2. The final statement of the theorem involves the possibility that 


lim 
noo 


= 00. 


Qn4+1 


We consider this statement to mean that the sequence |an/an+1|, 
n=1,2,..., tends to oo. Usually we avoid the notation lim z, = o, 


Noo 
since this might suggest that co is a complex number; however, we allow 
this notation when applying the Radius of Convergence Formula as it is 
particularly convenient, and should not cause confusion in this case. 


For some power series, the sequence (|an/an+1|) does not tend to a limit or 
to oo, in which case the theorem does not apply. For example, in the 
following power series the ratio of successive coefficients does not tend to a 
limit or to oo; instead, the ratios oscillate between 2 and 1/2: 


Pig toe +2 +2 +e. 


Fortunately, however, the Radius of Convergence Formula can be applied 
for many of the power series that we will need to consider. 


Proof of the Radius of Convergence Formula The power series 
converges for z = a, so let us assume that z # a. We can also assume that 
the sequence (|an/an+1|) converges to some limit R, say, which could be 
any non-negative number or oo. The ratio of the (n + 1)th and nth terms 
of the power series is 


Jangi(z— a)" | 


Jan(z—a)”| 


An+1 


|z- al, 


n 
which tends to |z — a|/R as n > œœ, where we interpret this limit as 0 if 


R = œ and as œ if R = 0. By the Ratio Test, the power series converges if 
|z —a|/R < 1 and diverges if |z — a|/R > 1. Since 


z-a 
| | <1 4> |z-al<R 
R 
and 
z-a 
| beiras (ire call Sp 
R 
we see that the radius of convergence of the power series is R. E 
Example 2.2 


Find the radius of convergence of each of the following power series. 


oroa a (by SE 
n—O 


| 
=) n: 


Solution 


(a) By the Radius of Convergence Formula (Theorem 2.2), the radius 
of convergence is 


: We 
ies an (n + 1)2r+1 


5 n 
lim —— 
n—0o 2(n + 1) 
il il 


noo X1+1/n) 2 
(b) By the Radius of Convergence Formula, the radius of 
convergence is 


| 
R= tin a 
n— 00 1/(n+ 1)! 


! 
= him ia 
n= n! 


(n+ 1) = œ. 


lim 
n—> o0 


Exercise 2.2 


Determine the radius of convergence of each of the following power series. 


oO oO oO 


@) perne 0) Deler | Dorme- 
n=0 n=0 n=0 


We end this subsection with a proof of the Radius of Convergence Theorem 
(Theorem 2.1). You may wish to omit the proof on a first reading. 


Proof of the Radius of Convergence Theorem For simplicity 
let œ = 0, so the series is of the form 

OO 

a Anz”. 

n=0 
The general version of the theorem follows from this special case on 
replacing z by z — a. 


The proof depends on the claim that if a power series converges at some 

point zo on a circle centred at the origin, then it is absolutely convergent at 

all points z within the circle (see Figure 2.2). More formally, we claim that 
OO OO 


if zo Æ 0 and the series ` anzo converges, then the power series y Anz” 
is absolutely convergent for |z| < |zol. 
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Figure 2.2 Points zo and z 


on and inside a circle 
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or 


E 
0 R 


Figure 2.3 Intervals [0, R] 
and [0, R) 
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To prove this claim notice that, by Theorem 1.1, 


(oe) 
if J anzo converges, then lim aņnzọ = 0, 
0 n00 
n= 


so, for some constant K, 


lanzo] < K, for n =0,1,2,... 


(see Lemma 1.2 of Unit A3). Hence, for z € C, 
n 


z 
|anz”| = |anzo || — » form 01,2, 2.22 
20 


ý z 
< K|2 
Zo 


Now, if |z| < |zo|, then |z/zo| < 1, so the series 


5 


n=0 


n 


A 
20 
converges. Hence, by the Comparison Test, 


oo 
> lanz"| 
n=0 


converges, as required by the claim. 
Having proved the claim, let us return to the main part of the proof. 


Suppose that neither case (a) nor case (b) of the theorem holds; that is, 
the series does not converge at z = 0 only, and nor does it converge for all 
values of z. It follows that we can find non-zero complex numbers zo 

and zı such that 


OO OO 
J anzo converges and > anz diverges. 


n=0 n=0 


Now consider the set 


(oe) 
f= f, € [0, co) : a |ay|r” converges}. 


n=0 
It follows from the claim, applied with our choice of zo, that the set 
E — {0} is non-empty. Moreover, F is an interval since if rọ € E and 
0<r<v7ro, then r € E (again by the claim). 
Next we apply the Absolute Convergence Test to see that 


oO 


a |an||21|" diverges. 


n=0 


Thus |z1| ¢ E, so the interval Æ must have a finite, non-zero, right-hand 
endpoint, R say, which may or may not lie in E (see Figure 2.3). 


OO OO 
If |z| < R, then 5 |a,||z|"" converges and hence ` Anz" is absolutely 


n=0 n=0 
convergent, as required. 


On the other hand, if |z| > R, then we can choose 1 r such that R <r < |z|; 


thus > la,|r” diverges (since r ¢ E) and hence s anz” diverges (by the 
n=0 n=0 
claim). 


Thus case (c) holds, so the proof is complete. a 


2.2 The disc of convergence 


According to the Radius of Convergence Theorem, if R is the radius of 
convergence of a power series centred at a, then the series converges 
absolutely at all points of the open disc {2 : |z — a| < R}. This disc is 
called the disc of convergence of the power series. 


Definition 


Let R be the radius of convergence of the power series 


SS An (z — a)” 
=U 


Then the disc of convergence of the power series is the open disc 
{z:|z—a|< R}. The disc of convergence is interpreted to be the 
empty set @ if R= 0, and to be C if R=oo. 


Figure 2.4 illustrates the three cases. 


Se 
Qe 
Qe 


Figure 2.4 Discs of convergence 


Exercise 2.3 


Write down the disc of convergence for each of the power series in 
Example 2.1 and Exercise 2.2. 


It is important to notice that the disc of convergence is an open disc and it 
may not include all the points at which the power series converges. This is 
because the series may or may not converge at points on the boundary of 
the disc. Unfortunately, the Radius of Convergence Theorem says nothing 
about what happens on the boundary. In order to gain insight into how 
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power series can behave on the boundary of the disc of convergence, we 
consider three power series each with radius of convergence 1: 


(oe) OO OO 
) 2"; J Zin? J z” Jn. 
n=0 n=1 n=1 


We established that the first of these power series has radius of 
convergence 1 in Example 2.1(c). The next exercise asks you to show that 
the other two power series also have radius of convergence 1. 


Exercise 2.4 


Show that each of the following power series has radius of convergence 1. 


(a) X e/m (b) $ 2"/n 
n=1 n=1 


Some power series converge only on their disc of convergence. For example, 
the power series 
(oe) 
Sa 
n=0 
is a geometric series, so it diverges at every point of the boundary 
circle {z : |z| = 1}, by Theorem 1.2(b) (see Figure 2.5(a)). 


A A A 
ia BANG =1 el = 1 \z|=1 
/ N 
/ \ 
| | > > > 
\ l -1 1 
\ / 
\ / 
‘SL pe” 
(a) (b) (c) 
Figure 2.5 (a) D z” diverges on {z : |z| =1} (b) D z” /n? converges on {z : |z| = 1} 


CO 


n=0 n=0 


(c) `> z” /n diverges at 1 and converges elsewhere on {z : |z| = 1} 


n=0 
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At the other extreme, there are power series that converge at every point 
on the boundary. For example, the power series 
[oe] 


`> 2” In? 


n=1 


is (absolutely) convergent at every point of the circle {z : |z| = 1} (see 
Figure 2.5(b)). This follows from the Absolute Convergence Test 


co 
(Theorem 1.7), because `> 1/n? converges. 


n=1 


Between these two extremes, it is possible for a power series to converge at 
some points on the boundary of the disc of convergence and diverge at 
others, as illustrated by the power series 


OO 
` z IT: 
n=1 


If z = 1, then we obtain the divergent series 


tooo. A 
ke ee (by Theorem 1.3 with p = 1), 
but if z = —1, then we obtain the convergent series 
1 1 1 
1- 5 + a +--+ (see Exercise 1.10). 


In fact, it can be shown (although we do not do so) that this power series 
converges at each point of the circle {z : |z| = 1}, except 1 (see 
Figure 2.5(c)). 


These examples demonstrate the following observation. 


A power series may converge at none, some, or all of the points on the 
boundary of its disc of convergence. 


You may wonder why we did not include such points in our definition of 
disc of convergence. We have deliberately chosen not to do so because the 
analytic properties of power series are best studied on regions of the 
complex plane, such as open discs. The disc of convergence is the largest 
region on which the power series converges. 


2.3 Differentiation of power series 
You have seen that the geometric series 

XOP sitzt? ttt 

n=0 


defines the function 


f= (<1). 


If we differentiate this geometric series term by term, as if we were 
differentiating a polynomial, then we obtain a new power series: 


CO 
Sone = 14224322 +423 45244---. 
n=1 


It is natural to ask whether this new series converges to the derivative 


7 _ 1 
P= 


The following theorem shows that it does. 
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The power series 


co co 
ye an(z— a)” and > Mil =a)" 
=] n=l 
have the same radius of convergence R. Furthermore, if 
(oe) 
f(z) =) an(z — a)", 
n=0 
then f is analytic on the disc of convergence {z : |z — a| < R}, and 


f(a y mine =a), t |e =a] < R. 
w= 


Notice that the series for f’ does not contain an n = 0 term. This is 
analogous to the loss of the constant term when a polynomial is 
differentiated. 


The Differentiation Rule is an important theoretical tool that will be used 
in the next section to prove Taylor’s Theorem. More practically, the rule 
can be used to find new power series from old ones. 


Example 2.3 
Use the Differentiation Rule and the geometric series 

de et Se ae (2.11) 
to prove that 

1 

poe = 193 =e for [ele 

(1+ 2) 
Solution 


The geometric series (2.1) has radius of convergence 1, so, by the 
Differentiation Rule, the power series 


=i i Da = ga Ae cmon y 


obtained by differentiating (2.1) term by term, has radius of 
convergence 1. 


Let f(z) =1—z+27-—23+24—.---. Then, by Theorem 1.2(a), 
1 
f(z) = ea for |z| < il, 
so 
MOE : > |< i 
(1+2) 
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By the Differentiation Rule, 


FOE = -14 22 — 32? +422 —---, for |z| <1. 
Hence 
il 
Cr ee for |z| < 1. 


You will be given an opportunity to practise using the Differentiation Rule 
at the end of this subsection. For now, let us turn our attention to a proof 
of the rule. The proof is challenging, so you may wish to skim through it if 
you are short of time. 


Proof of the Differentiation Rule for Power Series The proof is 
in two steps. Again, for simplicity, we take a = 0. 


(oe) (oe) 
1. Let the power series 3 anz” and > Nanz” + have radii of convergence 
n=0 n=1 
Rand R’, respectively. We will prove that R = R’. 
We first prove that R < R’ by showing that if |z| < R, then the power 
(oe) 
series `> na,z" + converges. To prove this, let r be a real number such 
n=1 lee) 
that |z| < r < R. Then the series > anr” converges, so lim anr” = 0. 
nN—- Ooo 


n=0 


Thus there is a number K such that 
leat | < K, forn=1,2,... 


(by Lemma 1.2 of Unit A3). We now write 


n-1l) _ n ia 
tine” "| = njanr”| A 
n—-1 
= nr“ tjanr”| =| 
r 
g\in-l 
< nK , forn=1,2,.... 
r 
as 1 gin-l 
Since |z| < r, it follows that |z/r| < 1, so the series Soar K|- 
r 
converges, by the Ratio Test, because at 
(n+1)r*K|z/r|" _ B eq 
n>% nr—lK|z/r|r-1 Ir ` 
[0,6] 
Hence, by the Comparison Test, the power series > Nanz” + converges 
absolutely, as required. Thus R < R. = 


We now prove that R > R’ by showing that if |z| < R’, then the power 
[0,6] [0,6] 


series J anz” converges. Since |z| < R’, J |nanz” ‘| converges and, 


n=1 n=1 
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Figure 2.6 Points z and zo in 
the disc D 


Figure 2.7 Circle of radius r, 
where |zo| <r < R 
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[0,6] 
by the Multiple Rule, so does > |nanz”| (we just multiply by |z|). But 
n=1 
lene |< nan? h for n= 1,2) s<: 


[0.6] 
So, by the Comparison Test, the power series > anz” is absolutely 


convergent, as required. Thus R > R’. at 


It follows that R = R’: the two radii of convergence are equal. 


. Next we show that f is analytic on D = {z: |z| < R}, and 


co 
fQZj= » nanz” +, for |z| < R. To do this, let z and zg be arbitrary 
n=1 


distinct points in the disc D (see Figure 2.6). Then, by the 
Combination Rules, and using the Geometric Series Identity 


2” — 2 = (2 — zp)(27 1 + 2" 229 t+ $24) 


(Theorem 1.3(b) of Unit A1), we see that 


f(z) — f (20) _ ae z071 
n 
zZ — z0 Ac] 
oo n 
=| an (SS neg) 
0 
n=1 
0O 
= Xa (277E + Pz e + 26) — naga") 
n=1 
< |pw(z)| + lan (2)|, 


where, for each N, py is the polynomial function 
N 
prlz)= Sac $+ 27-229 $e + Zit — nett) 
n=1 


and qy is the infinite series 


OO 
To prove that f'(zo) = Sy Rage, it is sufficient to show that, for 
n=1 


each ¢ > 0, there is a ô > 0 and an integer N such that 

|z — zo| < ô => |pn(z)| < €/2 and |qn(z)| < €/2. 
To ensure that |gqn(z)| < €/2, let r be a real number between |zo| and R 
(see Figure 2.7), and consider the series by nanr” +. Since this series is 


n=1 
absolutely convergent, with value l, say, we can choose N so that 


o0 N 
` nlan|r"—+ = |l — X njaa < e/4. 
n=N-+1 n=1 
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Now take 6 = r — |z|. If |z — zo| < 6 (see Figure 2.8), then, on writing 6=r—|zo| 
z = (z — 2%) + 20, we see from the Triangle Inequality that 


|z| < |z — zol + [zo] < 6 + [zo] = (r — |zol) + [zo| = r. 


So |z| < r. Furthermore, since |zo| < r, we have 
oO 


lan(z)| = `> an(2 t + Pee + 20-1 — nat) 
n=N+1 
(oe) 


< bD Jane $2722 peep eht — neh DI, 
n=N+1 

by the Triangle Inequality for Series (Theorem 1.8), which we can apply 
provided that it can be shown that this final series converges. In fact, 
this series does converge, by the Comparison Test (Theorem 1.6), 
because 

lane e e ER ae — nz 1)| 

< an| (| +|? z| +--+ |20 1j + nize") 

< janr 11 +1+---+14n) 


= 9nla,|r" 


Figure 2.8 Points z and zo 
that satisfy |z — zo| < ô 


and 
[0,6] 
2 a njan|r”t} < 2/4) = £€/2, 
n=N+1 
by our choice of N. Hence 
[0,6] 
axsa $, njan < €/2. 
n=N+1 


Finally, to ensure that |py(z)| < €/2, notice that py is a polynomial 
function such that py(zo) = 0. Since polynomial functions are 
continuous, we can, if necessary, make ô even smaller than r — |zo|, so 
that 


lpw(z)| = lpn (2) — pw(Z0)| < €/2, for |z — zo| < ð. 
This completes the proof that f’(z0) => Nn 29 1 because, given any 


€ > 0, we have shown how to find 6 aad. N such that if |z — zo| < 6 then 


FC) = F(z) -Yran zo | < løn(2)| + lan(z)| 


z— 20 


<¢/2+e/2=e. E 


The following corollary to the Differentiation Rule shows that any power 
series can be integrated term by term on its disc of convergence. 
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Taylor series 


The power series 


co co a 
` an(z— a)” and Do 7 T 7 (aay 
n=0 P= 


have the same radius of convergence R. 


co 
Furthermore, if f(z) = > an(z — a)”, then the function 
n=0 


0O 
F(z) =b) + ` = i (z—a)"t!, where bo is any constant, 
n=0 


is a primitive of f on {z : |z — a| < R}. 


In order to see how this corollary follows from the Differentiation 
Rule, we let 


bn = oS, forn=1,2,.... 
n 


Then 
F(z)= > bn(z—a)” and f(z)= bD nbn(z — a)", 
n=0 n=1 


It is now clear from the Differentiation Rule that these two power series 
have the same radius of convergence R. It is also clear that F is analytic 
on {z:|z—a| < R}, and that 


F(z) = y nale —a)*1= f(z), for |z—al < R. 
n=1 


In other words, F is a primitive of f on {z : |z — a| < R}. 


Example 2.4 


Use the Integration Rule and the geometric series 
lapghy ag ee =: (272) 
to prove that 


ee eae 


BOr eer hee ea OR il, 
olle) =z ae aes > tor [2 | = 


Solution 


The geometric series (2.2) has radius of convergence 1, so, by the 
Integration Rule, the power series 


obtained by integrating (2.2) term by term, has radius of 
convergence 1. 


Let f(z) =1—z2+22 —2°+ 24 Tien, by the Integration Rule, 
the function 


z2 z3 zí 


EG\ = E Mk Sve hi 
(z) =bo +z es Teas , where bo € C, 


is a primitive of f on {z: |z| < 1}. But f(z) =1/(1+2), for |z| <1, so 
z — Log(1 +z) 


is also a primitive of f on {z : |z| < 1}. Hence 


2 3 4 
Z z z 
ogli = 2) = w 2 ae mi 
for some bọ. Substituting z = 0, we see that bọ = Log 1 = 0, so 
ee a 
Log(1 D EE peeps CR aT 1. 
og(l+z)=z Vier aa or lel < 


We return to this example at the beginning of the next section. 


Use the Differentiation and Integration Rules and the geometric series 


(oe) 
So m@altzt e+. 
n=0 


to find the disc of convergence and associated sum function of each of the 


following power series. 
Co co 


(a) X n+) (bt) ntan) (e) 5 


For each of the following power series, determine the radius of convergence 


and the disc of convergence. 
OO [0,6] 0O 


@) Dor o VR" © Le-s @ De-i” 
n=0 n=0 n=0 n=0 
© Prr 0 Ener @ DE w HE 
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3 Taylor’s Theorem 


After working through this section, you should be able to: 
e state Taylor’s Theorem 
e find the Taylor series about a point for an analytic function 


e show that the Taylor series about a point for an analytic function f 
converges to f(z) for z in some suitably chosen disc. 


3.1 Taylor series 


In Example 2.4 at the end of the previous section you saw that 
2 3 4 


A Log(1 +z) =z ~ = He, for |z| <1. 
We say that the function 
BTS 
ra DN F(z) = Log(1 + z), 
on E N . , . 
Ean | which has domain C — {x € R : x < —1}, is represented on the open 
T D disc D = {z2 : |z| < 1} by the power series 
T 2 g A 
eea T a 
Figure 3.1 The open disc (see Figure 3.1). 
D = {z : |z| < 1} inside By the Differentiation Rule, any function that can be represented by a 
C-{zrER:z<-—1} power series on an open disc D in this way must be analytic on D. But 


what is more remarkable is the fact that this process can be reversed. Any 
function that is analytic on an open disc D can be represented by a power 
series on D that is ‘Taylor-made’ for the purpose. 


Theorem 3.1 Taylor’s Theorem 


Let f be a function that is analytic on the open disc 
P= 22 on. Then 


n 


ee) n 
as ` fi a (z- a)”, for ze€D. 
n=0 
Moreover, this representation of f is unique, in the sense that if 
0O 
as ae — qa)”, forzeéeD, 
n=0 


then an = f™(a)/n!, for n = 0,1,2,.... 


Taylor’s Theorem will be proved in Subsection 3.3. 
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Remarks 

1. The term f™ (a)/n! makes sense for n = 0 because, by convention, we 
take 0! = 1 and f(z) = f(z). 

2. The uniqueness of the power series representation of a function about a 
given point is an important result, which we will use often. 


3. Taylor’s Theorem asserts the equality of the value of the given 
function f and of the power series for each value of z in D. This is in 
contrast to Section 2 where, in writing 


fe) =F alz- a)”, 
n=0 


we were using the power series to define the function f. 


4. Taylor’s Theorem shows that a function f that is analytic at œ can be 
represented by a power series about a, whose coefficients are of the 
form f™ (a)/n!. Of course, this can be the case only if f has derivatives 
of all orders at a, a result which was stated (but not proved) as part of 
Cauchy’s nth Derivative Formula (Theorem 3.2 of Unit B2). We will 
obtain a proof of Cauchy’s nth Derivative Formula from the proof of 
Taylor’s Theorem. 


5. Taylor’s Theorem is an extremely useful result which enables us to use 
power series to investigate the properties of analytic functions. You will 
see several examples of this later in the unit, and many more 
throughout the module. 


Definitions 


Let f be a function with derivatives f(a), f(a), f(a),... at the 
point a. Then the power series 


is called the Taylor series about a for f. The coefficient f(a) /n! 
is known as the nth Taylor coefficient of f at a. 


Some texts refer to the Taylor series about 0 for f as the Maclaurin series 
for f, named after the Scottish mathematician Colin Maclaurin 
(1698-1746) who studied such series. 
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Remark 


Suppose that f is analytic on the open disc D = {z:|z—a| < r}. By 
Cauchy’s nth Derivative Formula, we can write the nth Taylor coefficient 
of f at a in the alternative form 


A eo pe 


n! Ori 


c (z-—a)r+t ; 


where C is a circle centred at a with radius less than r. 


Sometimes it is possible to find a Taylor series for a function f directly 
from the definition. 


Remarks 


1. In this example we have given the first four terms of the Taylor series 
followed by three dots ---, to indicate that the pattern continues in a 
similar way. Generally, there is no hard-and-fast rule for how many 
terms to include when writing down a Taylor series; unless an exercise 
tells you how many terms to include, you should just put enough to 
make it clear how the sequence of Taylor coefficients carries on. 


2. You will notice also that we represented the coefficients using factorial 
notation, rather than ‘simplifying’ each coefficient to give 


2 z3 


z 
1 I Og Oe ee 
teta tg? 


The reason for not ‘simplifying’ the coefficients is because it is far less 
clear from this alternative representation how the sequence of Taylor 
coefficients continues. 


Since the function f(z) = e* in Example 3.1 is entire, it must be analytic 
on every open disc centred at 0. So the series in the example must 
converge to e” for each z € C. 


172 


More generally we have the following corollary to Taylor’s Theorem. 


Let f be an entire function. Then for any point a, the Taylor series 
about a for f converges to f(z) for each z € C. 


Example 3.2 


Find the Taylor series about 0 for the function f(z) = cos z. Explain 
why the series converges to cos z for each z € C. 


Solution 


Since the function f(z) = cos z is entire, it follows from the corollary 
that its Taylor series about 0 must converge to cos z for each z € C. 
The Taylor series is found by calculating the higher derivatives of f 
at 0: 
(2) = cos, s (0) — 1, 
f(z) =-sinz, so f™(0) =0, 
f2(2) =—cosz, so f2) 
f2@)=sinz, so fe 
f%(z) =cosz, so f(0)= 


Since every fourth differentiation brings us back to f(z), the pattern 
above repeats itself. The Taylor series about 0 for the function f is 
therefore 


cosz=1—-—+—-—-—+.---, forzeC. 


Notice that all the Taylor coefficients of cos at 0 are real numbers (as were 
the Taylor coefficients of exp at 0 in Example 3.1). This is because cos is a 
real function when restricted to the real line, so the higher derivatives of 
cos at 0 are all real numbers. For similar reasons, you should find that all 
the Taylor coefficients for the series that you obtain in the next exercise 
are real too. 


Exercise 3.1 


For each of the following functions f, find the Taylor series about 0 for f, 
and explain why it converges to f(z) for each z € C. 


(a) f(z) =sinz (b) f(z) = cosh z (c) f(z) =sinhz 


If f is not entire, then it may not be possible to find a Taylor series that 
converges to f(z) for each z in the domain of f. In such cases, it often 
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Figure 3.3 The open disc 
D = {z : |z| < 1} inside 
C-—{zeER:z<-—1} 


174 


helps to identify a region R on which f is analytic. We can then pick a 
point a in R and try to find the Taylor series about a for f. By Taylor’s 
Theorem, this series converges to f(z) for each z in any open disc D 
centred at a that lies within the region R (see Figure 3.2(a)). We often 
choose D to be as large as possible (see Figure 3.2(b)). 


— EN =e aiio 
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\ \ 
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\ \ \ = \ 
, = \ T \ 
1 Ja. y ID) \ 
| ( ° ) | | ° | | 
l a | a l | 
4 \ / 
/ ee l / ` p l 
/ / / See / 
( / ( / 
s A NS A 
4 D d 
(a) (b) 


Figure 3.2 (a) An open disc D centred at œ (b) The largest open disc D 
centred at a that is contained in R 


As an example, consider the Taylor series about 0 for the function 
f(z) = Log(1 + z), 
which is not entire. 


In Example 2.4 we used the Integration Rule to obtain a power series 

about 0 representing f. Taylor’s Theorem tells us that f is represented by 
only one power series about 0 (the representation is unique), so the power 
series we obtained in Example 2.4 must be the Taylor series about 0 for f. 


Let us find the same Taylor series again, this time by calculating the 
Taylor coefficients and applying Taylor’s Theorem. 


Example 3.3 


Calculate the nth Taylor coefficient of the function f(z) = Log(1 + z) 
at 0, and hence find the Taylor series about 0 for f. 


Show that the series converges to Log(1 + z) for |z| < 1. 


Solution 


The function f is analytic on the region C — {x € R : x < —1}. The 
largest open disc centred at 0 that will fit in this region is 

D = {z : |z| < 1}, as illustrated in Figure 3.3. So, by Taylor’s 
Theorem, the Taylor series about 0 for f converges to f(z), 

forde an 


The Taylor series is found by calculating the higher derivatives of f 
at 0: 


f(z) = Log(1 + 2), so f(0) =0, 
ol) (ees Sonat (0) 
O) =-A4+2)%, so f)(0) =-1, 
f(z) =2(1 + z)73, so f®(0)=2 


Pea so OOE 
Each differentiation multiplies the coefficient of (1 + z) by the current 
power of (1 + z) and reduces the power of (1 + z) by 1. Therefore, in 
general, 


SO 


=> _ fon=l 2.. 
n 


which could be established formally by the Principle of Mathematical 


Induction. Thus the Taylor series about 0 for f is 
-E aw 
Poo CEN E pene ae eel eee Se ik 
og(1+z) =z een er or |z| < 


This series is indeed the same as the one that we found in Example 2.4. 


Sometimes it is clearer to indicate how a series continues by giving an 
expression for the general term. For example, in Example 3.3 we could 
have written 
2 3 n+l yn 
gg (—1)"t*z 
Loe(1 = ig ot te Pe ht 
og(1+z)=z 5 + 3 + 7 Freg 


or, equivalently, 


Log(1 + z) = a EUr 


n 
n=1 


Exercise 3.2 


Find the Taylor series about 0 for the function f(z) = (1+ z)~%, giving an 
expression for the general term. 


Show that the series converges to (1 + z)~? for |z| < 1. 


So far, all of the Taylor series we have found have been about the point 0, 
but Taylor series about other points can be obtained in a similar way. The 
following example looks at the function f(z) = Log z. This function is not 
analytic at 0, but it is analytic at 1, so it has a Taylor series about 1. 
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Figure 3.4 ‘The open disc 
D = {z : |z — 1| < 1} inside 
C-{zER:z<0} 
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Example 3.4 
Find the Taylor series about 1 for the function f(z) = Log z. 


Show that the series converges to Log z for |z — 1| < 1. 


Solution 


The function f is analytic on the region C — {x € R : x < 0}. The 
largest open disc centred at 1 that will fit in this region is 

D = {z : |z — 1| < 1}, as illustrated in Figure 3.4. So, by Taylor’s 
Theorem, the Taylor series about 1 for f converges to f(z) 

for |z—1| <1. 


The Taylor series is found by calculating the higher derivatives of f 
at 1: 


f(z) = Log z, so f(1) =Log1=0, 
pean 0 jh a, 
(== (= 
iG) = fo 2 
f(z) =-3 x 2274, so fM(1) =-3!. 
In general, 
f(z) aa Hea- i) 
ze : 
Se) 
(n) _4)ynt1 
f ae forin — lp eee 
n! n 
Thus the Taylor series about 1 for f is 
aa (z= (z-1) =- 
Logz = (z — 1) — 5 + z J +e, 


for |z- 1| < 1. 


The terms of this power series are each multiples of (z — 1)” (not z”) since 
we are asked for a Taylor series about 1 (not about 0). 


You may notice that this series is similar to the series 


2 w3 wt 


Log(l+u)=w- 5+5- Tte for |w| < 1, (3.1) 


found in Example 3.3 (expressed here with w in place of z, for reasons to 
emerge shortly). In fact, sometimes the easiest way to obtain a Taylor 
series about a point a other than 0 is to apply a substitution that allows 
you to obtain the Taylor series about a from a known Taylor series 

about 0. For example, to obtain the Taylor series about 1 for f(z) = Log z, 
we first write 


f(z) = Logz = Log(1 + (z — 1)). 
Now let w = z — 1, in which case |w| < 1 if and only if |z — 1| < 1. Then, 


using equation (3.1), we see that 


w w wt 


Logz = Log(l +w) =w- -5 +t yog t for |w| < 1, 


and on substituting w = z — 1, we obtain the Taylor series about 1 found 
in Example 3.4. 


This method will be explained in more detail in Subsection 4.1 when we 
study the Substitution Rule for power series. 


In general, to calculate a Taylor series about a point a other than 0, you 
can either calculate the Taylor coefficients in the manner of Example 3.4, 
or apply a substitution to replace a by 0; the suitability of each method 

depends on the function in question (often both work well). 


Exercise 3.3 


Find the Taylor series about i for the function f(z) = 1/z, giving an 
expression for the general term. 


We end this subsection by briefly discussing the useful concepts of even 
functions and odd functions, and interpreting the significance of these 
concepts in terms of Taylor series. 


Definitions 
Let A be a set for which z € A if and only if —z € A. 


A function f: A —> C is an even function if 
f(—z) = f(z), for z€A, 
and f is an odd function if 


f(-—z) =-f(z), for z€. 


For example, cos is an even function, and sin is an odd function. 


The Taylor series about 0 for an even or odd function takes a special form. 


Theorem 3.2 
Let f be a function that is analytic at 0 with Taylor series about 0 


given by 


co 


eo — D One: 
n=0 


(a) If f is an even function, then an = 0 for n odd. 
(b) If f is an odd function, then a, = 0 for n even. 


Thus if f is even, then its Taylor series about 0 has only even powers, 
and if f is odd, then its Taylor series about 0 has only odd powers. 
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Proof Choose an open disc D = {z : |z| < r} on which the Taylor series 
about 0 for f converges. 


(a) Suppose that f is an even function. If z € D, then 


fa =f-2) => a2" =) (1a 
n=0 n=0 


By the uniqueness of Taylor series (Taylor’s Theorem, Theorem 3.1), 
(=1 "Gy = dn; tort — 0,1, 2). 055 
SO an = 0, for n odd. 


(b) Suppose that f is an odd function. If z € D, then 


œ œ 
f(z) =—-f(-z) =— a (-1)"anz”. 
n=0 n=0 
By the uniqueness of Taylor series, 
(-1)"an = —an, forn=0,1,2,..., 
SO an = 0, for n even. | 


There is a converse result to Theorem 3.2(a), which says that if f is an 
analytic function with domain an open disc {z : |z| < r}, and 


f(z) = ao + a22? + a42" +ag2° +--+, for |z| <r 


(no odd powers), then f is an even function. This can be established by 
simply substituting —z for z in the series above. A similar converse result 
can be stated for Theorem 3.2(b). 


Later on we make use of the result of the following exercise. 


Exercise 3.4 


Let f: A — C be a one-to-one function. Prove that if f is an odd 
function, then the inverse function f~!: f(A) —> A is also an odd 
function. 


3.2 Basic Taylor series 


In principle we could use Taylor’s Theorem to calculate Taylor series for 
any given function. However, in practice it is not always easy to find the 
higher derivatives of the function concerned. In the next section we 
illustrate how it is often easier to calculate a Taylor series by applying the 
rules for series (discussed in Sections 1 and 2) to a list of basic functions 
whose Taylor series are already known. Some frequently occurring Taylor 
series (about 0) that can be used for this purpose are listed below. 


Basic Taylor series 


(—z)t=l+2422+234+---, for |z| <1 
Ee ee 
s ah ooh Set ap ph for z € C 
2 3 4 
Wal = 2 tee = he for |z| <1 
3 5 i 
: alg Na 
ee ene ahs ae for z € C 
2 4 6 
a coe 
Sais Gl (Ota 
3 5 y 
: A g 2 
w eae ee for z € C 
Aa 
cosh — 1 7 j ma +---, forzEC 


In addition to these basic Taylor series, we frequently use Taylor series 
about 0 for functions of the form f(z) = (1+ z)“, where a is a complex 
number, which are all analytic on C — {x : x < —1}. Such Taylor series are 
known as binomial series. 


You have already investigated one binomial series in Exercise 3.2, where 
you found that 


2 4 4 


2 2 , 
More generally, we have the following result, which is a generalisation of 
the Binomial Theorem (Theorem 1.2 of Unit A1). (The Binomial Theorem 
is the special case in which a is a positive integer.) 


for |z| < 1. 


Theorem 3.3 Binomial Series 


Let a € C. The binomial series about 0 for the function 
f(z) = (1+ 2)* is 


(l+z)*=1+4+ ($) (;)2+ (p) or lel < 1 


where 
(°) _ a(a- 1)(a — Bans (n=1)) 


If a is a positive integer or zero, then the binomial series reduces to a 
polynomial; otherwise, the series is a power series whose radius of 
convergence is 1. 


The coefficients (s) are called the binomial coefficients of the binomial 
. n 
series. 
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Proof We have 


f(z) = (+ 2)*, so F(0) = 1, 
f(z) =a(1+2)°7, so f\(0) =a, 
f(z) =a(a-1)(1+2)?, s f)(0) =a(a- 1), 


f(z) = ala- 1) -2)(1 +2), so f®(0) = ala -— 1)(a -— 2). 
In general, the nth Taylor coefficient of f at 0 is 


Poea 


n! n! n 


The function f(z) = (1+ z)“ = exp(a Log(1 + z)) is analytic on the open 
dise D = {2 : |z| < 1}, so, by Taylor’s Theorem, the binomial series 
converges to (1 + z)® for |z| < 1. So the radius of convergence is at least 1. 


If a is a positive integer or 0, then all but finitely many of the binomial 
coefficients are 0, and f is a polynomial function. Otherwise, the binomial 
coefficients are non-zero, and then the Radius of Convergence Formula 
(Theorem 2.2) tells us that the radius of convergence of the binomial series 


is 1, because 
a = 
n+1J 


y l 


a(a—1)---(a-—(n—-1))(n+1)! 
a(a—1)---(a—n)n! 


n+1 
a-n 
1+1/n 
a/n—1 
as required. | 


> l as n > œ, 


The next example demonstrates how to use binomial series. 


In Example 3.5 the exponent a was the integer —2, but binomial series can 
be used for any value of a, real or complex. 


Exercise 3.5 


Find the Taylor series about 0 for the function f(z) = (1+ 2)’. Give the 
first four terms of the series, with each Taylor coefficient in Cartesian form. 


3.3 Proof of Taylor’s Theorem 


To end this section we prove Taylor’s Theorem and then deduce Cauchy’s 
nth Derivative Formula, which was introduced without proof in Unit B2. 
The details of these proofs are challenging, so you may wish to omit them 
on a first reading. 


Theorem 3.1 Taylor’s Theorem 


Let f be a function that is analytic on the open disc 
D={z:|z-—a| <r}. Then 


n: 


OO 
E o 

a= ; (z- a)”, forz€D. 

c=) 
Moreover, this representation of f is unique, in the sense that if 

CO 

Aa Se — a)”, forzeD, 
n0 


ien op = (an! i m= 0 ly 2 ee 


Proof There are six steps in the proof. We first represent f as an 
integral, then in step 2 we approximate the integrand by a polynomial in 

z — a of degree n. In step 3 we integrate the polynomial term by term, and 
then in step 4 we obtain a power series representation of f by letting 

n — oo. In step 5 we complete the proof by differentiating the series n 
times; this shows that the coefficients of the series are f(a) /n!. We use 
this result in step 6 to show that the coefficients are unique. 


1. Let z be an arbitrary point in D. By choosing ro such that 
|z —a| < ro <r, we can ensure that the circle C with centre a and 
radius ro lies in D, and encloses the point z (see Figure 3.5). By 
applying Cauchy’s Integral Formula (Theorem 2.1 of Unit B2) to the 
function f, we can express f(z) in terms of the values of f on the 
circle C: 


ig2= maf, Hw) dw. 


w 


2. Next, we note that, for w € C, 
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But for any À € C, n € N, we have 
An 
1-A’ 
as you can check by multiplying both sides of the equation by 1 — A. 


(L—A) =1+A +A H ee FANT SF 


Replacing A by (z — a)/(w — a), we see that 


is equal to 
z-a -a | (-0)/(w-a))" 
kes tu-a 1—(z-a)/(w—a)’ 


So, from equation (3.2), we have 
1 1 z-a (z-a)! ((z-a)/(w—a))” 


=e Cen ma 


(w —a)” (w-a)- (z-a) ` 
3. Substituting the expression above for 1/(w — z) into the integral 
for f(z) from step 1, we obtain 


Maja Fw) aw Ee f dwt 


2ri Jo W-— a 2ri w-—a) 


(z-a) f(w) 
“ [ (w Pa a 
z— a)” fw 
4+ ———— [ — ~ dw. 


2ri (w — a)? (w — z) 
We now write this in the form 


f(z) = bo + bı (z — a) + b2(z — a)? +--+ bn-1(2 — aro + I,(z), 
where 


1 fw) = 
bm Loe m dw, form =0,1,..., (3.3) 


In(z) — = f(w) 


2ri (w — a)” (w — z) 

4. Next, we use the Estimation Theorem (Theorem 4.1 of Unit B1) to 
show that I„(z) > 0 as n > oo (remember that z was fixed in step 1). 
Since f is analytic on D, we see that f is continuous on the compact 
set C, and thus f is bounded on C by the Boundedness Theorem 
(Theorem 5.3 of Unit A3). That is, there is a number M such that 
|f(w)| < M for w € C. Also, for w € C, we see on writing 

w-— z = (w — qa) — (z-a) 


and applying the backwards form of the Triangle Inequality that 


|w — z| > |w —al — |z — a| = ro — |z — al. 
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Hence it follows from the Estimation Theorem that 
ie ag 
seen ce Nig rato — |e al) 

_ Mro 
— ro— |z- a] 

But |z — a| < ro, so the right-hand side tends to 0 as n — oo. 
Hence [,,(z) > 0 as n > oo (by the Squeeze Rule, Theorem 1.1 of 

Unit A3). Therefore 


ro 


i2a= Pe — a)”, forzeD, 
n=0 


where bo, b1, b2,... are given by equation (3.3). 


5. By the Differentiation Rule applied to the Taylor series about a for f, 
we see that f must have derivatives of all orders at a, and the 
coefficients bn must be equal to f™(a)/n!. Indeed, for z € D, 


f(z) = bo +b1(z — a) + bo(z-— a)? +, 

(z) = 1b, + 2b2(z — a) + 3b3(z — a) +-->, 

f(z) =2-1bo +3: 2b3(z — a) +4-3ba(z—a)? +, 

f(z) =3-2-1bg +4-3-2b(z—a)+5:4:3b(z-a)? +, 


It follows that f(a) = 1!b1, fP (a) = 2! by, f (a) = 3! bz, and, in 
general, f(a) =n! bn, for n = 1,2,..., as required. 
(This formula for f™ (a) could be established formally by the Principle 
of Mathematical Induction.) 

6. Finally, notice that the same differentiation argument shows that the 
representation is unique. For if 


oO 


fe] = an(z — a)”, forzeD, 


then an = f(a) /n! = bn, for n = 1,2,.... a 


With remarkably little further effort we can prove Cauchy’s nth Derivative 
Formula (Theorem 3.2 of Unit B2). 


Cauchy’s nth Derivative Formula 


Let R be a simply connected region, let IT be a simple-closed contour 
in R, and let f be a function that is analytic on R. Then, for any 
point a inside I, f is n-times differentiable at œa and 


fa) = | ae, forn =e 
T 


(z 2 aAa 
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Proof Let D={z:|z—a| <r} be an open disc inside I centred at a. 

Since f is analytic on D, we can proceed to use the same arguments as in 
the proof of Taylor’s Theorem. In particular, we can choose a circle 

C = {w : |w — a| = ro} in D centred at a, and show that the mth Taylor 
coefficient of f at a is 


1 f(w) 
= f N sca 
bm ae f, (w— ar dw, for m = 0,1,2, 


But from step 5 of the proof of Taylor’s Theorem, we know that f is 
n-times differentiable at a and f(a) = n! bp, so 


fa) = 3 f is) i for n= 1,2,.... 


-~ 2i Jo (w — a)" 


Since R is simply connected, and C lies inside I, we can deduce Cauchy’s 
nth Derivative Formula by applying the Shrinking Contour Theorem 
(Theorem 1.4 of Unit B2). E 


Further exercises 


Exercise 3.0 


Find the Taylor series about the given point for each of the following 
functions. In each case give the general term of the series. 


(a) f(z) =sinh2z, about 0 
(b) f(z) =zsinz, about 0 
(c) f(z)=e, about 1/4 


provide reasonable approximations to sin, with growing accuracy as n 
increases and as z approaches 0. 


ut y = filz) 


y = f(z) 


Sy 


V = Sin a 


y = f(x) 
Figure 3.6 Graphs of y = sing and y = f,(x), for n = 1,2,3 


We can get a better idea of the accuracy of approximating a function 
by its Taylor polynomials through looking more closely at the proof of 
Taylor’s Theorem. Using a special case of step 4 of that proof, we can 
show that if f is an entire function such as sin, and |f(z)| < M for 

|z| = 1, then we can write 


f(z) = ao + az +a22? +++ +anz"+In(z), for |z| <1, 


where 
M|z|" 
l= fe) 


Un(z)| < 


In particular, if f(z) = sin z, then it can be proven that 
We sammi? o = k 


Hence, using the function fs defined earlier, we see that 


> 2E 
Isin z — fs(2)| = He(2)| < 72 P for |z| < 1. 
So if |z| < 1/2, then 
H 1 
Eme = l| < 1-1/7 16 


which agrees with Figure 3.6, because the curves y = sin x 
and y = f(x) are almost indistinguishable for |x| < 1/2. 


3 Taylor’s Theorem 


185 


Unit B3 Taylor series 


186 


4 Manipulating Taylor series 


After working through this section, you should be able to: 
e use the Combination Rules for power series 
e use the Product Rule for power series 


e use the Composition Rule for power series 


use the Differentiation and Integration Rules for power series to 
determine Taylor series of functions. 


4.1 Finding Taylor series 


In the previous section we used the formula for Taylor coefficients to find a 
list of basic Taylor series. We were able to do this because it was relatively 
easy to calculate the higher derivatives of the functions involved. 
Unfortunately, for many functions calculating higher derivatives can be 
messy, which makes the formula difficult to apply. 

In this subsection we illustrate how to find the Taylor series for many 
functions by applying the rules for manipulating power series to the basic 
Taylor series found in the previous section. Several of the rules that are 
needed for this purpose were introduced earlier in the unit, where we 
showed that we can add series, take multiples of series, and differentiate 
and integrate power series as if they were polynomials. Here this similarity 
with polynomials is further reinforced when we introduce two more rules 
which show that power series can be multiplied and composed as if they 
were polynomials. 


To get us started, let us first revisit the Combination Rules for series 
(Theorem 1.4). For each value of z, a power series is just a series, so we 
can obtain a version of the Combination Rules for power series. 


Theorem 4.1 Combination Rules for Power Series 
Let a 
a Sac —a)", for |z—a|<R, 
n—0 


ge) = 2 bn(z—a)", for |z- a| < R. 
n= 
(a) Sum Rule Ifr = min{R, R’}, then 


(f +g9)(2) = WG +bn)(z-a)”", for |z-—al <r. 


m= 


(b) Multiple Rule If \ €C, then 


ANEC = ťDo — qa)”, for |z—a|<R. 
n= 


These rules follow immediately from the earlier Combination Rules for 
series; the bounds on |z — a| are there to ensure that the series converge. 
For the Sum Rule, we need |z — a| to be smaller than the minimum of R 
and R’ to ensure that the series for both f and g converge. 


Example 4.1 
Find the Taylor series about 0 for the function h(z) = 2(1 — z)~! — ež, 


up to the term in z?. 
Solution 
We know that 
(=a lpt e fer ly) <i, 
ee 
a aa for z E€ C. 


Using the Multiple Rule, we can calculate Taylor series for 2(1 — z)~! 
and —e*, separately, and then add them using the Sum Rule to give 
the Taylor series for h(z) = 2(1 — z)~! — e”. However, the calculations 
are straightforward enough that we can do it all in one go. We obtain, 
by the Combination Rules, 


ie) =@-1)+@-He+ (2-5) 2+ (2-F) P+ 


3 T 
aun aa ea for je < i; 


The dots --- indicate that, even though we have been asked to find 
the Taylor series only up to the term in z*, there are in fact more 
terms with higher powers of z. 


By the uniqueness statement of Taylor’s Theorem (Theorem 3.1), this 
power series is the Taylor series about 0 for A. 


1. In examples similar to Example 4.1, we will omit the final sentence 
about uniqueness, and take it for granted that if a function f can be 
represented by a power series about a that converges on an open disc 
centred at a, then that power series is the Taylor series about a for f. 


2. For many of the Taylor series calculated in this subsection, it is difficult 
to find the general term, so we usually ask for Taylor series ‘up to the 
term in z®’ or similar, as in Example 4.1. In that particular example, 
instead of ‘simplifying’ each Taylor coefficient, we could have left the 
series in the form 


which has the advantage that it suggests the form of the general term of 
the series. 
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Exercise 4.1 


Find the Taylor series about 0 for each of the following functions. 
(a) h(z) =Log(1+z)+3(1—z)~! (up to the term in 2°) 
(b) A(z) =sinz+cosz (up to the term in z’) 


Next we discuss a rule for taking the product of two power series. The 
procedure is similar to the procedure for multiplying two polynomials; that 
is, you multiply each term in the first power series by each term in the 
second power series, and then gather like terms. This process is 
encapsulated formally in the following theorem. After reading the theorem, 
move straight on to the example that follows it to see how the procedure 
works in practice — you should find it natural, and familiar. 


Let 
ig= Oe —a)”", for |z—a|<R, 
n=0 


glz)= bale — a)”, for|z—a|<R’. 
n=0 


If r = min{R, R’}, then 
(f9)(2) => en(z-a)", for |z-a| <r, 
n=0 


where, for each positive integer n, 


Ca Sy <P C Oni 1 Oyo) ae eee aE Op 


Thus co = aobo, cı = aobı + abo, C2 = aob2 + a,b; + a2b0, and so on. 


We defer a proof of the Product Rule until the end of the subsection, and 
instead demonstrate how it is used. 


Example 4.2 


Find the Taylor series about 0 for the function h(z) = (1 + z)~e*, up 


to the term in 23. 


Solution 


Using the Taylor series for (1 + z)~? from Example 3.5, and the basic 
Taylor series for exp, we have 


(lta) jt 923 m for el <1, 


2 3 


esitti tE, for z € C. 
Hence, for |z| < 1, 
no 
W a ee a 


To work out the Taylor series about 0 for h, we multiply each term in 
the left-hand bracket with each term in the right-hand bracket. For 
low powers of z in the Taylor series for h, we need to look at only the 
first few terms in each bracket. As an example, to find the 2? term in 
the Taylor series for h, we multiply the following terms from the left 
and right brackets: 


Hence the z? coefficient is 


il 3 
1x- —2 14+3xl=-. 
Aaa )x1+3x 5 
More generally, by the Product Rule, we have 
E A Gi ee r 
h(z) =1+(1—a)z+ 52 +(G-F43-4)2 fuse 
3 11 
eee rae ae row je < i 


Exercise 4.2 


Find the Taylor series about 0 for each of the following functions, up to the 


term in 2°. 


(a) h(z) = sinz (b) h(z) = (cos z) Log(1 + z) 


Another useful technique for manipulating Taylor series is the method of 
substitution, discussed briefly in Subsection 3.1. There we saw how to 
apply a substitution to find a Taylor series about a non-zero point by using 
a known Taylor series about 0. Substitutions can also be used to find the 
Taylor series for a function by expressing the function in a different way, 
again allowing us to take advantage of known Taylor series. For example, 
we can find the Taylor series about 0 for the function 


f(z) = cosh(2°) 
by substituting w = z? and then using the Taylor series about 0 for the 
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cosh function, 


2 wt wô 


w 
cosh wT rch ay aT for w € C. 
Substituting w = z? into this power series gives 
4 8 12 
N E E E EE 
cosh(2")=1l+ 7+ q+ at , forzeC. 


We illustrate the method of substitution by three further examples. 


Example 4.3 


Find the Taylor series about i for the function h(z) = e”, up to the 


term in (z — i)’. 


Solution 


Our strategy is to make a substitution that allows us to find the 
Taylor series about 7 for h from a known Taylor series about 0. To do 
this, we first write 


Re Se = eit 2-4) de 
Now let w = z — i, so h(z) = e'e”. The Taylor series about 0 for the 


exponential function is 


2 w3 


w 
w -= — — TET 
@ TEA ae , frweEecC. 
Thus, by substituting w = z — i into this power series, and 


multiplying by e’, we obtain 
z i zt i i . g A2 i ^3 
e ee EE A Ea Cl +—(z—i)?+-:-, 


for z € C. 


This Taylor series can also be obtained by finding a formula for the Taylor 
coefficients, in the manner of Subsection 3.1. After all, the exponential 
function is its own derivative, so 

AM (i) = h(i) =e, forn =0,1,2,.... 
It follows, then, from Taylor’s Theorem (Theorem 3.1) that the general 
term of the Taylor series about 7 for h is 

e! oe 
qE a i) ; 


which agrees with the solution to Example 4.3. 
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xample 4.4 


Find the Taylor series about 0 for h(z) = (1 + z?)71, up to the term 


in 2°. 


We know the Taylor series about 0 for (1 — w)~!, so we can substitute 


w = —2? into this series, taking care with the radius of convergence. 


In more detail, recall that 


(l—w)t=1+w+w'?+w'?+---, for |w| <1. 
We define w = —z?, and observe that |w| < 1 if and only if |z| < 1. 
Thus, substituting w = —z? into the series above, we see that 
a+ ea ee wL 


In accordance with Theorem 3.2(a), the Taylor series in Example 4.4 has 
only even powers, because h is an even function. 


Example 4.5 


J 


Find the Taylor series about 7/2 for the function h(z) = sin 2z, up to 
the term in (2 — m/2)P- 


solution 
We seek to make a substitution that allows us to find the Taylor series 
about 7/2 for h from a known Taylor series about 0. To do this, we 


first write 
h(z) = sin 2z = sin(2(z — 7/2) + T). 
Now let w = 2(z — 7/2). Then 
sin 2z = sin(w + T) = sin w cos T + cos wsin t = — sin w. 


The Taylor series about 0 for sin is 


3 5 
: w w 
C ean ee for w € C, 
so 
3 5 
; w w 
Tnn ae for w € C. 


Substituting w = 2(z — 7/2) into this power series gives 
28 2 
sin 2z = —2(2— 0/2) + (2-0/2) — (2 — 0/2 4, 


for z € C. 
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Again, this Taylor series can also be found by calculating the Taylor 
coefficients in the manner of Subsection 3.1. 


The substitution methods demonstrated by these examples are 
summarised below. 


Substitution Rule for Power Series 
The substitution 

w= àz}, wherer\ 40, KEN, 
changes a power series in powers of z with radius of convergence R to 
a power series in powers of w with radius of convergence YRA] ; 
The substitution 


w=z+B-a 


changes a power series in powers of z — a to a power series in powers 
of w — 8, and preserves the radius of convergence. 


The Taylor series for each of the functions in the next exercise could be 
found by determining the higher derivatives of the function at the given 
point and applying Taylor’s Theorem (which was the procedure we 
adopted in Subsection 3.1). However, you should attempt the exercise by 
finding the required Taylor series using the Substitution Rule, following 
the approach of Examples 4.3-4.5. 


Exercise 4.3 


For each of the following functions, find the Taylor series about the given 
point. 


=(1—<?)-'/? about 0 (up to the term in z®) 
=coshz about iz/2 (up to the term in (z — i/2)°) 


z)=2z* about 1, whereac C (up to the term in (z — 1)?) 


= 
Pa 


(z)=Log(1+z) about 2 (up to the term in (z — 2)*) 


The Substitution Rule is in fact just a special case of a more general rule 
for finding the Taylor series of a composition of two functions. This more 
general rule tells us that, essentially, you can compose the Taylor series of 
two analytic functions in the same sort of way that you compose two 
polynomials. 


Theorem 4.3 Composition Rule for Power Series 
Let 


I= Do — qa)”, for |z—a|<R, 
n=0 


g(w) = ` m B)", for w BER. 
n=0 


If 8 = f(a), then, for some r > 0, 
ge = Wee —a)”", for|z-—al <r, 
n=0 


where, for each n, the number cp is the coefficient of (z — a)” in 


n n k 
> bk (£ a(z — a)') : 
k=0 


(= 


We omit the proof of the Composition Rule, which is similar in type to the 
proof of the Product Rule given at the end of this subsection. However, let 
us briefly look at where the unspecified number r comes from. 


We are given power series about a and @ for f and g, respectively, so the 
Differentiation Rule (Theorem 2.3) tells us that f is differentiable on 

{z :|z— a| < R} and g is differentiable on {w : |w — 8| < R’}. Since f is 
continuous at a@ (because it is differentiable at a), and f(a) = 6, we can 

apply the ¢-6 definition of continuity (Subsection 2.2 of Unit A3) with 

e = R’ and 6 equal to some positive number r with r < R to see that 


jz-al<r = |f(z)-B| < R. 


Thus we can apply the Chain Rule to see that the composite function 
zt» g(f(z)) is analytic on the disc {2 : |z — a| < r}, so it has a Taylor 
series on this disc. 


The Composition Rule looks complicated, but in practice you should find it 
natural to carry out. Roughly speaking, it says that to calculate the Taylor 
series about a for g(f(z)), you should substitute the Taylor series about a 
for f into the Taylor series about 3 = f(a) for g. And, what is more, to 
calculate low powers of (z — a) you need to look at only the first few terms 
of each series. You must also pay attention to the following warning. 


Make sure that you check the condition 6 = f(a) when applying the 
Composition Rule. 


The procedure is best demonstrated by an example. 
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Example 4.6 


Find the Taylor series about 0 for the function h(z) = Log(cos z), up 


to the term in 2°. 


Solution 


We will apply the Composition Rule with f(z) = cos z and 

g(w) = Log w. Since cos0 = 1, we need to find the Taylor series 
about 0 for cos and the Taylor series about 1 for Log. The Taylor 
series about 0 for cos is 


Te aha ee 

and the Taylor series about 1 for Log was found in Example 3.4 to be 
i 2 = 3 

(w=1? w- 
2 3 


Next, let w = cos z. We wish to substitute the series for cos into that 
for Log, so we need to calculate w — 1, which is 


Log w = (w — 1) — for |w — 1| < 1. 


Po o r A 


a pet a 
Then, by the Composition Rule, 
h(z) = Log(cos z) 
(cosz— 1)? (cosz—1)8 


= E ESAE ac ra ey 
(cos z — 1) 5 Ei 3 


Se See eo il ae ee 2 
TNS a g DUA” A 


1 ae ? 
+-+) ie 


We have ignored terms in each series that, when the brackets are 
expanded, give rise to powers higher than z°. Let us now expand each 
bracket in turn to obtain 


ney z7 f A A r I 226 z 
2! 4! 6! DA DD ON al 


o Sa 
3 (222! i 


again ignoring powers higher than z°. Simplifying this expression, we 
obtain 


il il il 1 1 1 


2p eG 
The Composition Rule tells us that this series converges for |z| < r, 
where r is some unspecified positive number. 


Exercise 4.4 


Find the Taylor series about 0 for h(z) = e™*, up to the term in 25. 


Exercise 4.5 


By applying the Composition Rule to the Taylor series about 0 for the 
functions 
1 
f(z)=1-cosz and g(w) =——, 
1l-—w 


find the Taylor series about 0 for h(z) = sec z, up to the term in z°. 


Another way to calculate Taylor series is to use the Differentiation and 
Integration Rules (Theorem 2.3 and its corollary). We demonstrate how to 
apply the Differentiation Rule in the following example. 


Example 4.7 


Find the Taylor series about 0 for the function h(z) = tan z, up to the 


term in 2°. 


Solution 


Observe that h(z) = tan z is the derivative of the function 


f(z) = — Log(cos z), 


which is the negative of the function considered in Example 4.6. 
Using the Multiple Rule (with multiplier —1), we have 
1 5 


il i 
F(z) = 52 Bo gee ge for |z| <7, 


where r is some positive number. The Differentiation Rule tells us 
that f is analytic on the open disc {z : |z| < r} and we can 
differentiate term by term to give 


1 2 
Wane Zeca oe he for |z| <r. 


The Taylor series for tan found in Example 4.7 has only odd powers, in 
accordance with Theorem 3.2(b), because tan is an odd function. 


Next we would like to use a similar method but with the Integration Rule 
instead of the Differentiation Rules to determine the Taylor series about 0 
for tan~!. However, so far we have not defined this inverse function, or the 
inverse sine function sin~!. (We have not defined cos~! either, and we will 
not do so, because although the procedure for defining this inverse function 
is similar to the others, it is complicated by the fact that unlike tan and 
sin, the function cos does not map 0 to 0.) 
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To define tan~! and sin~!, it is necessary to restrict the domains of the 
functions tan and sin in such a way that the restricted functions are 
one-to-one, and hence have inverse functions. In Unit C2 we will show that 
a convenient way to do this is to restrict the domains of both tan and sin 
to the region 


S = {z : —r/2 < Rez < 7/2}. 

If we do so, then we obtain one-to-one and onto functions 
tan: S — C — {iy :y ER, |y| > 1}, 
sin: S — C — {x :x E R, |z| > 1}, 


as shown in Figure 4.1. We will prove in Unit C2 that the inverse functions 
tan™! and sin7! are both analytic. 


| A A 
I | 
t | | j 
aara id l S| a. 
> > t $ > — — o- — — 
— -é#t E O n 
tan] | . i 
(b) 


Figure 4.1 The functions tan and sin and their inverse functions 


The derivatives of tan~! and sin! can be calculated using the Inverse 


Function Rule (Theorem 3.2 of Unit A4). For example, the Inverse 

Function Rule tells us that for z in the domain of tan~', we have 
1 

tan'w’ 


(tan™*)’(z) = 


where w = tan™t z. Now, 


2 


tan’ w = sec? w = 1 + tan? w. 


But remember that tan? w means (tan w)?, and since w = tan7! z, we 


have tan w = z, so 
tan’ w = 1+ (tanw) = 14 27. 
Hence 


(tant) (z) = — 


| + 22’ 
which is the same formula as that for the derivative of the real inverse 
tangent function. 


Similarly, it can be shown that 
1 
VI—- 2 


The formula for (tan~+)’(z) is needed in the next example. 


(sin~+)’(z) = 
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le 4.8 


Find the Taylor series about 0 for the function h(z) = tan7! z, up to 


the term in z”. 


We know that 

lenm e= aA forzeC— (ipo weR, ha 
Also, by Example 4.4, 

(y =l a re fo el< i 


The set C — {iy : y E R, |y| > 1} contains the open disc {z : |z| < 1}, 
so on integrating the power series for (1 + z*)~! term by term and 
applying the Integration Rule, we see that 


il 1 1 
tan de= borem ok el - l< i, 
where bọ € C. Since bọ = tan™t 0 = 0, we obtain 
1 1 1 
tan" 22-32) + 52 — az! +o > [zip i. 


The function tan is one-to-one on the set S = {z: =r /2 < Rez < 1/2}, 
and it is odd, so it follows from Exercise 3.4 that tan7! is also an odd 
function. Hence its Taylor series has only odd powers, by Theorem 3.2(b). 
(This gives us another way of deducing that the constant bo is zero.) 


Exercise 4.6 


Using the formula 
1 
find the Taylor series about 0 for the function h(z) = sin“! z, up to the 


term in z”. 


(sin“!)'(z) = 


To finish this subsection we prove the Product Rule, as promised earlier. 
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Theorem 4.2 Product Rule for Power Series 
Let 


ee = ae —a)”", for |z—a|< R, 
0) 


qe) — ` bw a orke aR 
n=0 


If r = min{ R, R'}, then 
GNA => aea) for |z—al <r, 
n=0 


where, for each positive integer n, 


Cn = Gobn + a1bn—1 + Gabn_2 +--+ + anbo. 


Proof We prove the theorem with a = 0. The general case then follows 
by substituting z — a for z. 


Let us calculate c,, for some fixed positive integer n. Observe that, 
for |z| < r, we can write 


F(z) = py(z) + 2" ep(z) and g(z) = pg(z) + 2"t*eg(z), 


where pf and pg are the polynomial functions 


pz) = Soe and pg(z) = Y bga", 
k=0 k=0 


and ef and eg are analytic functions on the open disc {2 : |z| < r} given by 
co OO 
er(z) = >. ak4n+12" and e(z) = D bkpn+12". 
k=0 k=0 


These functions are analytic on the open disc {2 : |z| < r} by the 
Differentiation Rule (Theorem 2.3) because they are both given by 
convergent power series on that disc. 


(We split up f and g in this way because the terms of the Taylor series 
for f and g involving powers of z higher than n do not affect the value 
Of Gq.) 


For |z| < r, we have 


(f9)(z) = ps (2)po(2) + 2" e(2), 


where 


e(z) = pr(z)eg(z) + pg(z)er(z) + z" tlep(z)eg(z). 


The function e is analytic on {z : |z| < r}, since it is a combination of 
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functions that are analytic on that disc, so it has a Taylor series 
(oe) 
e(z) = Sa for |z| < r. 
k=0 
Hence, for |z| < r, we have 
[0.6] 
(f9)(2) = ps(z)pg(z) + 2°71 X dyz". 
k=0 


After multiplying the product pf(z)pg(z) of polynomials, we see that this 
last equation gives us a power series about 0 that represents fg. By the 
uniqueness of Taylor series representations, this power series must be the 
Taylor series about 0 for fg. The nth term cnz” is obtained from the 
product 


Pf (2)Dg(z) = (>: az) (>: net) 
k=0 k=0 


SO Cn = Agbyn + a1bn—1 + a2bn—2 +--+ + anbo. | 


4.2 The radius of convergence of a Taylor 
series 


In the previous subsection we found the Taylor series for a number of 
functions. However, we did not specify the radius of convergence of these 
Taylor series, but simply gave a disc on which we knew that the series 
converged to the function concerned. 


For instance, in Example 4.7 we saw that 


1 2 
tanz =z +32 + t for |z| < r. 


Here r is some positive number arising from the use of the Composition 
Rule in Example 4.6 to obtain the Taylor series about 0 for the function 
h(z) = Log(cos z). 


Now, tan is analytic on its domain C — {(n + 5) Ine Z}, so it is 
analytic on the open disc {z : |z| < 7/2}. Thus, by Taylor’s Theorem, it 
can be represented on {z : |z| < 1/2} by its Taylor series about 0. 
Therefore we see that 


1 2 
tanz=z+ > + Ti +, for |z| < 7/2. (4.1) 


Note that this representation of the tangent function is not valid on any 
larger disc with centre 0, since tan is not defined at 7/2 or —7/2. 


Equation (4.1) shows that the radius of convergence R of the Taylor series 
for tan satisfies R > 7/2. It seems likely that R = 71/2, but we cannot use 
the Radius of Convergence Formula (Theorem 2.2) to verify this, since we 
do not have a formula for the coefficients. Instead we use the following 
indirect argument. 
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y = tanz 
YA 
| | > 
T T 2 
2 2 
Figure 4.2 Graph of 
y = tanx 
A 
A D o 
/ 
2 
/ 
6. a > 
a 1 l 
\ / 
NG / 
mo ed 


Figure 4.3 The open disc 
D = {z : |z — 1| < 2} inside 
C-—{-1} 
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Suppose, in order to reach a contradiction, that R > 1/2. Then the 
function 
l3, 25 

fart etait (a < R) 
is analytic and hence continuous on {z : |z| < R}, so it is bounded on the 
compact set {z : |z| < 2/2} by the Boundedness Theorem (Theorem 5.3 of 
Unit A3). This implies that tan is bounded on {z : |z| < 7/2}, which is 
false, as the graph of y = tan x for —7/2 < x < 7/2 shown in Figure 4.2 
demonstrates. Thus, contrary to our assumption, R is not greater 
than 7/2, so we deduce that R = 7/2. 


The crucial fact used in this argument is that tan is unbounded on the disc 
{z : |z| < 2/2}, because it ‘blows up’ near the points 7/2 and —7/2. A 
similar argument can be employed to prove the following more general 
theorem (we omit the details). 


Theorem 4.4 


Let f be a function that is analytic and unbounded on the open 
disc D = {z : |z — a| < R} centred at a of radius R. 


Then D is the disc of convergence for the Taylor series about a for f, 
so this Taylor series has radius of convergence R. 


It is important to appreciate that Theorem 4.4 can be applied only when f 
is unbounded on the open disc D. 


Suppose, for example, that we wish to find the radius of convergence of the 
Taylor series about the point 1 for the function 


1 
ra=- @eC-{-1p. 


Let D = {z : |z — 1| < 2}, as shown in Figure 4.3. This is the largest open 
disc centred at 1 that lies inside the domain C — {—1}, so f is analytic 

on D, and f is unbounded on D because f(z) gets arbitrarily large as z 
approaches —1 within D. By Theorem 4.4, the radius of convergence of the 
Taylor series about 1 for f is 2, the radius of D. We have thereby 
determined the radius of convergence without actually finding the Taylor 
series! 


Further exercises 


Exercise 4.7 
Find the Taylor series about 0 for each of the following functions. 
(a) f(z)=(1+2z)'/? (upto the term in 23) 
(b) f2) = (1+2)? — (1—2)! (up to the term in 23) 


(a Ffas s(t zi =) (up to the term in 23) 


(a) f 
(e) f 
O Ff 
( 
( 


cos(z*) (up to the term in z!") 


(z) = 

(2) = N z)(cosz) (up to the term in 25) 
(z) = Log(cosh z) (up to the term in 2) 
g) f(z)=tanhz (up to the term in 25) 
Hint: For part (g), use part (f).) 


5 The Uniqueness Theorem 


After working through this section, you should be able to: 
e find the zeros of a function and determine their orders 
e understand how to use the Uniqueness Theorem. 


A significant part of this section is about analytic functions taking the 
same values. We say that two functions f and g agree on a set S if 


f(z) = 9(z), forallzeS. 


For instance, in Unit A2 we defined the basic complex functions exp, cos 
and sin in such a way that they agreed with their real counterparts on the 
real axis. Take the complex exponential function, for example, which was 
defined by the formula 


e**Y — e? (cosy + isin y). 


This definition ensures that the complex exponential function agrees with 
the real exponential function on the real axis. Furthermore, when defined 
in this way, the complex exponential function has the useful property that 
it is analytic on the entire complex plane. 


It is reasonable to question whether we could have defined the exponential 
function differently. Is there any other analytic function that agrees with 
the real exponential function on the real line and which could therefore 
have been used to define the complex exponential function? 


This raises a more general question that is worthy of investigation. 
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If two functions g and h are analytic on a region R, and g agrees 
with h on some subset S of R, then must g and h agree on R? 


Of course, the answer to this question depends on the set S. In this section 
we show that the answer is yes, provided that S has a limit point in R. 
(For the definition of limit point, see Subsection 3.1 of Unit A3.) 


However, the answer is, in general, no if S is a finite or infinite set without 
a limit point in R. For example, we will see in Exercise 5.4 that the answer 
is no if R is the entire complex plane and S is the set of positive integers. 


5.1 Zeros of a function 


We begin to answer the question posed in the box above by expressing the 
question in terms of the function f = g — h. 


If a function f is analytic on a region R, and f is zero throughout 
some subset S of R, then must f be zero throughout R? 


We use the word ‘throughout’ in this question (rather than simply ‘on’) for 
emphasis. A function is ‘zero throughout a set’ if it agrees with the zero 
function on that set. It is also said to be ‘identically zero’ on that set. 


Clearly it is quite possible for f to be zero at a point a € R without 
having to be zero throughout R. So if S consists of a single point (or, more 
generally, a finite set of points), then the answer to the question is no. 
Nevertheless, it is worth pausing to consider this case a little further. 


Recall that a function f has a zero at a if f(a) = 0. If f is analytic at a, 
and has a zero at a, then the constant term in the Taylor series about a 
for f is zero: 


When this happens, we can factor out (z — a) from the series. More 
generally, if f™ (a) = 0 for all n up to but excluding k, then a is a zero 
of f and we can now factor out (z — a)* instead of just (z — a). By 
analogy with polynomial factors, we then say that the zero a is of order k. 


Definitions 
Let f be a function that is analytic at a. If 

F(a) = FO (a) = f(a) =- = FE M(a) = 0, but FO (a) 40, 
then f has a zero of (finite) order k at a. 


A zero of order 1 is called a simple zero. 


For example, the function sin has a simple zero at 7 since 
sint =O and sin'’x = cost £0. 

By contrast, the function f(z) = 1 + cos z has a zero of order 2 at m since 
Ff) =0, f'G@)==—snr=0 and f'(x)=—cos7 £0. 


We usually classify the zeros of a function f without calculating its higher 
derivatives, by using the following theorem. 


Theorem 5.1 


A function f is analytic at a point a, and has a zero of order k at a, if 
and only if, for some r > 0, 


PA eS a)fg(z), for |z- a| <r, 


where g is a function that is analytic at a, and g(a) £ 0. 


Notice that if f(z) = (z — a)*g(z), then the Taylor series about a for f is 
equal to the Taylor series about a for g multiplied by (z — a)*. Hence the 
Taylor series for f and g have the same radius of convergence. 


Proof First, if f is analytic at a, and has a zero of order k at a, then the 
Taylor series about & for f has the form 
f(a) 


O a 


= ET (z-a) t +... 


= (z — a)*9(z), 
for |z — a| < r, where r is some positive real number, and 


© gln) 
g(z)= » Pw, a)", for |z—al <r. 
n=k ` 


By the Differentiation Rule, g is analytic at a. Furthermore, 
gla) = f(a)/k # 0. 

Conversely, suppose that 
f(z) =(z—a)*g(z), for |z—al <r, 


where g is a function that is analytic at a, and g(a) #0. Then g has a 
Taylor series about œ of the form 


OO 
g(z) = Soa —a)”", for |z—a| <r, 
n=0 
where ao Æ 0. But then 


f(z) = (z-—a)*g(z) = S an(z — a) tE, for |z—al <r. 
n=0 
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Hence, by the uniqueness of Taylor series, 
Fla) = f(a) = = M(@) =0 
and 
f(a) = klao £0. 


So f has a zero of order k at a. 


This theorem tells us that we can classify the zeros of a function at a by 
factoring out the appropriate power of (z — a), to leave an analytic 
function that is non-zero at a, as we now illustrate. 


Example 5.1 
Locate the zeros of the function 
f(z) =(z— DPA + 1)(z — i)e? 


and find their orders. 


Solution 


The zeros of f are values of z for which f(z) = 0, so the zeros are 2, 3, 
and —i. 


To find the order of each of these zeros, we should first express the 
polynomial part of f(z) as a product of linear factors. 
Since 22 + 1 = (z — i)(z +7), we obtain 


ES = 2 eae ee 
Therefore 
POE e 


where g(z) = (z — i)?(z + i)e” is a function that is analytic but 
non-zero at 2. Hence f has a zero of order 3 at 2. Similarly, f has a 
zero of order 2 at i, and a simple zero at —i. 


Exercise 5.1 


Locate the zeros of each of the following functions and find their orders. 
(a) f(z) = (z -= 1)4(z +2) 

(b) f(z) = (2-3)/(z +2) 

(c) f(z) = (2? +9)%e*/(z* +4) 


If, after factoring out all the obvious (z — a) terms, you are still left with a 
function that is zero at a, then you can deal with the remaining function 
by finding its Taylor series about a. 
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Example 5.2 
Find the order of the zero of the function f(z) = (z — 1) Log z at 1. 


Solution 


Although we can factor out (z — 1), that still leaves the function 
Log z, which is zero at 1. So, using the Taylor series about 1 for Log 
obtained in Example 3.4, we have 


f(z) = (¢-1) Logz 
= S 
=@-y(@-)-S +S...) 


z=1 (z-1) 
=z- DA = T 
e-h -55 ) 
= (z a eae) 
for |z — 1| < 1, where 
z-1. (z-1) 
Sri Tra 
g(2) yo 


which is analytic and non-zero at 1. Thus f has a zero of order 2 at 1. 


Exercise 5.2 


Find the order of the zero at 0 of each of the following functions. 
(a) f(z) =2*sin2z 

(b) f(z) = z?(cosz — 1) 

(c) f(z) = 6sin(z?) + 2?(24 — 6) 


Earlier we pointed out that a function that is analytic on a region R can 
have a zero in R without having to be zero throughout R. The following 
theorem shows that this is the case only if the zero is of finite order. 


Let f be a function that is analytic on a region R and not identically 
zero on R. Then any zero of f is of finite order. 


You may wish to omit the following proof on a first reading. 


Suppose that f is an analytic function on the region R, and it has 
a zero a that is not of finite order. Then f(a) = 0, for n = 0,1,2,.... 
We will prove that f(z) = 0 for all z € R, so f is identically zero on R. 


First consider the special case when FR is an open disc, say 


D= {z:|z-6| <r}. 
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/ y \ 
l a \ 
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“=a a 


Figure 5.1 Distances from 
points in D to the boundary 
of D 
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If a € D, then the distance r’ > 0 from a to the boundary of D is 
r' =r — |8 — a| (see Figure 5.1). We can construct a finite sequence of 
open discs 

Dy ={z:|z- akl <r}, &=0,1,2,...,m, 
where 


k 
Q,=at—(B-a), k=0,1,2,...,m, 
m 


and m is so large that 


|B — al Za 
m 
Then ag = Q, Am = 8 and, for k = 1,2,...,m, the centre of the disc Dk 
lies in Dg_1 (see Figure 5.2). 


Figure 5.2 Open discs Do, D1,.. 
,Am—1 and a and 8 


-;Dm-—1, Dm covering the points 


Q1, Q23... 


All the coefficients of the Taylor series about @ = ao for f are zero, so 


f(z)=0, for ze Dp. 
Thus f coincides with the constant function with value 0 throughout Do, 
so f(z) = 0 for z € Do and n = 0,1,2,.... Since ay € Do, we see that 
f(a) =0, forn=0,1,2,.... 
Repeating this argument in D1, D2,..., Dm-1, in turn, we deduce that 
f#™(6) =0, forn=0,1,2,.... 
Thus, using the Taylor series about 8 for f, we find that 
f(z) =0, for ze€D, 


as required. 

Now let R be a general region and suppose that 6 € R with 6 # a. Then 
we can join a to 8 by a path T : y(t) (t € [a,b]) lying in R (so yla) = a, 
y(b) = 8) and then apply the Paving Theorem (Theorem 3.7 of Unit B1). 
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This provides a finite sequence of discs D1, Dg,..., Dn in R and a finite 
sequence of points to, t1,...,tn, with 


a=to<ty<-:-<t, =), 
such that 
A((teoiste|) © Dg, for RH 1, 2, oi. 5%, 


as illustrated in Figure 5.3. 


Figure 5.3 Open discs D1, D2,..., Dn paving a path T 


Since f™ (a) = 0, for n = 0,1,2,..., and a= q(to) € Dı, it follows, by the 
special case above, that f(z) = 0, for z € Dı, and hence that 
JOO) =0, forn =0,1,2,.... 


Repeating this argument with Do, D3,..., Dn, in turn, we deduce that 
f(y(tn)) = f(B) = 0. Since 8 € R was arbitrary, the proof is complete. E 


We are now well on the way to answering the question posed at the 
beginning of this subsection. For if f is analytic on a region R and has a 
zero in R that is not of finite order, then f must be identically zero on R. 


But how do we recognise a zero that is not of finite order? To help us do 
this, we make the following definition. 


Definition 


A zero a of a function f is said to be isolated if there is a disc 
centred at œ that contains no other zeros of f. 


We then make the following observation. 


Theorem 5.3 Isolated Zeros 


A zero of finite order is isolated. 
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Proof Suppose that a is a zero of f of order k. Then, by Theorem 5.1, 
f(z) = (z-a)*9(2), 


where g is analytic at a, and g(a) # 0. Since g is analytic at a, it must be 
continuous at a, so g is non-zero on some open disc with centre a. Thus f 
is non-zero on the same open disc with centre a, except at a itself. 

Hence a is an isolated zero. E 


Now, a zero cannot be isolated if it is the limit point of a set of zeros. We 
can therefore answer the question posed at the beginning of this 
subsection, as follows. 


Theorem 5.4 


Let f be a function that is analytic on a region R, and let S be a set 
of zeros of f in R that has a limit point in R. Then f is identically 
zero on R. 


Proof Let (zn) be a sequence of zeros in 9 (see Figure 5.4) that 
converges to a limit point a of S in R. Since f is continuous at a, it 
follows that f(a) = Jim f (Zn) = 0, so a is a zero of f in R. Furthermore, 
the zero q is not isolated because in any disc centred at a there is some 
zero 2n. By Theorem 5.3, a is not of finite order. But Theorem 5.2 tells us 
that if f is not identically zero on R, then a zero of f such as œ must be of 


finite order. We deduce that f is identically zero on R. | 
p” gg ONN 
a 
y © R è N 
d \ 
A l 
/ z d 
/ e O 
/ 
a T 7? 
| s a 4 
\ g A 
\ ° 4 
\ ww solid dots represent 
N p7 some of the points of S 


© | sequence (zn) in S$ 
limit point tending to a 


of S 


Figure 5.4 A sequence (z,,) in S converging to a limit point a in R 


An immediate consequence of this theorem is the Uniqueness Theorem. 


Let f and g be functions that are analytic on a region R, and suppose 
that f agrees with g throughout a subset S of R, where S has a limit 
point in R. Then f agrees with g throughout R. 


We can now address a question from the start of this section — whether 
there is an analytic function other than the complex exponential function 
that agrees with the real exponential function on the real line. 


Example 5.3 
Prove that the function 
f(x + iy) = e (cosy +isiny), 


is the unique entire function that agrees with the real exponential 
function on R. 


Solution 


Suppose that g is an entire function that agrees with the real 
exponential function on R. We apply the Uniqueness Theorem with 
S = R and R = C. Since R has a limit point in C (for example, 0) and 


gee = f@), tore eR, 
it follows from the Uniqueness Theorem that 


aaee =f), forza C. 


Exercise 5.3 


Show that if the functions f and g are analytic on a region R and are 
represented by the same Taylor series on an open disc D C R, then f 
agrees with g on R. 


To apply Theorem 5.5, S does not have to be the real line or an open disc: 


any set with a limit point in R will do. 


Exercise 5.4 
Let f and g be entire functions. Determine which of the following 
conditions are sufficient to ensure that f and g are equal. 
(a) f and g agree on the set S = {z: |z| = 2}. 
(b) f and g agree on the set of positive integers S = N. 
(c) f and g agree on the set S = {1/n: n € N}. 
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Exercise 5.5 


Prove that if f is an entire function and 
f(i/n) =-1/n?, for n=1,2,..., 
then 
fiz)=2, forzec. 


5.2 Using power series to define functions 


You may wish to omit this subsection on a first reading. 


We began this section with a reminder about the way we used real 
functions to define the basic complex functions exp, sin and cos. However, 
there is an alternative way to define these basic functions that avoids the 
need to use real functions at all, namely to give a definition in terms of 
power series. We devote this final subsection to a brief summary of this 
alternative approach, which is adopted in many complex analysis texts. 


Starting with the exponential function, we define 


2 2. SS 


expz=1l+z+ z t+atat (z EC). 
Since this power series has an infinite radius of convergence, we know that 
this function is entire. 


Having defined the exponential function in this way, we can check that it 
has all the properties we wish it to have. For example, using the 
Differentiation Rule, we can differentiate the power series term by term 
and check that the exponential function is its own derivative: 


exp’ = exp. 
Next we can find the Taylor series for exp about any point a. Since 
expa = exp’a =exp”"a=---, 


we see from Taylor’s Theorem that 


a) =o 
apz=epa(146-0a) 4 E E...) 
= exp aexp(z — a). 


On substituting z = œ + 6, we obtain the exponential addition rule: 
expla + 8) = expaexp p, fora,Be€C. 


The trigonometric and hyperbolic functions can then be defined in terms 
of the exponential function as they were earlier, in Unit A2: 
exp(iz) — exp(—iz) __ exp(iz) + exp(—iz) 


sing = =n + __—“ cose 
2i , 2 , 


exp z — exp(—z) exp z + exp(—z) 


sinh z = 5 , coshz = 5 ; 
and 
sin z sinh z 
tanz = —, tanhz = ; 
osz cosh z 


The trigonometric and hyperbolic identities then follow as in Section 4 of 
Unit A2. Also, the derivatives of the trigonometric and hyperbolic 
functions are found as in Subsection 3.1 of Unit A4. Since the same 
derivatives are obtained as in our original treatment, the Taylor series 
must be the same as well. 


With more work we can define the function Log to be the inverse of the 
exponential function restricted to the strip {z : -r < Imz < 7}, and we 
can use Log to define the principal power functions. 


In summary, we have indicated how the basic functions of complex analysis 
can be defined starting with the power series definition of the exponential 
function. 


Of course, we need not restrict ourselves to the exponential function: 
Taylor’s Theorem tells us that any analytic function can be represented by 
a power series (on some disc). 


Many analytic functions are not readily expressible in terms of the basic 
complex functions, and it is often easier to specify such functions in terms 
of power series. For example, the analytic solutions of some differential 
equations are best found by substituting into the equation an arbitrary 
power series (using the Differentiation Rule for the derivatives). We can 
then equate the coefficients of corresponding powers of z and hence obtain 
a recurrence relation for the coefficients of the power series. This series 
gives a solution of the equation that is valid on the disc of convergence of 
the series. 


Although a power series determines a function only on the disc of 
convergence of the series, the Uniqueness Theorem ensures that this is 
sufficient to determine an analytic function throughout its domain, 
providing its domain is a region. Later in the module we will show how we 
can extend the specification of a function on a disc to the whole of its 
domain by using a technique known as analytic continuation. 


Further exercises 


Exercise 5.6 


Locate the zeros of each of the following functions and find their orders. 
(a) f(z) = z222 + 4) (b) f(z)= zsinz 
(Hint: For part (b), use the formula 

sin(z — ka) = (—1)# sinz, for k €Z, 


which can be proved using the addition formula for sin.) 
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History of Taylor series 


The first published accounts of Taylor series for real functions 
appeared in the work of the Kerala School of Astronomy and 
Mathematics, based in Kerala, Southern India, between the fourteenth 
and sixteenth centuries. The School discovered Taylor series for 
trigonometric functions, with proofs, which they published in Sanskrit 
verse. The following passage is translated from the commentary 
Yuktibhasa@ (c.1530), written by the Indian astronomer and 
mathematician Jyesthadeva (c.1500-c.1575). Remarkably, it describes 
in words the Taylor series for the inverse tangent function obtained in 
Example 4.8, even including conditions for convergence. Jyesthadeva 
credits the discovery to the Indian astronomer and mathematician 
Madhava (c.1340—c.1425), who is considered to be the founder of the 
Kerala School. 


The product of the given sine and the radius, divided by the 
cosine, is the first result. From the first [and the second, 

third, ...] results, obtain [successively] a sequence of results by 
taking repeatedly the square of the sine as the multiplier and 
the square of the cosine as the divisor. Divide the above results 
in order by the odd numbers one, three, ... [to get the full 
sequence of terms]. From the sum of the odd terms subtract the 
sum of the even terms. The result becomes the arc. In this 
connection ... the sine of the arc or that of its complement, 
whichever is smaller, should be taken here [as the given sine]; 
otherwise the terms obtained by the repeated process will not 
tend to the vanishing magnitude. 

(Gupta, 1973, p. 67-70, cited in Katz, 1993, p. 451) 


Much later, mathematicians in Europe such as Isaac Newton and the 
Scottish mathematician James Gregory (1638-1675) used Taylor 
series for a variety of functions, including logarithms. The most 
significant advance came in 1715, when the English mathematician 
Brook Taylor (1685-1731) published the result that we now call 
Taylor’s Theorem, for real functions, although without any discussion 
of convergence. Taylor series were introduced to complex analysis by 
Cauchy, and he even used them to obtain a version of the Uniqueness 
Theorem, as we have done. In 1845, he wrote: 


Suppose that two (continuous) functions of x are always equal 
to each other for values of x close to a given value. Then on 
varying x by ‘insensible’ degrees the functions remain equal to 
each other for as long as they remain continuous. 

(Bottazzini and Gray, 2013, p. 182) 


Later, in 1851, Cauchy realised that it was not continuity but 
analyticity that was needed to make a theorem such as the 
Uniqueness Theorem work. 


Solutions to exercises 


Solution to Exercise 1.1 


We have 
S0 = 1, 
i 
sp=1+ z 
aga i) 84 
s= t3 t 2] TaT 
ee. iy, iy _ 3 3i 
s= AD 9) 4° 8" 
Solution to Exercise 1.2 
(a) Here 
Sn = 7((—é) + (=i)? +--+ + (-#)") 
= —7i(1 + (~i) + (-i)? +--+ + (-i)"") 
ae =l 
= ) 
Since (—i)4" = 1 and (—i)4"t! = —i, 
for n = 1,2,..., it follows that 
S4n =O and Sang, = —7i, forn=1,2,.... 


Hence (sn) diverges, by the First Subsequence Rule 
(Theorem 1.6(a) of Unit A3), so the series diverges. 


(b) To simplify the algebra, let us define 
a = (1 — i)/2. Then 
iy =o te + +a” 


=a(lta+---+a"") 
l-a” 
° l-a 
(1 —4)/2 i-vy 
ee ee ee 
1-01-42 2 
_ aaa i 1-i\ l 
Lt 2 
Since |a| < 1, the sequence (a”) converges to 0. 
Hence 


so the series converges to —i. 


Solutions to exercises 


Solution to Exercise 1.3 


(a) The sequence ((1 + i)”) is not null because 
each term has modulus greater than 1. Hence 


co 


Sota" 


n=l 
diverges, by the Non-null Test. 


(b) The sequence (i(—1)”) is not null because 
each term has modulus 1. Hence 


co 
diy" 
n=1 
diverges, by the Non-null Test. 
(c) By the Combination Rules for sequences, 


n? +i 1 + i/n? , z 
——— = asno. 
2n? +n+3 241/n+3/n? 2 


Hence 
3 n? +i 
2n? +n +3 
n=l 


diverges, by the Non-null Test. 


Solution to Exercise 1.4 
(a) The series diverges, since |—i| = 1. 
(b) The series converges, since |(1 — i)/2| < 1. 
The sum is 
(1 —2)(1-2) 


(l-a)/2 Iei. E 
f= (90° Ii 2 a 


Solution to Exercise 1.5 


Let (sn) be the sequence of partial sums given by 


nm 
Sn = 5 Zk, 
k=1 
and let 


co 
sS = ) Zk- 
k=1 
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Then sn > s, so, by the Multiple Rule for 
sequences, As, > As. But 


ASn, = 2 AZk; 
k=1 


[0,6] 
so we see that 5 Az, converges to As. So 
k=1 


Si =As= oe 
k=1 k=1 


Solution to Exercise 1.6 


Here 
cos ng = Re(e"*), for n = 0,1,2,.... 


So, by Theorems 1.2 and 1.5, and the calculation 
in Example 1.2, 


=~ I ae 
DL pr cos m= re( 5 ze] 


n=0 n=0 
(1—4cosx) + Zisine 
= Re 5 
37 cosT 
_ 4—2cosx 
~ 5—Acosz’ 


Solution to Exercise 1.7 
Here 


1 
= aye” 


COs n 


nyn 


forn =1,2,.... 


0O 
Furthermore, 3 REE converges, by Theorem 1.3, 


sO 
lee) 
yy 
N/N 
n=1 vn 


converges, by the Comparison Test. 


Solution to Exercise 1.8 


(oe) 
Let an = |zn|. Then > an converges. 
n=1 


Furthermore, |zn| < an, for n =1,2,.... 


[0,6] 
So, by the Comparison Test, `> Zn converges. 


n=1 
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Solution to Exercise 1.9 
(a) In this case 


(—1)""! 


oO 


D 


n=1 


oe) 


il 
=>-, 
n=1 


which diverges, by Theorem 1.3. It follows that 


e9 —4)rtl 
pr 


is not absolutely convergent. 
(b) Here 


E) 


n=0 


is a convergent geometric series. Thus 


£ (-1)"(1 + i)” 
5. a ) 


n=0 


is absolutely convergent. 


Solution to Exercise 1.10 


Let (sn) be the sequence of partial sums for the 
series. Then Sən is equal to 


R 


Observe that, for k = 1,2,..., 


1 1 1 1 
0a [=] l —,, 
<(; — k(k+1) 7 k? 

Therefore 


1 
i=. 2 
2 
1 1 1 
eee, 
3 473 
1 1 1 
2n-—1 2n 7 (2n—1)?’ 
so 

Sie Ae 
pees eae Qn — 1)? 


oO 
1 
Since D z converges, we deduce that the 
k=1 
sequence (sən) is bounded above. It is an 
increasing sequence, so it must converge to a 
limit a, by the Monotone Convergence Theorem. 


Furthermore, 


S2n+1 = $2n + mad’ 


and (1/(2n + 1)) is a null sequence, so (52741) 
converges to a also. 


Therefore (sn) converges to a as well (by 
Exercise 1.14 of Unit A3). 


Solution to Exercise 1.11 


ae 
(a) Let Zn = 37a Then 
Zn41| _ |(n+1)? / n2 
zn | [BP +il/ 3r +i 


1+4/3” 3 
3+1/3” n 


Using the Combination Rules for sequences, and 
the fact that z —> |z| is a continuous function, we 


see that |2n41/Zn| > 1/3 as n > oo. It follows 
oo 2 

from the Ratio Test that > oa is absolutely 
= 3" +i 


convergent. 


(b) The series converges absolutely if z = 0, so let 


gn 
us suppose that z #0. Let zn = T Then 
n! 


-l 
n+1’ 


Zn+1 
Zn 


-er 


which tends to 0 as n > oo. It follows from the 


gn 
n! 


OO. an 
z 
Ratio Test that ) ~ Ís absolutely convergent 
n! 
n=0 
(and hence convergent) for all z € C. 


Solution to Exercise 1.12 


(a) We have so = i, sı = i +i = 2i, s2 = 3i and 
s3 = 4i. In general, sn = (n + l)i, n = 0,1,2,.... 


(b) We have sp =i, 


5 a g 
S1 =P = 1l; 
7 

siki = iii 

= em 100 i 
(7 

Ste =i 

"3 ‘+ T000 ‘ 


Solutions to exercises 


In general, 
f1—-(/10)"*? 
Sn = i|) ——— 
1— (1/10) 
i (10771 -1 
-;(4—): for n = 0,1,2,.... 


In decimal form, sn can be written as 1.11... 14, 
with n 1s after the decimal point. 

(c) We have so = 1, sı = 1 +i, 59 =1+i1-1=i 
and s3 =1+i—1-i=0. 


In general, 
1, T= 0,48 cea, 
1+i, n=1,5,9,..., 
Sn = 
i, n = 2,6,10,..., 
0, TU 35 GA Lyte 


Solution to Exercise 1.13 


Recall from Theorem 1.2 that, for a Æ 0, the 
geometric series 


oo 
i az” 
n=0 


converges to a/(1 — z) if |z| < 1, and it diverges if 
k| > 1. 


Co 
1 
a) The series — (1 — i)” diverges because it 
(a) D alt 0" diver 


is a geometric series with a = 1/2 and z = 1 — í, 
where |z| = |1 — i] = V2 >1. 


2 
a geometric series with a = 1 and z = (1 + i)/2, 
where |z| = |(1+7%)/2| = V2/2 <1. 
Also, 
SH) E 1 
4 2 1—(1+%)/2 
2 


= — =] +i. 
toi +2 


[0,6] NN 
1 
(b) The series > ( =) converges because it is 
n=0 


[0,6] “\n 
1-72 
c) The series —— ] diverges because it is a 
(c) > P ) g 


geometric series with a = 1 and z = (1 — i)/ V2, 
where |z| = |(1 —7)/V2| = 1. 
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(d) The series > (3) i” diverges by the Non-null 


Test, because the terms 


do not form a null sequence. 


Solution to Exercise 1.14 


First note that 
2-7/2 cog = = Re(2-"/? exp(“*i) J 


But, by Exercise 1.13(b), 


[0,6] “\N 
1 


n=0 


SO 


= Re(1 +i) =1, 


= nt 
9-212 cos — 
`> cos -7 
n=0 
by Theorem 1.5. 


Solution to Exercise 1.15 


is absolutely convergent, 


(a) The series Pera 
by the ae Test, as |1/(n? + 1)| < 1/n?, 


forn =1,2,..., and 3 1/n? converges by 


n=l 


Theorem 1.3. 


(b) The series D 


by the Gonna a iel, 
[1/(n? +| = 1/Vn4 +1 < 1/n?, 


(oe) 
and `> 1/n? converges by 
n=1 


- is absolutely convergent, 


for m= 1,2 ns 
Theorem 1.3. 


(c) The series = 


? 


216 


with zn = (2" — i)/n?, we have 


Jem- i 2 


Zn+1 n 
Zr 2n —i (n+ 1)? 
2—i/2" 1 
= |---| x |__-___| _,9 
1—1i/2” (1+ 1/n)? 


as n — oo, so the series diverges by the Ratio Test. 


OO gn 
(d) The series 
da 


is absolutely convergent, 


by the Comparison Test, as 


ei © 
nyn| 3/2? a 
n=1,2,..., and D — converges by 
Theorem 1.3. 
oe $ 
(e) The series bp e”) is absolutely convergent, 
n=0 


by the Ratio Test. Indeed, with zn = e”(i-1) we 


have 


Anti = jaren 
Zn 
= |e} 
=el<1 


(In fact, this series is a geometric series with 
common ratio e’!, and ett] = e7} < 1.) 
Solution to Exercise 2.1 


(a) This geometric series converges to 1/(1 — 4z) 
when |4z| < 1, and diverges when |4z| > 1. Since 


Ma < 1 <> |z| < 4 
and 

[42] > 1 <> k| > $, 
the radius of convergence is 7 


(b) This geometric series converges to 1/(1 — az) 
when |az| < 1, and diverges when |az| > 1. Since 


jaz) <1 <= |z| <1/|al 
and 
laz| > 1 <= > |z| > 1/|al, 


the radius of convergence is 1/|a]. 


Solution to Exercise 2.2 


(a) By the Radius of Convergence Formula 
(Theorem 2.2), the radius of convergence is 
f 2 ap A™ 
R= jim oe ant 
(1/2)"+1 1 


T aho 21/2)" +4. T 
(b) By the Radius of Convergence Formula, the 
radius of convergence is 


R= lim (2n)!/n! 


noo (2n + 2)!/(n + 1)! 
1. — a 
noo (2n + 2)(2n + 1) 

1 


= jj AEn 

n3 2(2n + 1) 

(c) By the Radius of Convergence Formula, the 
radius of convergence is 


, n +27” 
m= Ta (n +1) +2-(@+1) 
1 1 IEn 
= lim EU =j; 


n>% 1 + 1/n + (1/n)2-"-1 


Solution to Exercise 2.3 


The discs of convergence for the series in 
Example 2.1 are: 


(a) the empty set Ø 
(b) the complex plane C 
(c) the open disc {z : |z| < 1}. 


The discs of convergence for the series in 
Exercise 2.2 are: 


(a) the open disc {z : |z| < 1/4} 
(b) the empty set Ø 
(c) the open disc {z : |z — 1| < 1}. 


Solution to Exercise 2.4 


(a) By the Radius of Convergence Formula, the 
radius of convergence is 


R= 


(1+2/n+1/n?) =1. 


lim 
noo 


Solutions to exercises 


(b) By the Radius of Convergence Formula, the 
radius of convergence is 
l1/n 


II 
= 


n=>œ n 


(1+1/n)=1. 


lim 
Solution to Exercise 2.5 


We use the fact that the geometric series 
OO 


So maltzt ete (S1) 
n=0 
has disc of convergence {z : |z| < 1} and sum 
function 


1 
f(z) = PF (2| < 1). 
Co OO 

(a) Since xo +1)” = `. nz", the power 
series a EL 

[oe] 

SO(n +12” =14+ 224327 +--. (S2) 

n=0 


can be obtained from the power series (S1) by 
differentiating term by term. 


Hence, by the Differentiation Rule, the power 
series (S2) has disc of convergence {z : |z| < 1} and 
sum function 


(b) Since 
X(n +1)(n+2)z” = > n(n +1)2"1, 
n=0 n=1 


the power series 
oO 


X (n+ 1)(n+2)z” =2+ 6z +122? +--+ (S3) 
n=0 
can be obtained from the power series (S2) by 
differentiating term by term. 


Hence, by the Differentiation Rule applied to the 
function 


OO 


02) = gopa (<1) 


n=0 


217 


Unit B3 Taylor series 


obtained in part (a), we see that the power 
series (S3) has disc of convergence {z : |z| < 1} and 
sum function 


2 
— 1 — 
We) =a) = gy < 
Ean zn cS ntl 
Si — = —, th i 
(c) Since D z 2 a sacha ca 


- (S4) 


can be obtained from the power series (S1) by 
integrating term by term. 


X g” 2 2 

) == at 
n 2 

n=1 


Hence, by the Integration Rule, the function 
0O zn 
F(z)=b —, 
(z) = bo + 2 = 


where bo € C, is a primitive of f on the disc of 
convergence {z : |z| < 1}. 


But the function 
z — —Log(1 — z) 


is also a primitive of f on {z : |z| < 1}. On 
substituting z = 0 and comparing the two forms of 
the primitive of f, we see that bọ = 0, so the power 
series (S4) has sum function 


z| — Log(1 — z2) (z| < 1). 


Solution to Exercise 2.6 
OO 
(a) The power series can be written X (-1)"2". 
n=0 
By the Radius of Convergence Formula 
(Theorem 2.2), the radius of convergence is 


—1)” 
R= lim = 


nar |=} 


Hence the disc of convergence is {z : |z| < 1}. 


(b) By the Radius of Convergence Formula, the 
radius of convergence is 

Bi)” 
(3i) tt 


1 
3° 


R= lim 
noo 


Hence the disc of convergence is {z : |z| < 4}. 
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(c) The power series can be written as 


oe) 


So (-1)"(z - 34)”. 


n=0 
Similarly to part (a), the radius of convergence is 1. 
Hence the disc of convergence is {z : |z — 3i| < 1}. 


(d) The power series can be written as 


S52" (2 — 4/2)”. 
n=0 


By the Radius of Convergence Formula, the radius 
of convergence is 


eae, cl 
= A geet = 5 
Hence the disc of convergence is 
{z:|z—1/2| < 4}. 
(e) By the Radius of Convergence Formula, the 
radius of convergence is 


Hence the disc of convergence is {z : |z| < 1}. 


(£) By the Radius of Convergence Formula, the 
radius of convergence is 
! 


= lim —— 


= lim = 
n=>œ n +1 
Hence the disc of convergence is Ø. 


(g) By the Radius of Convergence Formula, the 
radius of convergence is 
; 1/n™ 

= (nt 


f n+1\" 
= lim (n+ 1)( ——]} =~, 
n00 n 
since ((n + 1)/n)” > 1. Hence the disc of 
convergence is C. 


(h) By the Radius of Convergence Formula, the 
radius of convergence is 


! 
fais 


Geo lim (n + 1) = oo. 


n—> o0 


Hence the disc of convergence is C. 


Solution to Exercise 3.1 


Each of the functions f in this exercise is entire, so 
its Taylor series about 0 must converge to f(z) for 
each z € C. 


(a) We have 
f(z) = sinz, so f(0)=0, 
f(z) =cosz, so f®(0)=1, 
f(z) =—-sinz, so f®(0)= 0, 
f2(z) =—cosz, so f®©(0) = -—1, 
) 


f° (z) = sin z, SO f(0) — 0. 


Since every fourth differentiation brings us back to 
the sine function, the pattern above repeats itself. 
So the Taylor series about 0 for the function f is 


: zo æ z 

sng=z= a tr aT , forzEC 
(b) We have 

f(z) = cosh z, so f(0)= 

f(z) =sinhz, so f™®(0 - 

f(z) =coshz, so f®(0)= 


Since every second differentiation brings us back to 
the cosh function, the pattern above repeats itself. 
So the Taylor series about 0 for the function f is 


2. 2 =e 
cosh 2 Usb ae ap hg Ps for z eC. 
(c) We have 
f(z) = sinh z, so f(0)= 
f(z) =coshz, so fM(O = 
f(z) =sinhz, so f®(0) = 


Since every second differentiation brings us back to 
the sinh function, the pattern above repeats itself. 
So the Taylor series about 0 for the function f is 
ge ge ge 
Prr ' 


3 7 for z EC. 


sinh z = z + — 


Solution to Exercise 3.2 


The function f(z) = (1 + z)? is analytic on the 
region C — {—1}. The largest open disc centred 

at 0 that will fit in this region is D = {z : |z| < 1}. 
So, by Taylor’s Theorem, the Taylor series about 0 
for f converges to f(z) for |z| < 1. 


Solutions to exercises 


pom 
/ D \ 
b $ | > 
—1\ 0 l 
\ / 
\ A 
Sa eA 


The Taylor series is found by calculating the higher 
derivatives of f at 0. We have 


7 )=(L+2)%, 
O(z) = -3(1 + 2), 
P)(z) = (—4) x (—3)(1 + 2)*, 
(z) = (—5) x (—4) x (—3)(1 +2)" 
It ie that 
f0) =1, fO(0) =-3, fO(0) =4 x 3, 
f (0) =-5 x 4x 3, 
In general, 
(n) n+2)! 
T eat 
n(n +2) (n+1) 


2 2 


for n = 0,1,2,.... The Taylor series about 0 for f 
is therefore 

3x2 4x3 5x4 
+a i= ; z+ 5 P-TB : 
for |z| <1: 


Solution to Exercise 3.3 


The function f(z) = 1/z is analytic on the region 
C — {0}. The largest open disc centred at 7 that 
will fit in this region is D = {z: |z — i| < 1}. So, 
by Taylor’s Theorem, the Taylor series about i 
for f converges to f(z) for |z — i| < 1. 


219 


Unit B3 Taylor series 


The Taylor series is found by calculating the higher 
derivatives of f(z) =1/z at i. We have 


faz, so f(t) = —i, 
FOZ) = —2%, so fO(i) =1, 
f(z) = 2273, so f® (i) = 2i, 
fEl) = -3 x 2274, so f®) (i) = —3!, 
f(z) =4« 3x 2z 5 s0 fi) =li 

In general, 
mo T e i 

n! inti i í 
for n = 0,1,2,.... The Taylor series about z for f 


is therefore 
1 


for |z — i| <1. 


OO 
= > iHz — i)” 
The P term is i?~1(z — i)”. 
Alternatively, we can find the required Taylor 
series by applying a suitable substitution, as 
follows. First we write 
1 1 


LZE 


We wish to express this in the form a/(1 — w), so 


that we can use the formula 
0O 

Š a D aw”, 
n=0 

for a geometric series from Theorem 1.2(a). To do 

this, we multiply the top and bottom of 

1/((z — i) + i) by —i to give 


A= 


for |w| < 1, 


It is now of the required form, with a = —i and 
w = i(z — i). Hence 


co 
z)=-i > w”, 
n=0 


That is, 


a 


which is equivalent to the answer obtained earlier. 


for |w| < 1. 


z— i) for |z — i| < 1, 
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Solution to Exercise 3.4 


Suppose that f is an odd function. Choose 
w € f(A). Then w = f(z), for some element z 
of A. Since f is an odd function, we see that 


f2) =-f®) =- 


Thus —w € f(A). Applying f~! to each side of the 
equation —w = f(—z), we obtain 


Fw) = f"(f(-2)) = fw), 


since z = f~!(w). Hence f~! is an odd function. 


—_— 


Solution to Exercise 3.5 


Here the Taylor series is the binomial series with 
a = i, that is, 


asa =i (let (32 (jet, 


for |z| < 1, where 
M a +1) 
nj n! l 


The Taylor series is therefore 


2! 3! 
© Lite. BEE 2 
=1 = = ku 
Pese eh e 


for |z| < 1. 


Solution to Exercise 3.6 


(a) Since the function f(z) = sinh 2z is entire, the 
Taylor series about 0 for f converges to f(z) for 
each z € C. Now 


f(z = = sinh 2z, so f(0)=0, 

f(z) =2cosh2z, so f™(0)= 2, 

f(z) =4sinh2z, so f®(0)=0, 

f(z) =8cosh2z, so f®©)(0)= 8, 

f(z) =16sinh2z, so f“(0)=0 
In general, 

f?™ (0) =0, for n= 0,1, Qe cus 

fD (0) = 27"! forn =1,2,.... 
So sinh 2z is equal to 

5 823 3275 g2n—1,2n—-1 n 

Ea A e ' 

for z € C. 


Solutions to exercises 


(Here we have followed the usual convention of gives the Taylor series about 7/4 for f(z) = e" 
giving a general term that ignores zero terms.) obtained earlier. 
Alternatively, we can use the basic Taylor series r r 
Solution to Exercise 4.1 
; 3 w went 
aml ee a Cee 9 (a) We know that 
2 3 
for w € C. Substituting w = 2z gives the Taylor Log(1 +z) =z- ae ieee , for |z| <1, 
series about 0 for f(z) = sinh 2z obtained earlier. 1 2 2 3 3 
(1-2) =l4+z42%42°4+---, forj|z|<1. 
(b) We know that So, by the Combination Rules, 
3 5 _1)n-1,2n-1 = I2 TAa 
o= ai l 5 a due, cae aT ae + (34+ 5)24+-°: 
! ! n-— 1)! 
i =3+4z +52 + =z +., for|z|<1. 
for z € C. Multiplying both sides of this equation 2 3 
by z, we obtain (b) We know that 
4 6 n—1,2n 2 æ z 
eo. oe Ge a oe 9 ie = = dicta’. Ec 
ZSsInz=z 31 Br eye sin z = ial 31 TH 7a 3 or z 5 
go ge gf 
for z € C. cosz= 1 zi a arts for z E C. 
(c) Since the function f(z) = e’* is entire, the So, by the Combination Rules, 
Taylor series about 7/4 for f converges for 2 g2 ne æ z 
all z € C. Now Ste oat Pa a gh met 
f(z) _ ef, so f (1/4) Z eit /4 for z E C. 
f(z) =i, so f(a/4) = iet, s ‘ 
fO2(2) = Pe, 50 oG- _; 2eir/4 Solution to Exercise 4.2 
FOl) = Be, so fO(r/4)=i 3ein/4 (a) We know that 
(4)(z) = ife, so fea m/4) = itet, 2 3 
me) mn) eslte+ State , for zéEC, 
In general, i 
E- 
D (r/4) = Pett = i" (1 i) / V2, sINZ=2— n t for z E€ C. 
for n = 0,1,2,.... So Applying the Product Rule, and ignoring powers 


j EN (z — 7/4)? higher than z3, we obtain 


ves wee ee 


n! 2 1 3 
= = — — — 

for 2 € C. i +( ata) i 
Alternatively, observe that E a jist, treed, 

f(z) = et? — et 27/4) +in/4 = et 7/4 i(2=7/4), 3 

(b) We know that 
We know that z2 oA 
2 3 f osz= l= ea te for z €C, 
w=l4 eee i Bigg gee ree 2! 4! 
ae al sont? es 
Log(l+z)=z-—+—--::-, for |z|<1 

for w € C. Substituting w = i(z — 7/4) and then 2 3 


multiplying the resulting power series by 
eira lti 
V2 
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Applying the Product Rule, and ignoring powers That theorem tells us that 


. 3 p 
Dn au ae i ; a+ujr=14 (1) w+ (3) Dipan, 
z z 
2! 2 3 for |w| < 1. Substituting w = z — 1, we obtain 
2 
_ á 1 _1\3 e =14 (2) z—1 +(3) yo) g 
-2-54 (3-5) te ile-i] ei 
2 3 _ a(a—1) 2 
Ea FF 4en, for |z| < 1. =1+a(z—1)+ 2 (z-1) Peery 


for |z- 1| <1. 


Solution to Exercise 4.3 (d) Our strategy is to make a substitution that 


(a) Using Theorem 3.3 on binomial series, we have allows us to find the required Taylor series from 


1 iis the known Taylor series 
1 -1/2 —1— E aie 
pea 2era aa" w w wt 
1135, Log (La) St tg 
4 13g ins e for |w| < 1. To do this, we write 
STM t a gy age T? h(a) = Log(1 + z) = Log(3 + (2 — 2)) 
for |w| < 1. Substituting w = —z?, we see that = Log (3(1+ $(z — 2))). 
(1-2)? 21412 pE e R ie, Now let w = $(z — 2), so h(z) = Log(3(1 + w)). 
2 2-4 2d If |w| < 1, then the complex numbers 3 and 1 + w 
for |z| < 1. both lie in the right half-plane, so we can use the 
(b) We begin by writing Multiplication Logarithmic Identity 


(Theorem 5.1(a) of Unit A2) to see that 
Log(1 + z) = Log3 + Log(1 + w) 
= log3+ Log(1 + w). 


h(z) = cosh z = cosh((z — im/2) + im/2). 
Now let w = z — in /2. Then 
cosh z = cosh(w + im/2) 


Hence 
= cosh w cosh (ir /2) + sinh w sinh(ir/2) i i w? w3 wt 
= cosh w cos(7/2) + i sinh w sin(r/2) a ee oe a i 
= isinh w. for |w| < 1. On substituting w = $(z — 2), w 
The Taylor series about 0 for sinh is obtain 5 
(z-2) (z-2) 
ws ae Log(1 + z) = log 3 + S o 
sinhu= wt p , forweC, 3 2x3 
3! OB! (z-2)% (z-2)4 
a 3x33 4x34 
coes i cinio =i iw? 4 iw? abs This series converges when |3 (2 — 2)| < 1, that is, 
3! 5! ? when |z — 2| < 3. 
for w € C. By substituting w = z — in /2 into this i 
power series, we see that cosh z is equal to Solution to Exercise 4.4 
i(z — im /2) + i(z — in/2)° 4 i(z — in/2)° oer We know that, for z,w € C, 
3! 5! i 2 owt ub 
for z €C. expw=1+w+ -5 atatgqtat 
(c) We begin by writing 3 i 
ae Se a 3 
h(z) = 2% = (1 + (z — 1))*, Bo m 


so that h(z) is expressed in a suitable form to 
apply Theorem 3.3 on binomial series. 
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Let w = sin z. Since sin 0 = 0, and the Taylor 
series for sin and exp are both about 0, we can 
apply the Composition Rule to obtain the Taylor 
series about 0 for h. We see that e%? is equal to 


2 æ 1 2 f 


for |z| < r, where r is some positive number. 


(In fact, since h is entire, this representation is 
valid for all z € C.) 


Solution to Exercise 4.5 
First note that 


1 
eee cosz l- (1 — cos z) = 9(F(2)). 
We know that 
2 4 6 
z z ž 
eee | oa for z € C, 
so 
2 4 6 
z z ź 
1—cosz= T “ao for z E€ C. 


The Taylor series about 0 for g is a geometric 
series given by 
1 
1l-—w 
Let w = 1 — cos z. Since f(0) = 1 — cos0 = 0, and 
the Taylor series for f and g are both about 0, we 


can apply the Composition Rule to obtain the 
Taylor series about 0 for h(z) = g(f(z)). 


=1+w+w Hw H, 


for |w| < 1. 


Solutions to exercises 


We see that 


1 1 1 
-1+5 + (ita) 


at da 
1 2 1. 

+ \ 67 ara? arora * 7 
1, 5 61 

E ee eee 


for |z| < r, where r is some positive number. 


Remark: This same Taylor series could have been 
obtained by applying the Composition Rule to the 
Taylor series about 0 for f(z) = cos z and the 
Taylor series about 1 for g(w) = 1/w. This is 
because, for these functions f and g, we have 


g(f(z)) = 1/ cos z = sec z, 
and f(0) = cos 0 = 1. The calculations involved are 
similar, but complicated slightly by the fact that 


we would need to find the Taylor series for g 
about 1 rather than about 0. 


Solution to Exercise 4.0 


The domain of the function h(z) = sin™! z is 


C -— {x : x E€ R, |z| > 1}, 


which contains the unit disc {2 : |z| < 1}. And we 
are given that h is a primitive of 


o= (0-7 


(on its domain, and hence on the unit disc). 
Furthermore, we know from Exercise 4.3(a) that 
1 1-3 
ae eee 4 
(1 — 2*) +5% taa 2ds 
for |z| < 1. So, by the Integration Rule, we have 
P 1-32 1-3-52" A 
23 2-45 2-4-67 i 
for |z| < 1, where the constant of integration is 
zero because sin~! 0 = 0. 
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Solution to Exercise 4.7 


(a) Using Theorem 3.3 on binomial series with 


a = 4, we obtain 
1 1 1 1 
1/2 _ + d l2 
(1+2) =14+ 5% oo 
11133, 
31°2°2°2° 
1 1 1 
244. oP 
roc ti i 
for |z| < 1. 


(b) Using the result of part (a) twice, once as 
given and once with z replaced by —z, we see from 
the Combination Rules that 


(ay? (ey 


i 1 1 
=] = seer a. 
Toe ae 0 ae 
1o 1 1 
Poe A a gO rece 
( 2° 3” ~ 16% ) 
1 3 


for |z| < 1. 
(c) For |z| < 1, we see that 1 — z, 1 + z and 
(1+ z)~? lie in the right half-plane {z : Rez > 0}. 
Hence, by the Logarithmic Identities (Theorem 5.1 
of Unit A2), 

1l-—z 1 


= Log(1 — z) — Log(1+ z) 


2 
=g 8 sk 
Z=- 5# ; 


for |z| < 1. 


(d) On replacing z by z? in the Taylor series for 
cos, we obtain 


2)2 (2M4 
2 cos?) = 2 (1 a i cy e) 


= 2 SSS ee 


for z € C. 
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(e) By the Product Rule, 


ta eos gh= (-- - 2 ==) 


iL, &: vy 
a ee) e 


for z € C. 
Alternatively, 


1 
(sin z)(cos z) = 5 sin 2z 


z 5 (2 ee, :) 


2 3! 5! 
2 
=z T E : 
3 15 
for z€ C. 
(£) We have 
2 4 6 
Z 2 z 
Ga a a for z € C, 
—1)2 = 1)3 
Log w = (w — 1) o ) To ) 


for |w —1| < 1, 
by Example 3.4. Since cosh 0 = 1, we can apply 
the Composition Rule to find r > 0 such that 


a 
Log(cosh z) = Log(1 a Re fee ) 


z2 zí 76 


for |z| <r. 


Alternatively, substitute iz for z in the Taylor 
series about 0 for Log(cos z) obtained in 
Example 4.6. 


(g) Since tanh z = g’(z), for |z| < r, where 
g(z) = Log(cosh z) and r is the same as in part (f), 
it follows, from the Differentiation Rule applied to 
the series in part (f), that the Taylor series about 0 
for tanh is 

2 5 


1. 
tanh z = z — 12 + — 2 aoe, 
anh z Zz 37 t i5? 


Remark: The domain of tanh is 

C- {(n+ 5) Ti INE Z}, as we saw in 
Subsection 4.3 of Unit A2. The function tanh is 
analytic on its domain, so it is analytic on the 
open disc {z : |z| < 7/2}. But it is unbounded on 
this disc, because it ‘blows up’ at the point ir /2. 
Hence the radius of convergence of the Taylor 
series about 0 for tanh is 7/2, by Theorem 4.4. 


for |z| <r. 


Solution to Exercise 5.1 


(a) Since f(z) = z3(z — 1)t(z + 2) = 0 when z 
is 0, 1 or —2, these are the three zeros of f. Now 


f(z) = 2°g(2), 


where g(z) = (z — 1)4(z + 2) is analytic and 
non-zero at 0. So f has a zero of order 3 at 0. 
Similarly, f has a zero of order 4 at 1, and a simple 
zero at —2. 


(b) Here f has only a single zero, at 3. Now 
f(z) = (2—3)g9), 


where g(z) = 1/(z+ 2) is analytic and non-zero 
at 3. So f has a simple zero at 3. 
(c) Observe that 
2° +9) 
f(e) = St 
(22 + 4)e 


Since f(z) = 0 when z is 3i or —3i, these are the 
two zeros of f. Now 


f(z) = (2 = 3i)°g(2), 


where g(z) = (z + 3i)3e77 / (z? + 4) is analytic and 
non-zero at 3i. So f has a zero of order 3 at 3i. 
Similarly, f has a zero of order 3 at —3i. 


(z — 3i)’ (z + 3i)’ 
(z2 + A)e? 


Solutions to exercises 


Solution to Exercise 5.2 


(a) Although we can factor out 24, that still leaves 
sin 2z, which is zero at 0. So, using the Taylor 
series about 0 for sin, we obtain 


f(z) = 24 sin2z 


=y (2: aE E ) 


23 25 
E E ec 
=#(2 312 +e ) 


for z € C, 


5 


which is analytic and non-zero at 0. Thus f has a 
zero of order 5 at 0. 


(b) Although we can factor out 2?, that still leaves 
cos z — 1, which is zero at 0. So, using the Taylor 
series about 0 for cos, we obtain 


f(z) = z2 (cosz — 1) 


4 


= z*g(z), forze€cC, 
where 
o= loz 3 
= a a , 


which is analytic and non-zero at 0. Thus f has a 
zero of order 4 at 0. 


(c) To find the order of the zero at 0, we use the 
Taylor series about 0 for sin to obtain 
f(z) = 6sin(2?) + 2° (24 — 6) 


1 for z € C, 
where 
= 6 4 
gz) = 57 7? + , 


which is analytic and non-zero at 0. Thus f has a 
zero of order 10 at 0. 
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Solution to Exercise 5.3 Solution to Exercise 5.6 


Since f and g are represented by the same Taylor (a) The function f(z) = z?(z? + 4)? can be 
series on D, it follows that f(z) = g(z) for all written as 

z € D. Also, D has a limit point in R; indeed 2 a «a 

every point of D is such a point. The conditions of Pe yay ay 

the Uniqueness Theorem are therefore satisfied, So f has a zero of order 2 at 0, and zeros of order 3 
so f agrees with g on R. at —2i and 2i. 


(b) The function f(z) = zsin z has zeros at kr, 
for k € Z. 


The Taylor series about 0 for f is 


Solution to Exercise 5.4 


By the Uniqueness Theorem, f = g provided that 
f and g agree on a set S with a limit point (in C). 


3 
z 
(a) This condition is sufficient since S has a limit fl) = e(z ~ 3 eS :) 
point (for example, 2). z2 
— 52 ee 
(b) Here S = N has no limit points, so the =e (1 a) + ), rete 
condition may not be sufficient. In fact, the So f has a zero of order 2 at 0. 


analytic functions f(z) = sin mz and g(z) = 0 agree 
on N but are not equal, so the condition is not 
sufficient. 


The Taylor series about kr for f, 
where k € Z — {0}, is 


fla) = zsinz 


= z(—1)* sin(z — kr) 
z — kr)? 
= A-1}*( _ kr) = Gains Jri -) 


On kn)e(-1)*(1 _ aka)" ), 


(c) In this case S has limit point 0, so the 
condition is sufficient. 


Solution to Exercise 5.5 


Let g(z) = 2”. Then the entire functions f and g 
agree on the set S = {i/n:n=1,2,...} because, 
for n = 1,2,..., we have 


g(i/n) = (i/n)? = -1/n? = f(i/n). 


Since S has limit point 0 € C, we deduce, by the 
Uniqueness Theorem, that f agrees with g 
throughout C. Hence f(z) = 2°, for z € C. 


3! 
for z € C. So f has a zero of order 1 at kr, for 
keZ- {0}. 
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Laurent series 


Introduction 


In Unit B3 you learned that a function f that is analytic at a point a can 
be represented by a Taylor series 
2 


f(z) = ao + a1(z—@) + a2(z-—a)*+---, for |z-—al <r, 


where r is some positive number. For example, if f(z) = sin z and a = 0, 
then 


sin z = z ar T +, forzeEC. 


If, however, the function f is not analytic at the point a, then it is not 
possible to represent f by a Taylor series about a. Nonetheless, as we will 
see, provided that f is analytic on some punctured open disc 


{z:0<|z-a| <r}, 
as illustrated in Figure 0.1, it is still possible to represent f by a series, 
although we will need to allow negative powers of z. For example, if 
sin z 


Jes a and a=0O, 


then f is not analytic at 0, but it is analytic on any punctured open disc 
with centre 0, and can be represented by the series 


singz 1 oe a 
oS Bo ag on a 


1 1 - 


We say that this function f has an isolated singularity at 0. 


An extended power series like this series for (sin z)/z*, with negative 


powers of z, is called a Laurent series. Sometimes we need to allow 
infinitely many negative powers of z. For example, 
1 1 1 
=- i ---, for zeC- {0}. 
This unit is about isolated singularities and Laurent series, and how they 
relate to each other. 


fi 1 1 ni D? 
1n — — — — ms —_ — —e)oe 
i Žž z 3! z SIZ 

z o 3l2 5l25 


In Section 1 we discuss isolated singularities and describe how to classify 
them into three types: removable singularities, poles and essential 
singularities. 


In Section 2 we state Laurent’s Theorem, which asserts that any function 
that is analytic on a punctured open disc (or on an open annulus) can be 
represented by a Laurent series, and that this representation is unique. We 
then relate Laurent series to singularities. 


In Section 3 we investigate the behaviour of a given function near a 
singularity. This behaviour turns out to be very different for the three 
types of singularity. 


Introduction 


N 
d \ 
/ oe) 
co. 
\ / 
N 7 
a 


Figure 0.1 A punctured open 
disc 
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Finally, in Section 4 we focus our attention on just one of the coefficients 

of the Laurent series, called the residue, and we show how residues can be 
used to help us to evaluate integrals. (This is a theme that we will return 
to in Unit C1.) We conclude with a short revision subsection, designed to 
test your understanding of many of the results in Book B. 


Unit guide 


Sections 1 and 2 are both lengthy, but contain ideas that are crucial to 
your understanding of the rest of the module — namely, classifying 
singularities and calculating Laurent series. You should try to ensure that 
you understand the material in these two sections before proceeding 
further; however, if you are short of time, then you can omit Subsection 2.3 
(which contains a proof of Laurent’s Theorem) on a first reading. 

Section 3 is largely theoretical. You may choose to read the statements of 
the theorems but omit the proofs until later. 


The material in Subsection 4.1 is crucial to Book C and will be reviewed at 
the beginning of Unit C1. The revision exercise in Subsection 4.2 should 
help you to consolidate the techniques from Book B. 


1 Singularities 


After working through this section, you should be able to: 
e explain the term (isolated) singularity 
e explain what is meant by the phrase ‘f(z) > oo as z > a’ 


e classify a given singularity as a removable singularity, a pole or an 
essential singularity 


e describe the behaviour of a given function near a removable singularity 
or a pole. 


1.1 Examples of singularities 


Consider the following three functions: 
z+t COS Z _ (1 
file) = Bed)’ faz) = aaa fs(z) = zsin( +). 
Each function is not analytic at 0, but is analytic at all points near 0; that 


is, each function is analytic on a punctured open disc with centre 0. For 
example: 


fi is not analytic at 0, but is analytic on the punctured open 

disc {z : 0 < |z| < 2} 

f2 is not analytic at 0, but is analytic on the punctured open 

disc {z : 0 < |z| < r} 

fs is not analytic at 0, but is analytic on C — {0}, so it is analytic 
on any punctured open disc centred at 0. 


We say that each of these functions has an isolated singularity at 0. 


1 Singularities 


Note that the function fı also has a singularity at the point 2, since fı is 
not analytic at 2 but is analytic at all points near 2; in particular, it is 
analytic on the punctured open disc {z : 0 < |z — 2| < 2} (see 

Figure 1.1(a)). 


Similarly, the function fə has singularities at all points where sin z = 0, 
namely 0, +7, +27, .... For example, fə is not analytic at 37 but is 
analytic at all points near 37; in particular, it is analytic on the punctured 
open disc {z : 0 < |z — 3z| < m} (see Figure 1.1(b)). 


A A 
oo ON 
7 N 4 \ 
/ \ / \ 
| o } > o o o 4 4 > 
2 / =T 0 T 27\ 37 [4a 
~ 4 \ / 
—_—— N 7 
N 7 
e a 
(a) (b) 


Figure 1.1 The punctured open discs (a) {z : 0 < |z — 2| < 2} and 
(b) {2:0 < |z — 3r| <7} 


We can now give the general definition of an isolated singularity. 


Definition 

A function f has an isolated singularity at the point a if f is 
analytic on a punctured open disc {z : 0 < |z — a| < r}, where r > 0, 
but not at a itself. 


Remarks 


1. Note that the function f may or may not be defined at the point a. If f 
is defined at a, then it is not analytic there; for example, the function 


z, z#0, 
rA pmm 
ma reo 
has an isolated singularity at 0. 


2. We usually drop the word ‘isolated’ and say, simply, that f has a 
singularity at a. Alternatively, we often say ‘a is a singularity of f’. 


Example 1.1 
Locate all the singularities of each of the following functions. 
3z ele 
(a) NOS Eee (b) 2 eons 
Bap ll 
(oI errs 
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Figure 1.2 Punctured open 
discs centred at 1, 2i and —2i 


Figure 1.3 Punctured open 
discs centred at 0 and 2% 
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Solution 
(a) The function 


3z 

ORS pe renmary 
is analytic everywhere except at the zeros of the denominator. 
Thus the only possible singularities are at 1, 2i and —27. Clearly, 
about each of these points we can find a punctured open disc on 
which f is analytic — for example: 

about 1, the punctured disc E 0< l= il 5} 

about 2i, the punctured disc {z : 0 < |z — 2i| < 1} 

about —2i, the punctured disc {z : 0 < |z + 2:| < 1} 
(see Figure 1.2). Hence the singularities of f are at 1, 2i, —2i. 


The function 
el/z 


f2) = Gap 


is analytic everywhere except at 0, where the numerator is 
undefined, and at 2i, where the denominator is zero. Thus the 
only possible singularities are at 0 and 27. Clearly, about each of 
these points we can find a punctured open disc on which f is 
analytic — for example: 

about 0, the punctured disc {z : 0 < |z| < 2} 

about 2i, the punctured disc {z : 0 < |z — 2i| < 1} 
(see Figure 1.3). Hence the singularities of f are at 0, 2i. 


The function 
z+1 
f(z) = 


cos 2z 
is analytic everywhere except when cos 2z = 0, that is, when 
Da = E77 / 2) 3a) 2, om) 2,.... Mra the only possible 
singularities are at t7/4,+37/4,+57/4,.... Clearly, about each 
of these points we can find a punctured open disc (of radius 7/4, 
say) on which f is analytic (see Figure 1.4). 


Figure 1.4 Punctured open discs centred at +7/4,+37/4, +57/4 
Ban Ag =e) Acme 


Hence the singularities of f are at +7/4, 


Note that in Example 1.1 we did not always choose the largest possible 
punctured open disc; any convenient choice will do. 


Exercise 1.1 


Locate the singularities of each of the following functions. 


z+2i 3z—i , 1 
(a) f(z) = (2 —3)(22 +1) (b) f(z) = z3 sin( z) 
E e 


Great care must be taken when identifying singularities. Consider the 
function 


At first sight, it might seem that f has a singularity at 0. However, 
remember that we are using ‘singularity’ to mean ‘isolated singularity’, and 
the function z —> yZ fails to be analytic at each point of the negative real 
axis (see Example 1.4 of Unit A4). Thus there is no punctured open disc 
centred at 0 on which f is analytic, so f does not have a singularity at 0. 


Exercise 1.2 


Consider the function 


1 
f(@) = sin(1/z) 
Show that f has singularities at the points 
1 1 1 


p] | Df ete 
TmT WwW 37 


Explain why 0 is not a singularity of f. 


1.2 Functions tending to infinity 


In the next subsection we will describe the various types of singularity. To 
do this, we need the concept of a complex function tending to infinity. 


Consider the function 


which has a singularity at 0. If (zn) is any sequence of non-zero complex 


numbers that tends to 0, then 22 + 0 as n — oo. Hence, by the Reciprocal 
Rule, 


-z © œ as n —> 00; 
Zn 
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that is, 
f(Zn) > œ as n > oo. 

This behaviour of f can be expressed as 
f(z) > œ as z > 0. 


More generally, we have the following definition. 


Definition 
Let f be a function with domain A, and suppose that a is a limit 
point of A. 


The function f tends to infinity as z tends to a if, for each 
sequence (zn) in A — {a} such that zn > a, we have f(zn) > oo. 


We write 


f(z) 9 was z > a. 


Observe that we usually avoid writing 
lim f(z) = œ, 
Za 
because this might suggest that co is a complex number, although you may 
see this notation used in other texts. 
The related concept 
f(z) > Basz—a, 


where a, 8 € C, was introduced in Section 3 of Unit A3. There we gave an 
alternative definition of the limiting process using ¢-6 notation. In a 
similar way, the limiting process 


f(z) > œ as z > a, 


which we have defined using sequences, has the following equivalent 
definition. 


Definition 

Let f be a function with domain A, and suppose that œ is a limit 
point of A. 

The function f tends to infinity as z tends to a if, for 

each M > 0, there is a ô > 0 such that 


|f(z)| > M, forall z € A with 0 < |z-a| < ô. 


As with sequences, there is a version of the Reciprocal Rule that relates 
the behaviour of functions that tend to infinity to that of functions that 
tend to 0. You are asked to prove the rule in Exercise 1.4. 
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For example, taking f(z) = 1/22, we have 
1 
f(z) = -z> asz 40 
because 0 is a limit point of the domain C — {0} of f, and 
1 
lim —— = lim 2? = 0. 
230 f(z) 240 


The next exercise gives you practice at applying the Reciprocal Rule. For 
part (b), you will find it helpful to use the following limit. 


This result can be proved by using the fact that the derivative of sin is cos 
(established in Subsection 3.1 of Unit A4), so 


. inz . sinz—sin0 
lim — = lim ————— = cos0 = 1. 
z>0 z 20 z—-0 


This limit will be used many times in this unit. 


Use the Reciprocal Rule to prove that 


1 . 
(a) -> œasz >i 


2= 3 
(b) TZ > 0 as 2 40 

zZ 

z+t : 
(c) Gap ees 
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Exercise 1.4 


Prove the Reciprocal Rule for functions. 


You may assume the Reciprocal Rule for sequences (Theorem 1.5 of 
Unit A3). 


1.3 Classifying singularities 


In this subsection we will classify singularities into three types: removable 
singularities, poles and essential singularities. Of these, poles will be the 
most important for our later work, and we will see how to classify them 
further as poles of order 1 (simple poles), poles of order 2, and so on. 


We also state some observations about the behaviour of a function near a 
removable singularity and near a pole. Proofs of these observations will be 
given in Section 3, as parts of the proofs of more general results. 
To begin our classification, let us consider the function 

sin Z 


f(z) = 


zZ 


which is analytic on C — {0}. However, it is not defined at 0, so it has a 
singularity at 0. The Taylor series about 0 for sin is 


; 2 z 
ne = prp eS for z E C. 
If z £0, then we can divide both sides of this equation by z to obtain 
. 2 4 
sin z z z 


This power series also converges when z = 0 (to the number 1), so we can 
define a new function g by 


z2 gf 


ga =l- ta for z € C. 
The new function g is equal to f on C — {0}, but, unlike f, it is also 
defined at z = 0, with value g(0) = 1. What is more, g is analytic at 0 


because it is defined by a convergent power series. 


Observe that the value of g at 0 can be written in terms of f as 
lim f(2) = lim g(2) = g(0) = 1, 
z—0 z—0 


where we have used the property that g is analytic, and hence continuous, 
at 0. In fact, lim f(z) = 1 is just another way of writing the limit 
z= 


z=>0 Z 


which we obtained in the previous subsection by using the derivative of 
sin at 0. 


In a sense we have ‘removed’ the singularity of f at 0 by extending the 
definition of f to a function that has value lim f(z) at 0. For this reason, f 
z= 


is said to have a removable singularity at 0. 


More generally, we make the following definitions. 


Definitions 
Let f be a function that has a singularity at the point a. 


Then f has a removable singularity at a if there is a function g 
that is analytic on an open disc {z : |z — a| < r} such that 


=gh for 0=)|2 —al=< @ 


The function g is called an analytic extension of f to 
izale =a <r}. 


Notice that in the circumstances described by the definition of a removable 
singularity, we have 
lim f(z) = lim g(z) = g(a), 


since g is analytic, and hence continuous, at œ. We highlight this 
observation below, for later use. In fact, it is one part of a more general 
result, Theorem 3.1, which we will meet in Section 3. 


Observation 
Let f be a function that has a removable singularity at the point a. 


Then lim f(z) exists. 


A consequence of this observation is that if lim f(z) does not exist, then f 
zQ 
does not have a removable singularity at a. 


Later on we will often denote an analytic extension by the same letter as 
the original function, writing f for both functions rather than using g 
and f. For the time being, however, we will distinguish the two functions 
by different letters. 


Example 1.2 


Locate the removable singularities of the function 


Solution 


The function f has singularities at —i and i (when z? + 1 = 0) and it 
is analytic on C — {—i, i}. 
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Let us consider the singularity at —7 first. Since 
A P= Ea —2), 


we can write 


Ze aTr? 1 
A = = Se fi eéC= —1,t}. 
i) E = ee or Zz {-i, i} 
Now, we can define an analytic function 
a il : 
- oN a CEC- 0), 
A N Ze. 
T y í This function is analytic on the disc 
EE {z:|z+4] <2} = e e= < 2} 
/ 
x y illustrated in Figure 1.5. Furthermore, 
N 7 
= PA =9@), tor 0 < |z-F4) < 2; 
Figure 1.5 The disc so g is an analytic extension of f to {z:|z+7| < 2}. Hence f has a 
{z:|z+4| < 2} removable singularity at —7. 


Next, observe that 


1 
fe) = > œas z > i, 


Z= 


by Exercise 1.3(a). Hence f does not have a removable singularity 
at 2. 


Locate the removable singularities of each of the following functions. 
sin? z z? +3iz—2 


(a) f(2)= z (b) f(z) = 3zcotz (c) f(z) = Ad 


(Hint: For part (b), consider the singularity z = 0 separately from other 
singularities.) 


Let us move on to consider another type of singularity, which we explain 
using the function 


sin Z 


f= (eC - {0}). 


This function has a singularity at 0, because it is analytic on any punctured 
open disc centred at 0. Now, earlier we saw that the entire function 


satisfies g(z) = (sin z)/z, for z # 0. It follows that we can write 


f= keco. 


Since g(0) = 1, we can see that, informally speaking, f(z) behaves in the 
same way as 1/z as z tends to 0. In particular, 


f(z) 9 œ as z > 0. 


Thus f does not have a removable singularity at 0; instead it is said to 
have a simple pole at 0. 


Let f be a function that has a singularity at the point a. 


Then f has a simple pole at a if there is a function g that is analytic 
on an open disc {z : |z — a| < r} such that g(a) # 0 and 
g(2) 


e= , for0<|z-al <r. 
z—a 


The expression f(z) behaves in the same way as g(a)/(z — a) as z tends 
to a. In particular, 


f(z) > was z > a. 


However, if we multiply f(z) by (z — a) to obtain (z — a) f(z) = g(z), then 
in a sense we ‘cancel’ the simple pole at a, and 


lim (2 — a) f(2) = lim g(2) = g(a). 


These remarks are summarised in the observation below, which is a special 
case of Theorem 3.2, to come later. 


Let f be a function that has a simple pole at the point a. Then 
(a) f(z)=> œasz >a 


(b) lim (z — aœ) f(z) exists and is non-zero. 


The next example returns to the function of Example 1.2. 


Example 1.3 


Locate the simple poles of the function 
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For the function f in Example 1.3, we have observed already (at the end of 
Example 1.2) that f(z) — co as z > i. In addition, 


lim (2 — )f(2) = 1. 


Therefore assertions (a) and (b) of the observation preceding Example 1.3 
are both satisfied, as expected. 


Locate the simple poles of each of the following functions. 


@ (=== oo% © t= 
(Hint: For part (c), note that 
oe ay 
Tey) = sin(z — kr)’ for k € Z, 


since sin(z — kr) = sin z cos kr — cos z sin kr = (—1)* sin z.) 


Another way of describing a simple pole is to call it a pole of order 1. Let 
us now define poles in greater generality, motivating this generalisation by 
considering the function 


sin z 
F(z) = ge (z ec {O}), 
which has a singularity at 0. We can write 


= 92 eco), 


where g is the entire function 


ga) =1l- ara (z EC). 


Then f(z) > oo as z > 0, and, since g(0) = 1, we see that f(z) behaves in 
the same way as 1/z? as z tends to 0. In these circumstances, f is said to 
have a pole of order 2 at 0. 


The general definition of a pole follows. 


Let f be a function that has a singularity at the point a. 


Then f has a pole of order k at a if there is a function g that is 
analytic on an open disc {z : |z — a| < r} such that g(a) #0 and 


e= E. for 0 < |z -a| <r. 
Since 
lim (z — a)! f(z) = lim g(z) = g(a), 


we can make the following observation about poles of order k (which is a 
special case of Theorem 3.2, to come later). 


Let f be a function that has a pole of order k at the point a. Then 
(a) f(z) > œasz >a 


(b) lim (z — a) f(z) exists and is non-zero. 


The next example is about classifying poles. 


Example 1.4 


Locate the poles of the function 


z+í 
DO Gaya 


and find their orders. 


Solution 

The function f has singularities at —i and i (when z? + 1 = 0), and it 
is analytic on C — {—i, i}. 

Observe that z2 + 1 = (z + i)(z — i), so we can write 


f(2) = : 


EE for z € C — {—i, i}. 
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First we classify the singularity at —i. Let 


1 i 
ge) = C08 (e € C— {i}). 


Then g is analytic on the disc {z : |z + i| < 2} (with centre —i and 
radius 2) and 


A Hi for 0 < |z +iļ| < 2. 
Since g(—i) # 0, we see that f has a pole of order 2 at —i. 


Next we classify the singularity at 7. This time, we define 


il : 
g(z) = EEF (2 E C= {= 


This function g is analytic on the disc {z : |z — i| < 2} and 


f= 


T=). 


Since g(i) # 0, we see that f has a pole of order 3 at i. 


for 0 < |z—1| < 2. 


Exercise 1.7 


Locate the poles of each of the following functions, and find their orders. 


a (=a OOs 


We come now to our final type of singularity, which we explain by 
considering the function 


f(z) =sin(1/z) (ze C- {0}). 


To explore the behaviour of this function near 0, recall once more that the 
Taylor series about 0 for sin is 


z3 z5 


sng=z- z tT for z E€ C. 
Substituting 1/z for z, we obtain 
1 1 1 


The form of this series suggests that f has neither a removable singularity 
nor a pole at 0. This suggestion is supported by the graph of y = sin(1/z) 
for non-zero real values of x, shown in Figure 1.6. 


aS = y = sin(1/x) 


Figure 1.6 Graph of y = sin(1/z) 


The graph oscillates infinitely often near the origin, which indicates 
that f(z) does not tend to a limit or to oo as z tends to 0. In fact, we can 
prove this by looking at the sequence 


2 
(2n + 1)r’ 


which tends to 0 as n tends to oo. Observe that 


f (Zn) = sin(1/zn) = sin((n + 1/2)r) = (-1)",_ n=0,1,2,.... 


n=0,1,2,..., 


Zn = 


Therefore the sequence (f(zn)) does not tend to a finite limit or to œ as n 
tends to oo, which implies that f has neither a removable singularity nor a 
pole at 0. In this case we say that f has an essential singularity at 0. 


Definition 
Let f be a function that has a singularity at the point a. 


Then f has an essential singularity at a if the singularity at a is 
neither a removable singularity nor a pole. 


We have seen that if f has a removable singularity at a, then f(z) tends to 
a non-zero limit as z > a, and if f has a pole at a, then f(z) tends to co 
as z > a. This gives us the following theorem for identifying essential 
singularities. 


Theorem 1.2 


Let f be a function that has a singularity at the point a. If f(z) does 
not tend to a finite limit or to co as z tends to a, then f has an 
essential singularity at a. 


The next exercise gives you practice at recognising essential singularities. 
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Exercise 1.8 


Locate the essential singularities (if any) of each of the following functions. 
1 
ce b = el/z 
oy =e 
zZ+t 
— z(22 + 2¢z —1) 


In Sections 2 and 3 we obtain alternative ways of classifying the three 
types of singularities. 


Further exercises 


Exercise 1.9 


Locate the singularities of each of the following functions, and classify each 
singularity as a removable singularity, a pole (stating its order) or an 
essential singularity. 

1 z? 41 _ sinh z 


(a) La = (b) MS am (c) f(z) = -4 
(a) f(2)=simh= e) a O en 
(8) fe) =cotz W) fe) =-= 


(Hint: For part (d), use isinh z = sin(iz) and the earlier discussion 
of f(z) = sin(1/z). For part (h), use e? = e*—?*"™, for k € Z.) 


2 Laurent’s Theorem 


After working through this section, you should be able to: 


e explain what is meant by the terms ertended power series, analytic part, 
singular part and Laurent series 


e understand the statement of Laurent’s Theorem 


e calculate the Laurent series of a given function that is analytic on an 
open annulus 


e distinguish between the Laurent series about a removable singularity, a 
pole and an essential singularity. 


2.1 Statement of Laurent’s Theorem 


Consider the functions 
sin z 


f(y = "32 and fale) =sin(4), 


which you met in Subsection 1.3. You saw in that subsection that fı and fo 
can be represented by series involving negative powers of z, as follows: 


1 1 z2 zt 


nosz 31 Br mt for z € C — {0}, 
which involves only one negative power of z (namely z~?), and 
1 1 1 
fo(z) = =- = + --», forzeC-{0}, 


z 3l 5 
which involves infinitely many negative powers (27t, 273, 275,...). 


Because of the presence of negative powers of z, these series are not 
ordinary power series; instead we refer to them as extended power series. 


Definitions 


Let z € C. An expression of the form 


[o.e) 


` tn (2 — a)" =t HT g tao tale a) , 


where a € C and an €E C, for n € Z, is called an extended power 
series about a. 


n=— CoO 


For a given z, the extended power series converges if the series 


S an(z — a)” = a9 + ar(z a) + a(z a)? Loos 


n=O) 


and 
Z a a 
ťa =— +—— + 
n=l 


both converge. 


These two series are called the analytic part and singular part of 
the extended power series, respectively. 


At a point z for which the extended power series converges, we can form 
the sum of the extended power series at z by adding the sums of the 
analytic and singular parts: 


co 


`> an(z — a)" = San? —a)’+ X anl —a)”. 
n=0 n=1 


n=— Co 


Returning to the examples from earlier in the subsection, we see that the 
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series arising from the function f(z) = (sin z)/z° has analytic part 


and singular part 1/z?. Also, the series arising from the function 
fo(z) = sin(1/z) has analytic part 0 and singular part 
1 1 1 
z 32 Sð 
It is usual to write an extended power series that has only negative powers, 
like this one, in decreasing order of powers, as we have done here. 


Notice that any ordinary power series is an extended power series with 
singular part 0. 


We can define the sum function of an extended power series in the same 
way that we defined the sum function of a power series. That is, we let 


A= f: ; 5, An(z — a)” converges}, 


n=— oo 


and define the sum function of the extended power series to be the 
function 


oO 


{Z)= Se Gn(z—a)” (z€ A). 


n=— oo 


Exercise 2.1 


Express each of the following functions as an extended power series 
about 0, and identify the analytic and singular parts. 


Wia- Oases s 


Next we investigate where extended power series converge. The key to this 
is to look separately at the analytic and singular parts. The analytic part 
converges (and defines an analytic function) on its disc of convergence 


{z: |z -a| < s}. 


The singular part, which we assume here to be non-zero, can be thought of 
as an ordinary power series composed with (z — œa)™t, so it converges when 


Jz—al* =a T, 
for some number s’. Let r = 1/s’. Then 
z-a <s’ => |z-al>r, 


so the singular part converges (and defines an analytic function, by the 
Chain Rule) on 


{z: |z- a| >r}. 


Thus both the analytic part and the singular part converge (and define 
analytic functions) on the intersection 
A={z:|z-al<s}n{z:|z-—a]>r} 
={2:r< |z—al < s}. 
This set may take any one of the following forms: 


i) an open annulus (0<r<s< o0) 


ii) a punctured open dise (r= 0, s< oo) 
(r=0; s =00) 


iv) the outside of a closed disc 


( 

( 

(iii) a punctured plane 
( (0 <r < s= o0) 
( 


v) the empty set (r >s). 


Here we write r = 0 when s’ = oo, and the statements s = œ and s’ = oo 
are to be interpreted in the same way as the statement R = co that was 
used in Subsection 2.1 of Unit B3 when discussing the radius of 
convergence of a power series. 

In each case the set A is an open set and is called the annulus of 
convergence of the extended power series. The series converges at all 
points inside A, and it diverges at all points that lie outside A and not on 
the boundary of A, because either the analytic part or the singular part of 
the series diverges at these points. The extended power series may or may 
not converge at points on the boundary of A. 


Some of cases (i) to (v) are illustrated in Example 2.1 and Exercise 2.2. 


Example 2.1 
Find the annulus of convergence of each of the following extended 
power series. 
eae, 
R 2 7 g 2 8 
A n 
(o) ert aca o l e ee 
z z Z 


Solution 
(a) The analytic part is 
E see =1+(é) aj) 4 Ge 
ya g 7 2 2 2 
This series converges when |z/2| < 1, that is, for |z| < 2 
(see Figure 2.1). 


The singular part is 


ipa cles. wa il DY D 
Statt E E S)) dooce , 
Es zZ Z Z E FA 


This series converges when 0 < |1/z| < 1, that is, for |z| > 1 
(see Figure 2.2). 
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Figure 2.1 The open disc 


{z: |z| <2} 
A 
77 ON 
/ 
\ 
\ A 
N p” 


Figure 2.2 The open set 


{z: k| >1} 
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Figure 2.3 The open annulus 
4251 <4 <2} 


Find the annulus of convergence of each of the following extended power 
series. 


1,1 1 
@) bo taa Tga 


1 1 
(b) hehe se pe 


We stated above that the extended power series 


defines an analytic function f on its annulus of convergence 
A={z:r<|z—a| <s}. The next theorem, which is the main result of 
this unit (and is proved in Subsection 2.3), is essentially a converse of this 
remark. Just as an analytic function can be represented by a Taylor series 
on any open disc in its domain, so a function that is analytic on an open 
annulus can be represented by an extended power series called a Laurent 
series (where Laurent is pronounced ‘luh-rawn’, or similar), which 
converges at all points in the annulus. 
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Theorem 2.1 Laurent’s Theorem 


Let f be a function that is analytic on the open annulus 


A= {227 =< |z2—=a|<s}, where) E <5 < co. 


Then 
Ies 2 an(z— a)”, forz€A, 
where 
1 f(z) 
n= — | = dz, f Z, 
a = — dz or nE 


and C is any circle lying in A with centre a. 


Moreover, this representation of f on A as an extended power series 
about & is unique. 


Note the conventional use of ‘s < oo’ in the equation for A, which allows A 
to be, for example, a punctured plane when r = 0 and s = oo (in which 
case, strictly speaking, A is not actually an annulus, because it is not a set 
bounded by two concentric circles). 

It can also be shown, although we do not do so here, that under the 
hypotheses of Laurent’s Theorem, the derivative f’ is 


oO 


f'(z) = > NAn(z — ar, for z € A, 


n=— o0 


obtained by differentiating term by term, as you would expect. 


Definition 
The representation 
co 
i) — ťa an(z— a)”, for z€ A, 
n=—0o 
determined by Laurent’s Theorem is called the Laurent series 
about qa for the function f on the annulus A. 


Later in the module we will often use Laurent series in the case when A is 
a punctured open disc. We refer to such a series as the Laurent series 
about a for the function f (without explicit mention of the set A). 
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Remarks 
1. Notice that the formula 
1 f(z) 
On = 5 [ G aym dz, forneZ, (2.1) 


for the coefficients of the Laurent series about œ is the same as that for 
the coefficients of the Taylor series about a, when n is non-negative (see 
the remark after the definition of Taylor series in Subsection 3.1 of 
Unit B3). Here, the formula is equally valid for negative values of n. 


For Taylor series, we also have 
an = flan, forn =0,1,2,..., 


but for Laurent series, we cannot always write an in this way since f 
may not be differentiable at a. 


2. The uniqueness statement in Laurent’s Theorem is important. It 
implies that any given representation of an analytic function f on an 
annulus A by an extended power series must be the Laurent series for f 
on A, with coefficients given by equation (2.1). For example, if 
f(z) = (sin z)/23, then 

2 4 
d= x = = He, for z€C-— {0}, 
as we saw at the start of this subsection. This is an extended power 
series about 0 that represents f, so it must be the Laurent series 
about 0 for f. 


3. If f is analytic on the disc {z : |z — a| < r}, then the Laurent series 
about a for f on the punctured disc {z : 0 < |z—a| < r} has the same 


A x. terms as the Taylor series about a for f. 
i ites. AS 4. It is important to note that a Laurent series depends on the annulus A. 
I á \ \ For example, the function 
t > 
oN me fe) = 
\ Sa 7 (z—1)(z-2) 

S Pa is analytic on C — {1,2}, so it is analytic on each of the three sets 

N oa 


127i 4eel<le <2). {21l >32}; 


illustrated in Figure 2.4. The function f has three different Laurent 
series about 0, one on each of these sets. We return to this example in 
Subsection 2.2. 


Figure 2.4 ‘Three sets 
determined by |z| < 1, 
1 < |z| < 2 and |z| > 2 
5. Laurent series may converge at points of the boundary of the annulus of 

convergence or they may not. 


Exercise 2.3 


By using the Taylor series about 0 for the functions exp and sinh, write 
down the Laurent series about 0 for each of the following functions. 
sinh 2z 


(a) f(z)=e"* (b) f(z) = = 
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Remark 


When asked for a Laurent series of a function, you must choose which 
terms of the series to write down in order to clearly represent the series. 
Here we follow the same sorts of conventions that we used for Taylor series 
in the preceding unit: where possible, you should include enough terms to 
make it clear how the sequence of coefficients of the Laurent series 
continues. Unlike Taylor series, Laurent series can have positive and 
negative powers of z, so you may need to judge how many terms to include 
in the analytic and singular parts of the Laurent series, separately. Usually 
it should be clear how to make a sensible choice of which terms to include, 
and the examples in the unit will guide you. 


We conclude this subsection by stating a result that relates the type of 
singularity at a of a function f to the Laurent series about a for f. In 
order to introduce it, we recall three examples from Subsection 1.3. 
The function f(z) = (sin z)/z has a removable singularity at 0; its Laurent 
series about 0 is 
sin z Z z 
=ņ1 31 Bl ---, for zeC-— {0}. 


The function f(z) = (sin z)/z3 has a pole of order 2 at 0; its Laurent series 
about 0 is 


sin Z 1 i 2 

z3 Sa 3g 5 for z € C — {0}. 

The function f(z) = sin(1/z) has an essential singularity at 0; its Laurent 
series about 0) is 


. {1 1 1 1 
sin(4)=4- Se for z € C — {0}. 


These three functions illustrate the three parts of the following theorem, 
which is proved in Subsection 2.3. 


Theorem 2.2 


Let f be a function that has a singularity at the point a, and suppose 
that the Laurent series about a for f is 


co 


re > an(z — a)”. 


Then 

(a) f has a removable singularity at a if and only if 
Ta = 0 for all n < 0 

(b) f has a pole of order k € N at a if and only if 
Q #0 and ay = 0 for all n < —k 

(c) f has an essential singularity at a if and only if 
an # 0 for infinitely many n < 0. 
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Karl Theodor Wilhelm 
Weierstrass 
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Some texts use the classification (a)—(c) of singularities to define the three 
types of singularities. 


Proving that a function f has an essential singularity at a point by using 
Theorem 2.2(c) involves less work than by using Theorem 1.2. For 
example, consider the function f(z) = e!/%. The Laurent series about 0 
for f is 
if 1 1 1 

È / = + p + a2 + 3133 
which has infinitely many non-zero coefficients in its singular part. Hence, 
by Theorem 2.2(c), f has an essential singularity at 0. This is much 
shorter than the solution to Exercise 1.8(b), in which we used Theorem 1.2. 


+--+, for |z| > 0, 


Exercise 2.4 


Show that the function f(z) = zsin(1/z?) has an essential singularity at 0. 


Weierstrass’s legacy 


The earliest discoveries in complex analysis were made by Cauchy and 
his contemporaries, but it was the work of the German mathematician 
Karl Theodor Wilhelm Weierstrass (1815-1897) and his followers that 
placed the subject on firm foundations. 


Weierstrass (pronounced ‘vye-uh-strarss’) was an unusual 
mathematician in that he published little, choosing to deliver his 
findings in university lecture courses. He rejected many of Cauchy’s 
methods, and criticised Riemann’s geometric approach. Instead he 
championed the use of power series as the objects on which to build 
complex analysis. In a talk presented in 1884, years after many of his 
discoveries, he gave the following explanation for his methods. 


However great the importance of the notion of the integral for 
all of analysis, I nevertheless wish to found the theory of 
functions solely with the help of the elementary theorems about 
the basic operations. I do not say that one should give, or can 
give such a direct proof in each case; I leave this question 
undecided. But I try to give direct proofs as far as possible, and 
I want to use this method particularly with the foundation of 
the theory of functions. 


(Bottazzini and Gray, 2013, p. 352) 


Weierstrass was the first to appreciate the distinction between poles 
and essential singularities, and he was probably also the first to prove 
Laurent’s Theorem. This theorem was stated in a letter submitted 

in 1843 to the Académie des Sciences of France by Pierre Alphonse 
Laurent (1813-1854), a French mathematician and military officer. 
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2.2 Calculating Laurent series 


In this subsection we calculate the Laurent series for various functions that 
are analytic on an annulus. In the previous subsection several Laurent 
series were obtained by modifying appropriate Taylor series (see 

Exercise 2.3, for example), and this is often the easiest method for 
determining a Laurent series. It is rarely a good idea to obtain a Laurent 
series by calculating the coefficients a, using the formula 


_ 1 f(z) 
= 55 | Goon 


Indeed, later we evaluate integrals of this type by using the associated 
Laurent series. 


As we mentioned earlier, the rational function 


1 
i= Gane —D) 
is analytic on each of the three annuli 
{ez|2)< i}, 4zel< |e) <2}, fee > 2}. 


In order to find the Laurent series about 0 for f on each of these annuli, 
we start by expressing f in partial fractions as 


1 iL 1 
MSc aa 
and then work with each partial fraction independently. 


Each of these partial fractions involves a function of the form 


z) = —, 
g(z) = — 3 
where 8 Æ 0, so let us find the Laurent series about 0 for g. 


The function g is analytic on C — {8}, so it is analytic on each of the sets 
{z:|z2| <Il} and {z: |z| > l8 


eer Figure 2.5 The sets 
shown in Figure 2.5. 


{2 : [2| < |5|} and {z : |z| > 8} 
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The Laurent series about 0 for g on each of these sets is found by 
rearranging 1/(z — 6) and using the formula for geometric series, as 
follows. First suppose that |z| < |8|, so |z/8| <1. Then 


=-s-a- SU , for |z| < [6]. 2.2 
5-A- zl <I (22) 
Next suppose that |z| > |8|, so |8/z| < 1. Then 


g(z) = 


1 
z—B 
1 1 
aa” 1— B/z 


1 a 
=2(1424(2) t) 
x z z 
1 2 
=i FB te, for |z| > 8l (2.3) 
There is no need to remember equations (2.2) and (2.3), because you can 
calculate them afresh for any particular function g that you are working 
with. In fact, we will do so in the following example, where we complete 
our discussion of Laurent series about 0 for the function 


1 
=a eo) 


considered earlier in this subsection. 
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and the function h(z) = 1/(z — 1) is analytic on 
Aye le) a) cand 5 = {22 e a 


Thus, since A C G; and A C H; (in fact, A = H4), as illustrated 
in Figure 2.6, we can find the Laurent series for f on A by 
finding the Laurent series for g on G, and for h on Hj, and 
subtracting them. 


A A A 
Pee | 
Wa N 
N 
SN M Gy \ aia is 
y AN | \ Mer, 
i b > t $ > i 4 > 
\ yil \ 12 x J1 
S Á 
D a 


Figure 2.6 The open discs A, G; and Hı, where A C G; and A = Hy 


If z € G1, then |z| < 2, so |z/2| < 1. Hence 


W 
ea eas! 
2 12 
OEE 
2 DEAA 2 
Te ee ae 
= e fi Da 
A e Ro 
If z € Ay, then |z| < 1. Hence 
il 
h = 
A 1 
— lsz 
=-(1+z+2 +2 +) 
es eee = fo lei 


As expected, the Laurent series for both g and h reduce to Taylor 
series about 0, because g is analytic on G and h is analytic 
on lalis 


These power series are both valid for |z| < 1, so 


f(z) = g(2) — h(z) 


ee eee 2 3 
= EEN OLE mene S ch 1 Loe 
( i754 a D ) EE ) 
+ 


rr e < i 


ae wage aka Oe 
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(b) Observe that B = {z : 1 < |z| < 2} is such that 
BEIC and MEIE IHE 


as shown in Figure 2.7. 


A A A 
P- NS E | NS 
7 N 7 Hə 
| a” / Gi\ erie 
I á D 4 I 4 A N 
t > t > 
ho ON ey \ h 2 \ Hil 
N / À Á 
Se” Se 


Figure 2.7 The open sets B, G; and Ho, where B C Gi and B C H3 


The Laurent series for g on G; was found in part (a) to be 


tor | <2 


ok Go 
For the Laurent series for h on Hə, observe that if z € Ho, 
then |z| > 1, so |1/z| < 1. Hence 

ll 


h = 
i) z= 
D 
Tz l-i 
1 1o yay 
SE a | 
z Z z 
1 il il 
Sera a ror lel =i 
a aiae 
Since f(z) = g(z) — h(z), we obtain 
eS ie ee ae 
RS ee ee ee 
Z z 2z 2 4 & iG 


for il< |Z| <2 
le) Next, @ = 1z: e| > 2) is such that 
C= Go and O C Jio 


as shown in Figure 2.8. 


A A A 
aama C P Go 
á 4 jj 4 y y 
t > t > fi 
\ zz A I 2 k | | 
\ / \ / ~-7 
N 7 N a 
== il b l ad 


Figure 2.8 The open sets C, G2 and Hz, where C = G2 and C C Hə 


Remarks 
1. 


Since f(z) = h(z)g(z), we could have found each of the Laurent series 
for f by multiplying the appropriate series for h and g. In general, this 
procedure is not followed since it is more tedious to multiply Laurent 
series than it is to add or subtract them. 


. We have combined the Laurent series for g and h term by term, just as 


we would do for Taylor series. That we can add Laurent series in this 
way can be justified by adding the analytic parts and singular parts 
separately, using the Sum Rule for power series (Theorem 4.1(a) of 
Unit B3). 


. In Example 2.2(c) we obtained the Laurent series 


L. &. F 
sA he eh ke. fi = 
f(z) 2 es + a + or |z| 


We could have expressed this series in the form 


uj] 2-1 2—1 
= ae a 


from which we can immediately see how the series continues, and we can 
find the general term. However, for simplicity, we do not usually present 
Laurent series in this way (we usually ‘simplify’ the coefficients), and we 
specify the general term only if we have a use for it. 


. As you become skilled at using the partial fractions approach, you may 


find that you can dispense with the explicit argument relating the 
annulus of convergence of f to the annuli associated with the functions 
appearing in the partial fractions. 
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(a) Determine how many different Laurent series the function 
1 
has about 0, and find their annuli of convergence. 


(b) Find the Laurent series about 0 for f on each of the annuli of 
convergence found in part (a). 


(There is no need to use partial fractions here.) 


Find the Laurent series about 0 for the function 
4 
F) = G Der 


on each of the following regions. 
(a) {z:|z| < 1} (b) fers [el est (e) {2e<|2|> 3} 


Determine how many different Laurent series the function 
z— 3i 


eae e 
has about 0, and find their annuli of convergence. 


(You are not required to find these Laurent series.) 


Up to now we have concentrated exclusively on Laurent series about 0. To 
find a Laurent series about a point other than 0, the simplest approach is 
to make a substitution that enables us to obtain the required Laurent 
series from a Laurent series about 0 that we know how to calculate. This 
procedure is similar to the Substitution Rule for power series, discussed in 
Subsection 4.1 of Unit B3. 


The following example should make the method clear. 


The question does not mention an annulus of convergence, which 
implies that, in each case, we must find the Laurent series on a 
punctured open disc with centre 1. 


To do this, we define w = z — 1 and express f(z) in terms of w. We 
then find the Laurent series about 0 for this expression in terms of w, 
and substitute w = z — 1 to give the Laurent series about 1 for f. 


(a) We let w = z — 1, so z = 1 + w. Then, for z 4 1 (equivalently, 
w #0), we have 


eltw 
f(z) = T 
= xe” 
2 w3 
= ħ(ut pros ) 
e e e e 
w a o po 
e € e € 
ee so 
for z € C — {1}. 


In this case, the series converges on the punctured plane C — {1}. 


(b) Again, we let w = z — 1, so z=1+w. Then, for z 40,1 
(equivalently, w # —1,0), we have 


1 
Ne ee aie 
1 1 
=x 
woo lpw 
il 
SS See Sr ee es <a, 
w 
1 2 
===] W0 + 
w 
il 
Steg CaS ee 


tor < |zg— 1) <1, 


This series converges on the punctured disc {z : 0 < |z — 1| < 1}. 


Find the Laurent series about 2 for each of the following functions. 
__ cos(z — 2) E 1 7 
o -FE soo) © MO=a5 


Finally, we return to the function in Example 2.2 and represent it as a 
Laurent series about two other points. 
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Example 


Consider the function 


1 
N= = yee 
(a) Find the Laurent series about the point 1 on the punctured disc 
{z:0<|z—1| < 1} illustrated in Figure 2.9(a). 
(b) Find the Laurent series about the point 3 on the region 
fz: |z- 3| > 4} illustrated in Figure 2.9(b). 


A A 


(a) (b) 

Figure 2.9 (a) The punctured disc {z : 0 < |z— 1| <1} (b) The region 
: Ae! 

{z:|z-3|> 3} 


(a) To find the Laurent series about 1, we define w = z — 1 and 
express f(z) in terms of w. We then find the Laurent series 
about 0 for this expression in terms of w on the punctured disc 
{w:0 < |w| < 1}. Substituting w = z — 1 gives the required 
Laurent series about 1. 


Let w= z-—1,so z=1+w. Then, for z 41,2, 


1 
w(w — 1) 
1 1 


x —— 
w tl-w 
1 


ie)= 


= =H wu ae), for 0 < ju < l 


for 0 < |z-1|<1. 
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(b) We follow a similar strategy to part (a), but this time we 
substitute w = z — 3, so z= 3 +w. Then z-l=w+ 3 and 
z-2=w-}$. Was, iow 2 = il, 2. 


1 
"oA urpe 


1 7 1 
we ~ 1—1/(4w?) 


- (++ (<5) +) +(e) ~) 


for |1/(4w?)| < 1, or, equivalently, |w| > 5. Hence 


1 1 1 
15 "ae iene 
pe ey cette ened 
C3 C5) Wie 
for |z- 3| >34 


For part (b) of Example 2.4 we could have split the expression 

1/((w + 4) (w — 4)) into partial fractions, and then expanded each 
resulting term separately. However, that method involves more algebraic 
manipulations. 


Consider the function 
1 
z) = ————_.. 
f(@) = ETEF 
Determine how many different Laurent series the function has about the 
following points, and find their annuli of convergence. 
(a) -3 (b) —6 


Consider the function 


4 
IQ) = Goyer 
(a) Find the Laurent series about the point —3 on the punctured disc 
{z:0<|z+3] < 4}. 
(b) Find the Laurent series about the point —1 on the region 
{z:|z+1] > 2}. 
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2.3 Proofs of theorems on Laurent series 


In this subsection we prove Theorem 2.1 (Laurent’s Theorem) and 
Theorem 2.2. Some aspects of the proofs are challenging, so you may 
choose to skim through the details on a first reading. 


Theorem 2.1 Laurent’s Theorem 


Let f be a function that is analytic on the open annulus 


A={z:r<|z—a|<s}, where0<r<s < co; 


Then 
ee > anl(z— a)”, for z€A, 
where 
1 f(z) 
m= ; f Z, 
= — dz or n € 


and C is any circle lying in A with centre a. 


Moreover, this representation of f on A as an extended power series 
about a is unique. 


Proof The proof is in five steps. 
1. Let z be any point in A, let Rı and Rə be real numbers satisfying 
r<Ry<|z-al<Ro<s, 


and let C; and Co be the circles with centre a and radii R; and Ro, 
respectively (see Figure 2.10). 


We first prove that 
_ il fw) 1 (w) 
f(z) = a I, 7 dw — — dw. (2.4) 


w— 201 Jo, Wz 


To obtain this formula we split the region between C1 and Cù into two 
Figure 2.10 The circles C1 parts by means of two line segments, and let T4 and To be the contours 
and C% inside A shown in Figure 2.11 (in which the contours have been ‘pulled apart’ 
slightly for clarity; really the two contours coincide along the line 
segments). The line segments are chosen so that T4 encloses z. Then, 


Ti 
by Cauchy’s Integral Formula (Theorem 2.1 of Unit B2), 
1 (w) 
= dusz 
2ri Jp, w— z wie); 
A and, by Cauchy’s Theorem (Theorem 1.2 of Unit B2), 
T2 t fw) =O: 


2Ti Jr, W— 2 


If we add these results, then the integrals along the line segments 
Figure 2.11 The contours [1 cancel, and the semicircular parts of Tı and I2 combine to give C1 
and I’, pulled apart slightly and Cy. This proves equation (2.4). 
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2. We now look separately at the two integrals on the right-hand side of 
equation (2.4). We will see that they give us, respectively, the analytic 
part and the singular part of the Laurent series. 


We first note that 
oo f(w) 


2Ti Jo, W— 2 


dw = x On(z — a)”, 
n=0 


where 
1 f(z) : 
n = Fmi n G- a) dz, for n € Z. (2.5) 
To prove this we simply repeat steps 2—4 of the proof of Taylor’s 
Theorem (Theorem 3.1 of Unit B3); the method is identical, although 
we cannot deduce here that an = f™ (a)/n!, as f may not be analytic 


at all points inside C9. 
This gives the analytic part of the required series. 


3. To obtain the singular part, we consider the other integral in 
equation (2.4), namely 


: tw) dw. 


2nt Jo, w- 2 


First note that 


-rpa ea rl ES) - 


But, for any À € C — {1}, we have 


A” 
1-A’ 
as you can check by multiplying both sides of the equation by 1 — X. 


(L—A) tT S=1L+A4M24--- + ATT + 


Replacing à by (w — a)/(z — a), we obtain 


1 1 w-a w—a\ 
= = 1+ peee 
w-Z 2-a z—a zZ-a 


Hence 
o 1 _ 1l w-a .. (w-a)! (w-a)” 1 
w-z z-a (z-a)? (z= a)” (z—a)” (z— w) 
Thus 

i (w) aw 
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4. Let I, be the last integral in equation (2.6). We now use the Estimation 


Theorem (Theorem 4.1 of Unit B1) to show that I, + 0 as n > oo. 
Since f is analytic on A, f is continuous on C4, and thus f is bounded 
on C1; that is, there is a number K such that |f(w)| < K, for w € C4. 
Also, by the backwards form of the Triangle Inequality, 
|z — w| > |z - a| — |w — a| = |z — a| — Rı, for we Ci. 

It follows from the Estimation Theorem that 
1 R? K 
Ae e E a, 
[hl < (iy * | oo 

E KR, R Y 

~ |z-—al—R,\\z-a|/) ` 
Since |z — a| > Rı (see Figure 2.10), the right-hand side tends to 0 


as n — oo, so I, tends to 0 as n > oo. 


It follows from equation (2.6) that, on letting n > oo, we have 


1 
od es, 
2nt Jo, W— 2 
il (w) 1 w-—a 
a = — d 
2nt Jo, z-a ner ari Jo, (z- aye) 7 
1 (w—a)? 


Qi ca (z-a) 


= (= Flow) dw) —— + (= | w-d) 


bn = ga f TOTO) dw, form =1,2,.... 


Since bn is equal to a-n in equation (2.5), we obtain the required 
singular part. 


5. Finally, we establish the uniqueness property. Suppose that 


(a= > bn(z— a)”, for ze A. 


n=— CoO 


We wish to show that am = bm, for all m € Z. Now, for each m € Z, 


et lE e- ap) 


“(> `> bn( (z-a) y- m— i 
Ta —= y% 
n=m+1 
= fi(z) + bm/(z — a) + fa(z), (2.7) 
say. But the function 
F = n _ n-m 


is a primitive of fə on the region {z : |z — a| < s}, as you can check by 
differentiating term by term (which is permitted inside the disc of 
convergence by the Differentiation Rule for power series, Theorem 2.3 of 
Unit B3). It follows from the Closed Contour Theorem (Theorem 3.4 of 
Unit B1) that 


[ne je = 0, 


where C is any circle with centre a lying in A. 


Similarly, you can check that 


is a primitive of fı on the region {z : |z — a| >r}. Therefore, by the 
Closed Contour Theorem, 


[ae xsi: 


Thus, by equation (2.7), 


hr arat Laces fo 


dz+ f fle)dz 
TQ C 
= bm dz. 

Ccz—-a 


But we know from Cauchy’s Integral Formula or the method of 
parametrisation that 


1 bm 


= dz = bm 
2Tri Jo zZ—-a 
Hence 
1 f(z) 
= az = Dis 
m = Ori T (z—a)mtt Dá 
SO am = bm, for all m € Z, as required. E 


We now prove Theorem 2.2. 


2 Laurent’s Theorem 
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Theorem 2.2 


Let f be a function that has a singularity at the point a, and suppose 
that the Laurent series about a for f is 


oO 


he) = > ae ae 


n=— o0 


Then 

(a) f has a removable singularity at a if and only if 
Gn = 0 for all n < 0 

(b) f has a pole of order k € N at a if and only if 
a-i #0 and a, = 0 for all n < —k 

(c) f has an essential singularity at a if and only if 
an # 0 for infinitely many n < 0. 


Proof 


(a) If f has a removable singularity at a, then 


f(z) =g(z), for0<|z-a| <r, 


where r > 0 and g is analytic on the disc {z2 : |z — a| < r}. If the 
Taylor series about a for g is 


glz) = > bn(z—a)”, for |z—al <r, (2.8) 
n=0 
then 
F() =% bn(z — a)”, for 0 < |z—al <r. (2.9) 
n=0 


This last equation gives the Laurent series about a for f, and hence 
an = 0 for all n < 0, by uniqueness of Laurent series. 

Conversely, if the Laurent series about œ for f satisfies a, = 0 for 
all n < 0, then it is of the form in equation (2.9). Thus f(z) = g(z), 
for 0 < |z — a| < r, where g is defined by equation (2.8). It follows 
that f has a removable singularity at a. 


(b) If f has a pole of order k at a, then 


f(z) =9(z)/(z-a)*®, for 0<|z-al <r, 


where r > 0 and g is analytic on the disc {z : |z — a| < r}, 
with g(a) Æ 0. 


If the Taylor series about a for g is 


giz) = `> bn(z— a)”, for |z—al <r, (2.10) 
n=0 
then bo = g(a) # 0 and 
— bo bı ... 
f(z) = Gaal’ Gear (2.11) 


for 0 < |z — a| < r. This last equation gives the Laurent series 
about a for f, and hence a-p = bop Æ 0 and a, = 0 for all n < —k. 


Conversely, if the Laurent series about a for f satisfies a_, # 0 and 
an = 0 for all n < —k, then it is of the form in equation (2.11). Thus 


f(z) =9(z)/(z-a)*, for0<|z-al <r, 
where g is defined by equation (2.10). It follows that f has a pole of 
order k at a. 


(c) If f has an essential singularity at a, then it has neither a removable 
singularity nor a pole at a, and thus neither of the conditions on a, in 
parts (a) and (b) applies. It follows that an 4 0 for infinitely 
many n < 0. 


Conversely, if the Laurent series about a for f satisfies a, 4 0 for 
infinitely many n < 0, then f has neither a removable singularity nor 
a pole at a, by parts (a) and (b). It follows that f has an essential 
singularity at a. E 


Further exercises 


Exercise 2.11 


Find the annulus of convergence of each of the following extended power 
series. 


(a) Pipa 2 ie 


1 1 1 
bi a 
(b) is r F 


Exercise 2.12 


Determine the Laurent series about 0 for the function 


tas G = =) ee 


State a punctured disc on which the function f is represented by this 
Laurent series. 


Exercise 2.13 
Find the Laurent series for the function 


1 
Me Ea 


(a) about 0 on {z:0< |z| < 4} 
(b) about 0 on {z : |z| > 4} 
(c) about 4 on {z : 0 < |z — 4| < 4}. 
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Exercise 2.14 
Find the Laurent series for the function 
1 
fe) = Gaye) 
(a) about 0 on {z: |z| < 1} 
(b) about 0 on {z: |z| > 3} 
(c) about 1 on {z:0<|z-1| < 2}. 


Exercise 2.15 


Show that each of the following functions has an essential singularity at 0. 


(a) f(z) = cos = (b) f(z) = zsinh = 


Fourier series 


Suppose that f is an analytic function with Laurent series 


Tes Ss Gps.) t lire) <r 


n=— o0 


where r > 1. The Laurent series converges on the circle |z| = 1, so we 
can define a real function g by g(0) = f(e’’), where 0 € R. Using the 
formula for f we see that 


co 
Ge) — Sp oe (212) 
n=—Co 
A series of this form is called a complex Fourier series (where 
Fourier is pronounced ‘foo-ree-ay’, or similar). The function g is 
periodic with period 27, meaning that g(0 + 27) = g(0), for all 0 € R. 


Fourier series are named after the French mathematician and physicist 
Joseph Fourier (1768-1830). In 1807 he made the remarkable 
discovery that any well-behaved real periodic function g can be 
expressed in the form 


OO 
g(0) = ao + De cos n0 + dn sin n8), (2213) 
where ag, Cn ee are real numbers. If we define 
= Cn — idn oy = Siete 
2 2 
then a short computation shows that the two equations (2.12) 
and (2.13) are equivalent. 


fon m = she eee 


3 Behaviour near a singularity 


Fourier series are of fundamental importance in a huge range of 
physical problems involving oscillations and waves, because they 
provide a means for modelling waves mathematically. Fourier himself 
used these series to offer the first general solution of the heat 
equation, a differential equation that models the temperature at each 
point of a body as a function of time. 


3 Behaviour near a singularity 


After working through this section, you should be able to: 


e characterise a removable singularity of a function f in terms of the 
behaviour of f near that singularity 


e characterise a pole of a function f in terms of the behaviour of f near 
that pole 


e state the Casorati-Weierstrass Theorem concerning the behaviour of a 
function near an essential singularity. 


In this section we investigate the behaviour of analytic functions near each 
of the three types of singularity. 


3.1 Removable singularities 


Recall that a function f has a removable singularity at a if f is analytic on 
a punctured open disc {z : 0 < |z — a| < r}, but not at a itself, and there 
is a function g that is analytic on the open disc {z : |z — a| < r} such that 


f(z) = g9(z), for0<|z-a| <r. (3.1) 
The following theorem gives three equivalent conditions for f to have a 
removable singularity at a. 


Theorem 3.1 


Let f be a function that has a singularity at the point a. Then the 
following statements are equivalent: 


(a) f has a removable singularity at a. 
b) lim f(z) exists. 


( 
(c) f is bounded on {z : 0 < |z — a| < r}, for some r > 0. 
(d) lim(z-—a)f(z) =0. 

Zr 


Proof To prove the equivalence of the four statements, it is sufficient to 
show that 


(a) = (b) (c) (a) (a). 
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We do this in four steps. 
(a) = > (b) Let g be the function that is analytic on {z : |z — a| < r} 
and that satisfies equation (3.1). Since g is analytic, and hence continuous, 
at a and f(z) = g(z), for 0 < |z —a| < r, we have 
lim f(z) = lim g(z) = g(a). 
(b) = (c) First we use condition (b) to extend the domain of f to 
include the point a (if it is not defined there already) by using the formula 
f(a) = lim f(2). 


If f is already defined at a, then we use this last equality to redefine f 
at a. By the definition of f at a, we see that f is continuous at a. We now 
apply the £-ô definition of continuity at œ with € = 1 to see that there is a 
positive number r (which has the role of 5) such that 
f(z) — f(a)| <1, for |z-—al <r. 
So if z belongs to the open disc D = {z: |z — a| < r}, then, by the 
Triangle Inequality, 
FIS IE) — Fla) flal < 1+ Ifa). 
It follows that f is bounded on D, so it is bounded on the punctured 
disc D — {a}. 
(c) = > (d) Suppose that |f(z)| < K, for 0 < |z — a| < r. Then 
Kz- afl <K|z-aļl, for0<|z-a|<r, 
so 


lim (z — a) f(z) =0. 


Za 


(d) => (a) Choose r > 0 such that the function f is analytic 
on {z:0<|z—a| <r}. Consider the function 


z-a)? zZ zZz=—Q T, 
=f F(z), 0<|z-al <r, 


0; Z=a, 
which is clearly analytic on {z : 0 < |z — a| <r}. Then, for 0 < |z -a| <r, 


2 
g(2) — g(a) = (z-a) f(z) = (z-a) f(z) — 0 as z>a, 
z-a zZ—-aQ 
by condition (d). Hence g is differentiable at a, and g/(a) = 0. Therefore g 
is analytic on {z : |z — a| < r}, so it can be represented by its Taylor series 
about a on this open disc. Since g(a) = g/(a) = 0, this Taylor series takes 
the form 


glz) = > am(z — a)”, for |z—al <r. 
m=2 


Hence, by the definition of g and by setting m = n+ 2, we see that 


Fe) = So am(z— ay"? 
m=2 


OO 
= 5 anai —a)”", for0<ļ|z-aļ|<r. 
n=0 


Thus, by Theorem 2.2(a), f has a removable singularity at a. 


Exercise 3.1 


Verify condition (d) of Theorem 3.1 for each of the following functions. 
2 


i 3 

(a) =Z, a=0 b) e= a=0 
2 So 

© J=, osi 


3.2 Poles 


Recall that a function f has a pole of order k at a if f is analytic on a 

punctured open disc {z : 0 < |z — a| < r}, but not at a itself, and there is 

a function g that is analytic on the open disc {z : |z — a| < r} such 

that g(a) # 0 and 

g(z) 

f(z) = =a 

The following theorem gives two equivalent conditions for f to have a pole 

of order k at a. 


for 0 < |z -a| <r. (3.2) 


Theorem 3.2 


Let f be a function that has a singularity at the point a, and 
let k € N. Then the following statements are equivalent: 


(a) f has a pole of order k at a. 
(b) lim (z — a)* f(z) exists, and is non-zero. 
zZ 7a 


(c) 


1/f has a removable singularity at a which, when removed, gives 
rise to a zero of order k at a. 


Proof To prove the equivalence of the three statements, it is sufficient to 
show that 


(a) = (b) = (0) = (a). 


We do this in three steps. 
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(a) = > (b) Let g be the function that is analytic on {z : |z — a| < r}, 
with g(a) #0, and that satisfies equation (3.2). Since g is analytic, and 
hence continuous, at a, and f(z) = g(z)/(z —a)*, for 0 < |z—a| < r, we 
have 


lim (z — a)* f(z) = lim g(z) = g(a), 


27a 
which is non-zero. 
(b) = (c) Let g(z) = (z — a)! f(z) (a different g to that of the previous 
step). Then, by Theorem 3.1 ((b) ==> (a)), g has a removable singularity 
at a, which we can remove by defining 


g(a) = lim (z — a)" (2) 


(if g is already defined at a, then we redefine g(a) using this formula). 
Furthermore, g is now continuous at a, and g(a) # 0 by condition (b), so 
there exists r > 0 such that g(z) # 0, for |z- a| <r. 


It follows that 


1 
= (z-a) —, for|z-aļ|<r, 


1 
T) glz)” 
and 1/g is analytic at a, with 1/g(a) £0. 
Thus 1/f has a zero of order k at a, by Theorem 5.1 of Unit B3. 
(c) = > (a) By condition (c), 


f(z) 
where g is analytic at a with g(a) 4 0 (again, a different g to those of the 
previous steps). Thus there exists r > 0 such that g(z) £0, for |z -a| < r. 
It follows that 


fle) = HS, for 0 < |z -a| <r, 


and the function 1/g is analytic on {z : |z — a| < r}, with 1/g(a) £0. 
Thus f has a pole of order k at a. | 


Corollary 


Let f be a function that has a singularity at the point a. Then f has 
a pole at a if and only if f(z) > œ as z > q. 


Some texts take the condition ‘f(z) + co as z > a’ as their definition of a 
pole. 


3 Behaviour near a singularity 


Proof First assume that f has a pole at a, of order k, say. Then, by 
condition (b) of Theorem 3.2, 


lim (z —a)* f(z) =, where \ 40. 


It follows that 
1 (z-a) 0 
FD > e-a a TROA 
Thus f(z) + œ as z > a, by the Reciprocal Rule (Theorem 1.1). 


Conversely, suppose that f(z) + co as z > a. Then, by the Reciprocal 
Rule, 


1 
— >O0asza. 


f(z) 
Thus the function 1/f has a removable singularity at a, by Theorem 3.1 
((b) ==> (a)), which, when removed, gives rise to a zero of 1/f. Hence f 
has a pole at a, by Theorem 3.2 ((c) => (a)). a 


The next exercise uses the functions from Exercise 1.7, and you may find it 
helpful to refer to your solutions to that exercise. 


Exercise 3.2 


Verify condition (b) of Theorem 3.2 for each of the following functions. 


d (=a OOs 


Exercise 3.3 
Suppose that the function f has a singularity at 0. In each of the following 
cases, classify this singularity. 
(a) f(z) =g(z)/z, where g is entire and g(0) Æ 0. 
(b) f(z) =9 


(c) f(z) =1/g(z), where g is entire and has a zero of order 2 at 0. 


f 
f )/z, where g is entire and g(0) = 0. 


Exercise 3.4 


Suppose that the function f has a pole of order m at a, and the function g 
has a pole of order n at œ. Classify the singularities of f + g and fg at a 
in each of the following cases. 


(a) m=5,n=3 (b) m=n=4 
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3.3 Essential singularities 


Recall that a singularity is an essential singularity if it is neither a 
removable singularity nor a pole. This rather negative-sounding definition 
might suggest that essential singularities are uninteresting. In fact, the 
opposite is true. 


We have seen that if œ is a removable singularity of f, then f(z) tends to a 
finite limit as z tends to a. We have also seen that if œ is a pole of f, 

then f(z) tends to co as z tends to a. Let us now explore what happens 
to f(z) as z tends to a if a is an essential singularity. 


We will see that, in a sense, the function goes haywire! A celebrated result 
due to Emile Picard, whom you met in Unit B2, states that in any 
punctured open disc with centre a, however small, f takes all values in C, 
with at most one exception. This result is known as Picard’s Big Theorem 
(or Picard’s Great Theorem) and it is possible to deduce Picard’s Little 
Theorem (mentioned in Subsection 2.3 of Unit B2) from this stronger 
result. 


Proving Picard’s Big Theorem is beyond the scope of this module, but we 
can prove a related result which is itself surprising. It is known as the 
Casorati-Weierstrass Theorem (Casorati is pronounced ‘cas-oh-rah-tee’), 
and asserts that as z varies over any punctured disc with centre a, the 
values f(z) come arbitrarily close to any given complex number w. We 
now state this result formally. 


Theorem 3.3 Casorati—Weierstrass Theorem 
Suppose that a function f has an essential singularity at a. 


Let D be any punctured open disc {z : 0 < |z — a| < 6} centred at a, 
and let w be any complex number. Then, for any positive number e€, 


there exists z € D such that |f(z) — w| < e. 


The theorem is illustrated in Figure 3.1. 


A f A 
— - 
N 
A A | 7f) \ 
I 
f y] \ oe 


Figure 3.1 A point z in D = {z : 0 < |z — a| < ô} mapped by f to within a 
distance € of w 


Proof We assume that the result is false and seek a contradiction. Then 
there exist w € C and positive real numbers £ and 6 such that the 


3 Behaviour near a singularity 


function f is analytic on the punctured open disc D = {z : 0 < |z— a| < ô} 
and the last line of the theorem does not hold; that is, 


lf(z) -w| >e, fozeD. 
We will derive a contradiction from this statement. 


Since f(z)— w #0, for z € D, the function 


1 
92) = zx (2 ED 
(z) joa ( ) 
is analytic. Moreover, 
1 
l9(z)| = ~~ <l/e, for z€ D, 
[f(z) — u| 


so, by Theorem 3.1 ((c) ==> (a)), g has a removable singularity at a. Thus, 
by defining g(a) appropriately, we can remove the singularity so that g is 
analytic on the disc {z2 : |z — a| < ô}. 
Now g(z) #0, for z € D, so 
1 
f(z) =w+—, forzeD. 
@) g(2) 
If g(a) £0, then f would have a removable singularity at a, which could 
be removed by letting f(a) = w+1/g(a). 
If g(a) = 0, then g(z) > 0 as z > a, so 1/g(z) 4 co as z > «a, by the 
Reciprocal Rule (Theorem 1.1). Hence 
1 
f(z) =w+—~ > œ as z >a, 
g(2) 
so f has a pole at a, by the corollary to Theorem 3.2. 
Therefore f does not have an essential singularity at a, which is a 
contradiction, and the theorem is thereby established. a 


Exercise 3.5 


Prove that there exists a complex number z such that 
|z| <107 and |e!/* — 1000%| < 10~°. 


Further exercises 


Exercise 3.0 


Use Theorem 3.1 and the corollary to Theorem 3.2 to prove that if the 
function f has an essential singularity at a point a, then the function 


g(z) = (F(2)) 
has an essential singularity at a. 


(You may assume that if g(z) > œ as z > a, then f(z) > œ as z > a.) 
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Origin of the Casorati—-Weierstrass Theorem 


The Casorati-Weierstrass Theorem appears to have been discovered 
independently by three different mathematicians. 


Felice Casorati (1835-1890) was an Italian mathematician who 
published a text Teorica delle funzioni di variabili complesse on 
complex analysis in 1868, which included the theorem. In preparing 
the text, Casorati visited Berlin to meet Weierstrass and others, and 
he was greatly influenced by this leading group. 


Weierstrass did eventually publish the theorem himself, in 1876. He 
wrote, of a function f with an essential singularity c, that 


in an infinitely small neighbourhood of the point c the 
function f(x) behaves in such a discontinuous way that it can 
come arbitrarily close to any arbitrarily given value, for £ = c 
however, it has no determinate value. 


(Bottazzini and Gray, 2013, p. 436) 


Much to Casorati’s irritation, Weierstrass did not acknowledge that 
Casorati had also discovered this theorem. As Casorati wrote, 
Weierstrass 


had certainly found the theorem by himself, but to whom I had 
sent my Teorica as a present in 1868. 


(Neuenschwander, 1978, p. 7, cited in Bottazzini and Gray, 
2013, p. 436) 


Independently of Casorati and Weierstrass, the theorem was also 
discovered by the Polish—Russian mathematician Yulian Vasilievich 
Sokhotskii (1842-1927) and published in his masters dissertation in 
1868. He wrote: 


If a given function f(z) becomes infinite of infinite order at some 
point, then the function f(z) must take all possible values at 
that point. 


(Mitrinovié and Kečkić, 1993, p. 94, cited in Bottazzini and Gray, 
DDS jo, ZA) 


This quotation sounds more like the statement of Picard’s Big 
Theorem than the Casorati—Weierstrass Theorem; however, it is clear 
from the proof that Sokhotskii intended only to prove the theorem 
also established by Casorati and Weierstrass. 


In Russian literature the Casorati-Weierstrass Theorem is often called 
Sokhotskii’s Theorem, and in some modern texts the theorem is 
referred to as the Casorati-Sokhotskii-Weierstrass Theorem. 


4 Evaluating integrals using Laurent series 


4 Evaluating integrals using Laurent 
series 


After working through this section, you should be able to: 
e use Laurent’s Theorem to evaluate integrals 


e define the residue of a function f with a singularity at a. 


4.1 Integration and residues 


Laurent’s Theorem tells us that if f is a function that is analytic on the 
punctured disc D = {z : 0 < |z — a| < r}, then the coefficient of (z — a)” in 
the Laurent series about a for f can be expressed in the form 


1 fw) 


= m Ao for n € Z, 


n 


where C is any circle lying in D with centre a. 


As with Taylor series, this integral expression is of little use for calculating 
the coefficients ay: it is essentially of theoretical value only. In practice we 
usually reverse the process, calculating the coefficients by other means and 
then using them to evaluate integrals by the formula 


7 ie dw = 2rian. (4.1) 
c (w 


= a)nti 


Here is an example. 


Example 4.1 


Use the Laurent series about 0 for the function f(z) = cos(1/z) to 
evaluate the following integrals, where C is any circle with centre 0. 


a w” w) dw w? w) dw 
@) f oa o) f ood 


Solution 
The function f(z) = cos(1/z) is analytic on the set C — {0}, which 
contains any circle C with centre 0, and 
il i il 
ON a a a 
Hence, using equation (4.1) with a = 0, 


(a) pe cos(1/w) dw = I flw) dw = Pria = 


w 


+---, forzeEC-— {0}. 


w 


(b) ie Mende | eo ee 
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Exercise 4.1 


Evaluate the following integrals, where C is any circle with centre 0. 


(a) f haw) aw (b) f A sint(a/) a 


Note that if we take n = —1 in equation (4.1), then we obtain 


1 f(w)dw = Ini a_i. (4.2) 
C 


It follows that we can evaluate the integral on the left by calculating the 
appropriate coefficient a—1. This turns out to be exceedingly useful in 
practice and, because of its importance, the coefficient a_, is given a 
special name. 


Let f be a function that is analytic on a punctured disc with centre a. 


The residue of f at a is the coefficient a_, of (z — a)~* in the 
Laurent series about a for f. It is denoted by Res(f, a). 


Residues will feature heavily in Unit C1 when we study the Residue 
Theorem. 


We can now write equation (4.2) as 


f f(z) dz = 2ri Res(f, a), (4.3) 
Cc 


where C is any circle in the punctured disc with centre œ (and where we 
have changed the variable of integration from w to z). 


The following example illustrates the use of this result. 


Example 4.2 


Evaluate each of the following integrals. 


1 
h = 3 le =— 3) = il 
(a) [me where C = {z : |z — 3¢| = 1} 


(b) a Snr iar deine c= a 


(c) [ee where C ={z-|2|= 1} 
CE 


Solution 


(a) The function f(z) = 1/(z — 3i) has a simple pole at 3i, and the 
Laurent series about 3i for f is simply 
1 1 


ee ee sae OF) ee Gen A ey 
ae a a Oe 3i)+---, for zEC— {3i}, 


so Res(f,3i) = 1. Since C has centre 37, we obtain, by 
equation (4.3), 


il 
/ - dz = 2ni Res(f, 31) = 277. 
6 2 = M0 


(b) The function f(z) = sin(i/z) has an essential singularity at 0, 
and the Laurent series about 0 for f is 
. 5 “3 “5 
neuf i i i 
s(t) =! - ae ee, for z € C — {0}, 


so Res(f,0) = i. Since C has centre 0, we obtain, by 
equation (4.3), 


| sin(i/z) dz = 27i Res(f,0) = —2r. 
C 


(c) The function f(z) = (sin z)/z has a removable singularity at 0, 
and the Laurent series about 0 for f is 


sin z z Z 
- = il a) + BI --+, for z€C-— {0}, 
so Res(f,0) = 0. Since C has centre 0, we obtain, by 


equation (4.3), 


/ ome dz = 2i Res(f,0) = 0. 
CG Z 


1. Note that the result of part (a) could also have been obtained by using 
Cauchy’s Integral Formula, or by parametrisation, but this is not true 
for the result of part (b). 


2. In part (c), if we define f at 0 by f(0) = 1, then f becomes an entire 
function, so, by Cauchy’s Theorem, 


[ f(2)dz =0, 


in agreement with the solution to part (c). 


Evaluate each of the following integrals. 


1 
(a) bore where C = {z : |z + i| = 2}. 


in 2 
(b) f -i 2 dz, where C = {z : |z| = 5}. 
C 
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In the next unit we will meet several methods for calculating residues, and 
we will discuss other types of integral that can be evaluated by means of 
residues. 


4.2 Revision of contour integration 


We conclude this book with a revision exercise where you can apply the 
various techniques that you have learned. It is a ‘no-holds-barred’ exercise, 
so you can use any of the methods in the book: direct calculation by 
parametrisation; the Fundamental Theorem of Calculus, Cauchy’s 
Theorem or Cauchy’s Formulas; Integration by Parts; calculation of an 
appropriate residue. Often more than one method will work; the challenge 
lies in determining an appropriate or quick method for each question. 


Exercise 4.3 


Evaluate as many of the following integrals as you have time for, using 
whichever method seems most appropriate. For each integral, you should 
quote any results that you use, and check that their hypotheses are 
satisfied. 


(a) [eld dedain 

(b) [ela where 0 = {2:|2—1)=2}. 

(c) [sect eae where C = {z : |z—1/2| = 1}. 

(a) [ (eosh2)/25 de, eee ae 

(e) [ste jie Oise gale ih 
(£) [ seosec za wee @= E 

(2) [900A a, E E EE l 


(h) a sin(1/z)dz, where C = {z: |z| = 4}. 


’ e” 
(i) laa” where C = {z:|z| = 3}. 


Jsi 
(j) f — dz, where C = {z: |z| = 2}. 
C 


z2 


Solutions to exercises 


Solution to Exercise 1.1 
(a) The function 


z+ 2 
1O = Gaye a0) 
is analytic everywhere except at the zeros of the 
denominator. Thus the only possible singularities 
are at 3, i and —i. About each of these points we 
can find a punctured open disc on which f is 
analytic — for example: 
about 3, the punctured disc {z : 0 < |z — 3] < 3} 
about i, the punctured disc {z : 0 < |z — i| < 2} 
about —i, the punctured disc {z: 0 < |z + i| < 2}. 


Hence the singularities of f are at 3, i, —i. 


(b) The function 
in 1 
1 — 
a +1 


is analytic everywhere except at 0 and —1. Thus 
the only possible singularities are at 0 and —1. 
About each of these points we can find a 
punctured open disc on which the function f is 
analytic — for example: 

about 0, the punctured disc {z : 0 < |z| < 1} 

about —1, the punctured disc {z : 0 < |z+1| < 1}. 
Hence the singularities of f are at 0, —1. 

(c) The function 


4de~* 
I) = Fay 


is analytic everywhere except at the zeros of 

z? + 2iz — 1 = (z + i)?. Thus the only possible 
singularity is at —i. (Note that e~* has no 
singularities.) About this point we can find a 
punctured open disc on which f is analytic — for 
example, 


_ 3zi 


f= 


{z:0<|z+| < 100}. 


Hence the (only) singularity of f is at —i. 


Solutions to exercises 


Solution to Exercise 1.2 
The function 
i 


f(2) = sin(1/z) 
is analytic everywhere except when z = 0 and 
when sin(1/z) = 0. Now, sin(1/z) = 0 if and only if 
1/z = 0,+7,+27,+37,..., so the only possible 
singularities are at 0 and 


1/r, 41/27), +1/(37),.... 


Although f is not defined at 0 (and thus is not 
analytic there), 0 is not a singularity of f because 
there is no punctured open disc about 0 on 

which f is analytic. In fact, any punctured disc 
{z:0 < |z| < r} must contain infinitely many of 
the points +1/r, +1/(27r), +1/(37),.... 


Consider now a non-zero integer k. Then f is 
analytic on the punctured disc 


{z:0< |z — 1/(kr)| < rk}, 


where rg is the distance from 1/(kr) to the nearer 
of 1/((k + 1)r) and 1/((k — 1)r). Therefore the 
singularities of f are at the points 


1/r, +1/(27), +1/(37),.... 


Solution to Exercise 1.3 


(a) Let A = C — {i} and a = i; then a is a limit 
point of A. Let f(z) = 1/(z — i). Then 


lim 1/ f(z) = lim(z — i) = 0. 
z=» Zt 

Hence, by the Reciprocal Rule, 
1/(z — i) > œ as z > i. 


(b) Let A = C — {0} and a = 0; then a is a limit 
point of A. Let f(z) = (sinz)/z?. Then 


lim 1/f(z) = lim z?/ sin z 
z—0 z—0 


. sin Z 
E A -/( z ) 
== 0. 
Hence, by the Reciprocal Rule, 


(sin z)/z* > co as z 3 0. 
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(c) Let A = C — {-i,i} and a =i; then a is a 


limit point of A. Let f(z) = (z +1)/(z?+1)%. Then 


lim 1/ f(z) = lim(z? + 1)?/(z + i) 
Zt z= 
= 08/(2i) = 0. 
Hence, by the Reciprocal Rule, 


(z +1)/(2? +1) > œ as z > i. 


Solution to Exercise 1.4 


Let f be a function with domain A, and let a be a 
limit point of A. 


Assume that f(z) — co as z > a. Then, for each 
sequence (zn) in A — {a} such that zn > a, 


f(Zn) > œ as n > o. 
By the Reciprocal Rule for sequences, 
1/f (zn) > 0 as n > œ, 
and thus 
lim 1/ fey =. 
Conversely, assume that lim 1/f(z) = 0. Then, for 


each sequence (zn) in A — {a} such that zn > a, 
1/f(zn) > 0 as n > œ. 

By the Reciprocal Rule for sequences, 
f(Zn) > œ as n > o, 

and thus 


f(z) > œ asz >a. 


Solution to Exercise 1.5 


(a) The function f(z) = (sin? z)/z? has a 
singularity at 0 and is analytic on C — {0}. Also, 


23 z5 : 


f(z) = 3 


7 z4 2 
Ta m 


for z € C — {0}. Let g be the function 


2 4 2 
zZ Z 
C a 
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which is entire, since it is given by the product of 
two identical power series, each of which 
determines an entire function. Then 


f(z) =g(z), for ze C— {0}, 
so f has a removable singularity at 0. 


(b) The function f(z) = 3zcot z has singularities 
at the points z = kz, for k € Z, where cot z is not 
defined, and f is analytic on C — {kr : k € Z}. 


If k £0, then 


li 1 sin Z 

LY SSS SSS 
zokn f(z)  32zc08z 

so f(z) 4 œ as z > kr, by the Reciprocal Rule. 
Therefore the singularities at ka, for k # 0, are not 


removable. 


For the singularity at 0, observe that f is analytic 
on D = {z : 0 < |z| < 7/2} and 


3 cos z 
f(2) = (sin z)/z 
3 
= =e ca for z € D. 
T a= 
Observe that 
2 4 
Z z 
h(z) =1- 3 F Bl 


is an entire function, and h(0) = 1. By continuity 
of h at 0, there is some number r > 0 for which 
h(z) is non-zero on the disc {z : |z| < r} centred 
at 0. It follows that the function 


g= 3cosz 

nE RG) 

is analytic on {z : |z| < r}. Then 
f(z) =g(z), for 0<|z| <r, 


so f has a removable singularity at 0. 
(c) The function 
2 +3iz—2  (z+2i)(z +i) 
z2 4+4 (z + 2i)(z — 2i) 
has singularities at —2i and 2i, and is analytic on 
Ca {—2i, 2i}. 
Observe that 


f=, 


faa 


for z € C — {—2i, 2i}. 


Let g be the function 


z+í 
I= 


which is analytic on the disc 
D = {z : |z — (—2i)| < 4}. Then 


f(z) = g(2), 


so f has a removable singularity at —2i. 


(z ec = {2i}), 


for 0 < |z + 2i| < 4, 


The other singularity of f, at 22, is not removable 
because 


faa 


which can be confirmed by applying the Reciprocal 
Rule. 


z+ 
z— 2 


> 00 as z > 21, 


Solution to Exercise 1.6 


(a) The function f(z) = (z — 2)/(z + 1) has a 
singularity at —1 and is analytic on C — {—1}. 


Observe that 
_ I) 
f(z) ~~ z+ 1’ 
where g(z) = z — 2, an entire function. Since 
g(—1) £0, f has a simple pole at —1. 


(b) The function f(z) = (cos z)/z has a 
singularity at 0 and is analytic on C — {0}. 


for z € C — {-1}, 


Now 
for z € C — {0}, 


where g is the cosine function. 

Since g is entire and g(0) 4 0, f has a simple pole 
at 0. 

(c) The function f(z) = z/sin z has singularities 
at 0, +7, +27, +37, ... and is analytic on 

C -— {kr : k € Z}. 
The singularity at 0 is not a simple pole because 


| 
lim f(z) = im (“= ) =i 
z—0 


z—0 Z 


(It is a removable singularity.) 


Suppose now that k is a non-zero integer. Observe 
that f is analytic on each punctured disc 
Dy = {2:0 < |z — kr| < r}. 


Solutions to exercises 


Using the hint, we have 


_ (= 
f(2) = sin(z — kr) 

_ (-1)*z 

a z — kr)? z — kr)’ i 
35. z ) Pe een 5I B 

for 0 < |z — kr| < r. Thus 
_ ghz) E 
MS eeg for 0 < |z — kr| <7, 


where gy is the function 
(<1) 

(z= kr) (z—kr)4 l 
arr E eee 
Since gy, is analytic at kr and gz (km) 40, f has a 
simple pole at kr, for each k € Z — {0}. 


9K (2) = 


Remark: Remember that if a function g is analytic 
at a, then g is analytic on some open disc 
{z:|z-—a| <r}. 


Solution to Exercise 1.7 


(a) The function 


z+2 7 


z+2 
CS ae a Ve as 


24(z — 2)3(z + 2) 
has singularities at 0, 2 and —2. Also, f is analytic 
on the punctured discs 
A={z:0< |z| <3}, 
B={z:0<|z-2|<2}, 
C = {z:0 < |z + 2| < 2}. 
We deal with the singularities one at a time. 
First, 


= , for 0< |z| <2, 
z 


where g4 is the function 
z+2 
ga(z) = oe 
Since ga is analytic on {z : |z| < 2} and g(0) £0, f 
has a pole of order 4 at 0. 


Second, 
_ _gB(2) 
F) = Foye for 0 < |z—2| < 2, 
where gpg is the function 
e) = 
IBNST 24(z 42)?" 
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Since gpg is analytic on {z : |z — 2| < 2} and 
gg(2) £0, f has a pole of order 3 at 2. 


Third, 
_ _gc(z) 
fa= PEEN for 0 < |z + 2| < 2, 
where gc is the function 
1 


go(z) = ziz — 2)" 


Since gc is analytic on {z : |z + 2| < 2} and 
gc(—2) Æ 0, f has a pole of order 2 at —2. 

(b) The function f(z) = z/sin? z has singularities 
at 0,+7,+27,.... Also, f is analytic on each 
punctured disc 


Dy = {2:0 < |z — kr| < x}, 


where k € Z. 
For the singularity at 0, we have 
7 z 
mara 
B z 
E 2 4 3 
cy (ee e 
i (1 Ara 
_ g0(2) 
m 
for 0 < |z| < m, where go is the function 
1 
90(2) = 


E 2 A 3° 
(-5+5---) 


Since go is analytic at 0 and go(0) #0, f has a pole 
of order 2 at 0. 


Next we consider the singularity at ka, where 
keZ-— {0}. 
Since sin(z — km) = (—1)* sin z, we see that 
—1)**z 
fe) = 


sin?(z — kr) 
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for 0 < |z — kr| < r, where 
(=1)"%% 
i (z—kn)? (z— kr)" ‘a 
z 3! i 5! E 


Since gy is analytic at kr and gg(kr) #0, f has a 
pole of order 3 at kr, for each k € Z — {0}. 


gk(z) = 


Solution to Exercise 1.8 


(a) The function 
1 

OS Ga Dasa? 
has a simple pole at 1, has a pole of order 2 at 3, 
and is analytic elsewhere. It has no essential 
singularities. 
(b) The function f(z) = e"? is analytic 
everywhere except at the point 0, which is a 
singularity of f. In fact, 0 is an essential 
singularity of f. 


To see this, consider the sequence 
WH TET 


Now, Zn > 0 as n > oo, and 
el/2n = erTi = (1% 


Therefore the sequence (f(zn)) does not tend to a 
finite limit or to oo, so f(z) does not tend to a 
finite limit or to œo as z > 0. Hence, by 
Theorem 1.2, f has an essential singularity at 0. 
(c) The function 
z+t z+í 1 
F) = -3 - = a : 
z(z? + 2iz— 1) z(z+i) z(z +í) 

has simple poles at 0 and —i, and is analytic 
elsewhere. It has no essential singularities. 


Solution to Exercise 1.9 

(a) The function f has singularities at 0 and i. 
Also, f is analytic on Dı = {z : 0 < |z| < 1} and 
Də = {z:0 < |z- i| < 1}. 


Now 
gı (2) 
= f € Dy, 
f(z) 5? forz 1 
where gı is the function 


1 
gı(z) = (z— i)?” 


Since gı is analytic on {z : |z| < 1} and g,(0) 40, 
f has a pole of order 5 at 0. 


Also, 
f(z) =< -28 for z € Də 
(z= 1)?’ f 
where gə is the function 
1 
gaz) = =. 


Since gə is analytic on {z : |z — i| < 1} and 

g2(i) £0, f has a pole of order 2 at i. 

(b) The function f has singularities at 0 and i. 
Also, f is analytic on Dı = {z:0 < |z| < 1} and 
Do = {z:0< |z- iļ < 1}. 


Now 

ro- Ce a een 
so 

f(z) = 2) for z € Dı, 


where gı is the function 
gi(z) = z+. 


Since gı is entire and gı(0) #0, f has a simple 
pole at 0. 


Also, 
f(z) =g2(z), for z € Do, 
where gə is the function 
z+4 
g2(z) = ——. 


Since go is analytic on {z : |z — i| < 1}, f has a 
removable singularity at 7. 


(c) The function f has a singularity at 0 and is 
analytic on C — {0}. 


Now, using the Taylor series about 0 for sinh (one 
of the basic Taylor series listed in Subsection 3.2 of 
Unit B3), we have 


z3 5 


SO 


f(z) = _ for z € C — {0}, 


Solutions to exercises 


where g is the function 


a. 2 


aeit tagte 
Since g is entire and g(0) Æ 0, f has a pole of 
order 3 at 0. 


(d) The function f has a singularity at 0 and is 
analytic on C — {0}. The singularity at 0 is an 
essential singularity. 
To see this, observe that sinh(1/z) = —isin(i/z), 
and consider the sequence 

2% 


— = es 
(2n + 1)r’ o? 


Zn = 


Then z, > 0 as n > œ, and 
sinh(1/z,) = —isin(i/zn) 

= —isin((n + 1/2)r) 

= —i(-1)”. 
Therefore the sequence (f(zn)) does not tend to a 
limit or to co, so f(z) does not tend to a limit or 
to co as z + 0. Hence, by Theorem 1.2, f has an 
essential singularity at 0. 
(e) The function f has a singularity at 0 and is 
analytic on C — {0}. 


Now 
z2 z3 
f(z) = ~~ 
z 
2 z3 
7 z+ J] aF 3I T 
= r f 
so 
f(z) =9(z), for ze C— {0}, 
where g is the function 
2 
zZz z 
gj=ltotat 


Since g is entire, f has a removable singularity at 0. 
(£) The function f(z) = e7} has no singularities, 
since it is entire. 


(g) The function 


COS z 
f(2)=—coi2 = 
s 


inz 
has singularities at 0, +7, 


m Ees 
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Also, f is analytic on each punctured disc Solution to Exercise 2.1 
Dy = {2:0 < |z — kr| < aH, (a) Observe that f(z) is equal to 
where k € Z. = 142 (22)? (22)? , (2z)" Co (22)! ss 
Ps air F 4! I él 
Let k € Z. Since sin(z — kr) = (—1)* sin z, we have 2 3 4 5 é 
1) 1 P 2 g 2 + 2 2 2 2 5 
f(z) = a) co zt æ Dg Ble 4 5! 6! 
sin(z — kT) Hence the analytic part is 
_4)k 
= (—1) = : l a 
ee a qs 6 
3! 5! : 
for 0 < |z — kr| <a. Thus and the singular part is 
ite) (ee 23 
f(2)= SS, for 0 <|z—kn| <a, a 8 ee Be 
where gy is the function (b) We have 5 ; 
o g 
(—1)* cos z f)=(te+5+54-] 
ghz) = ———_ 3 or = 
(z — kr) (z — kr) 1 1 1 
a a ~(1+=+>54+55+-° 
3! 5! z 2z? gle 
Since gp is analytic at kr and gg(kr) #0, f has a 1 1 1 2 2 
simple pole at kr, for each k € Z. = g O A Set oy g 
(h) The function f(z) = 1/(e* — 1) has Hence the analytic part is 
singularities at 0, +2ri, +4ri,.... Also, f is 22. 3 
analytic on each punctured disc z+ a +P 3I A 
Dy = {z : 0 < |z — 2kri| < Iz}, and the singular part is 
where k € Z. 1 1 1 
| 72 |73 
Let k € Z. Using the hint, we have A a da 
1 (c) We have 
AC = ez—2kri — ] o1 z3 4 z5 
E 1 A Te at a 
7 . (z— 2kri}? i 2 A 
for 0 < |z — 2kri| < 27. Thus Hence the analytic part is 
= gk (2) : 2 z 
where gx is the function and the singular part is 0. 
1 s s 
9x (2) = O GO ake), (C kri] . Solution to Exercise 2.2 
= 2! = 3! j (a) The analytic part of this series is 1; it is 
Since gz is analytic at 2kri and gk(2kri) #0, f defined for all z € C. 
has a simple pole at 2kri, for each k € Z. The singular part is 
1 1 1 


z We  Blz3 
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Now, 

1/n! 
1/(n +1)! 
Hence, by the Radius of Convergence Formula 


(Theorem 2.2 of Unit B3), the singular part 
converges for all z Æ 0. 


[= n+ 1 00 as n = oo. 


Thus the annulus of convergence of the given 
extended power series is C — {0}. 


(b) The analytic part of this series is 
1+z+2 t+, 
which converges for |z| < 1. 


The singular part is 
1 1 


ae, 
which is defined for all z Æ 0. 

Thus the annulus of convergence of the given 
extended power series is {z : 0 < |z| < 1}. 


Solution to Exercise 2.3 


(a) Since 
z . # 
Peltek g for z € C, 
we have 
1 1 
A aaar a ke 
for z € C — {0}. 


(b) Using the list of basic Taylor series from 
Subsection 3.2 of Unit B3, we see that 


, 
sinha =2tatepte, for z € C. 
Hence 
sinh2z 1 (22)? . (2z2)5 
2 ai(22+ ao 
2 23 : Pie r 
=-+5z+=>z 
z Bl Bl 
for z € C — {0}. 
Solution to Exercise 2.4 
Since 
: a 
SNe eg ep eg for z € C, 


Solutions to exercises 


we have 


1 1 1 


š J 
zsin(1/2) = >- stat 


for z € C — {0}. This extended power series has 

infinitely many non-zero coefficients in its singular 
part. Hence, by Theorem 2.2(c), f has an essential 
singularity at 0. 


Solution to Exercise 2.5 


(a) 


Since the singularities of f(z) = 1/(z(z — 1)) 


are at 0 and 1, f has two Laurent series about 0. 
The annuli of convergence are 


(b) 


and 


For 


For 


{2:0<|2)<1} and {e: |z| > 1}. 


We write 
1 1 
=—-x 
note that 
1 
fp ee te Pees for |z| < 1, 
-z 
1 i 1 
l-z 2z 1-1/z 
1 1 1 
==—( 1 te = , ter |Z) Si 
Zz z 


0 < |z| < 1, we have 
1 
f2)=—-s(l+2ete°t+2°+--) 
1 2 


=—--—-l-2z-2z 
Z 


|z| > 1, we have 


f(e)=-2(-3(14 2454+) 


Solution to Exercise 2.6 


We first express f(z) in partial fractions: 


1 1 


ee ae 


The function g(z) = 1/(z — 1) is analytic on 


Gi ={z:|z| <1} and G= {z: lel 1h. 


The function h(z) = 1/(z + 3) is analytic on 


Hı = {z : |z| <3} and As={2:|2| > 3}. 
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(a) Now A = {z: |z| < 1} is such that 
ACG, and AC H. 


The Laurent series for g on G is 


ga =y 
=-1=z=2 -2 —., for|z|<1. 
The Laurent series for h on Hy is 
1 
A(z) = 
3 142/38 
al 1 zZz 2 æ n 
3 3 9 27 
1 z 2 # 
= --—--4+—-—+}+:-:: f 3. 
Bo or ate AS 
Since f(z) = g(z) — h(z), we obtain 
o 4 8 28 > 803 
f(z) = 37977 a7? ~ BT” 
for |z| < 1. 


(b) Now B = {z:1< |z| < 3} is such that 
BCG and BC H. 


The Laurent series for g on G2 is 


1 1 
eS Tae 
1 1 1 1 
=2(1+2+a+a4-) 
z 2 #7 Z 
1 1 1 1 
a gh ase ge 8 for |z| > 1. 
The Laurent series for h on H; is, from part (a), 
2 3 
CEE arate for |z| < 3. 
Since f(z) = g(z) — A(z), we obtain 
E t. L.l i 
C u a a ae 
l z z o oz 
"9 27s. ? 


for 1 < |z| < 3. 
(c) Now C = {z : |z| > 3} is such that 
CCG: and CC Ho. 


The Laurent series for g on G% is, from part (b), 


(z) EE R eee for |z| > 1 
= — <en r — a ae r 
ane z 22 g2 z S i 
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and the Laurent series for h on Hə is 


1 1 
h(z)=- 
(e) z IF3/z 
ift 27, 
8 z 22 zg 
1 3 9 27 
Since f(z) = g(z) — A(z), we obtain 
4 8 28 
==- =+, f 3. 
f= 5-545 -.-, fort > 


Solution to Exercise 2.7 


The singularities of the function 
z= dt 

NAS aa Pee 

are at 0, 7, —3 and 5. Hence f has four Laurent 

series about 0. The annuli of convergence are 
{270 <j] <1} {z:1< |z| <3}, 
12:3 <l] < 5h {2il >55) 

as shown in the figure. 


Solution to Exercise 2.8 


(a) Let w = z — 2. Then, for z Æ 2 (equivalently, 
w #0), 


COS W 
fl2)=— 3 
1 we wt 
slate) 
1 1 w? 
Tw 24 
1 Ioia) 
B = SE E 
(z= 2)? 2! 4! 
for z € C — {2}. 


Solutions to exercises 


(b) Let w = z — 2, so z = w + 2. Then, forz#2 (b) f has three Laurent series about —6; the 
(equivalently, w 4 0), annuli of convergence are 


SE A TE C={z:0<|z+6|< 3}, 
G (=) D={z:3<|z+6| < 6}, 


= (42) 1-2 (2) 42 (2) E = {z : |z +6| > 6}. 
2! (w A! \ w The two sets of annuli of convergence from 
1 1 parts (a) and (b) are shown in the following 
= ( dlw | dae =) figures. ; A 
2 2 EAR 
7 ( Nw? y Awe ) B a as 
io! 2 1,2 yea / am 
= 2lw 2lw? 4w? Al wt , / A \ H Ge \ 
oe : ‘=o l uM 
= (2 = = = = = =, = 
(z—2) (2-2) T a \ o 
1 1 `=- oO =e 
tae- Re- 2 N ae 
for z € C — {2}. as 
(c) Let w= z — 2, so z = w +2. Then, for Solution to Exercise 2.10 
2, —2 ivalentl 0, —4 
z732, a Pora (a) Let w = z + 3, so z = w — 3. Then, for 
f(z) = G—2De+2d FA £ i. —3, we Ei 
1 ee nn 
i f= e 
w(w + 4) 
I 1 a: x : 
aes Soa Teui 
4w 1 +w/4 7 w 
1 w wy ws 
zA A Eon i 
~ dw 4)" \4 4)" A : 
l 1 2 = 1 1 w w 
e e a =w 4 6 64 i 


~ Jw 16 64 256 


for 0 < 4. Theref 
for 0 < |w| < 4. Therefore arte fe i 


2 — ee ee ae 
ea EN ama Ag?) cae He) z+3 4 16 64 
4(z—2) 16 64 256 for 0 < |z+3| <4. 
for 0 < |z = 2| < 4. (b) Let w = z + 1, so z = w — 1. Then, for 
. . z#1,—3, we have 
Solution to Exercise 2.9 H(z) 4 
z) = — 
The function (w — 2)(w + 2) 
1 _ 4 
na = aree e 
has singularities at 0, —3 and —6. =—.x 
w?  1-—4/w? 
(a) f has two Laurent series about —3; the annuli P P pw 
of convergence are => (: += + (=) dts | 
w w w 
A={z:0<|z4+3] < 3}, 4 2 2B 
B={z:|z+3] > 3}. = a gah ee for |w| > 2. 
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Therefore r , Solution to Exercise 2.13 
4 4 4 
flzZ= 1 aaa i ae (a) The Laurent series about 0 for the function 
+ 1)2 1)4 1)6 
4 ) ve ) ae ) f(z) = 1/(z(z — 4)) on {z :0 < |z| < 4} is given by 
5 je e a J toed, 1 
(z+1)} (z+1)} fe+1)* f(z) = z(z—4) 
for |z+1| > 2. l 1 
Solution to Exercise 2.11 a 
o 1 z zy zy 
(a) The analytic part of this series is =- g l+ 4 + (=) + (=) T 
Loge o l 12 
4 1 4 2 , 
which converges for |z| < 1. for 0-< |z| < a 2% an 
The singular part i/z is defined for all z 4 0. (b) The Laurent series about 0 for f on 
Thus the annulus of convergence of the given {z : |z| > 4} is given by 
extended power series is {z : 0 < |z| < 1}. a= 1 
(b) The analytic part of this series is 1, which is z(z— 4) 
defined for all z. _ d 1 


The singular part is 2 3 
1 4 4 4 
1 1 1 => 1 ee), Sea | ess 
-= ag Og z z z z 
z z z 


which converges for |1/z| < 1, that is, for |z| > 1. Se 


Thus the annulus of convergence of the given for |z| > 4. 


tended ies i : 1}. f : 
Redge porer en qasa (c) We obtain the Laurent series about 4 for f on 


{z:0 < |z — 4| < 4} by making the substitution 


Solution to Exercise 2.12 lk E N E 


The Laurent series about 0 for the function ree 1 
ae ~ (w+4)w 
iiZ= 2 pe) sine aly 1 
i 4w 1+w/4 
is given by 1 s ae sisal 
Ve p -l-t +) 
= —— ee, eA — — — s so 
g 2 31 5l i i j 
z2 z4 1 z z3 ae E 
=[(1-2Z+2-)-(--4+5%- 4w 16 64 256 
3 at ; i g i 3 5 for 0 < |w| < 4. Substituting w = z — 4 gives 
1 zZz z z z 
Se ea ee eg 1 1 —4 — 4)? 
z T 3! BI SS! l H) =r = (z— 4) e 
for z #0. The function f is represented by this (z—4) 16 6 256 
Laurent series on any punctured disc with for 0 < |z- 4| < 4. 


centre 0, for example, {z : 0 < |z| < 1}. 
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Solution to Exercise 2.14 

We first express f in partial fractions: 

1 j 172 
LaS Se 2-3 


Note that the function g(z) = 1/(z — 1) is analytic 
on 


z—1 


{z:|z| <1} and {z:|z|>1}, 


and that the function h(z) = 1/(z — 3) is analytic 
on 


{z: j| <3} and {z: |z| >83}. 


(a) The Laurent series about 0 for f on 
{z : |z| < 1}, which is a subset of {z : |z| < 3}, is 


1 1 1 1 
MAS 8% ia 
1 
=5(ltz+27+--) 
1 (ee 
6 3 2? 
1 4 13 
ae ee Driel 


(b) The Laurent series about 0 for f on 
{z:|z| > 3}, which is a subset of {2 : |z| > 1}, is 


mja- 1 1 1 


2 Tae oe Taare 


1 1 1 1 
= —— benk e e 
FA FA 


2z zZ 
rigs ede G, 
2z z z2 z3 
1 4 13 
=3+5t te, forle >83. 


(c) We obtain the Laurent series about 1 for f on 
{z:0 < |z — 1| < 2} by making the substitution 
w =z — 1. Then z = w + 1 and 


1 
A= e 
ll 1 
= 2w 1—w/2 
1 ww? E 
-- (145r ot ) 
1 1 w? 


Solutions to exercises 


for 0 < |w| < 2. Therefore 
1 1 (2-1) (z-1) 
fick @-1) @-1P 
Xz- 4 8 16 
for 0 < |z- 1| < 2. 


Solution to Exercise 2.15 


This solution makes use of Taylor series about 0 
for cos and sinh, which we recorded in the list of 
basic Taylor series in Subsection 3.2 of Unit B3. 


(a) The Laurent series about 0 for the function 
f(z) = cos(1/z) is 
cos : =1 = + : ews 
3 2122 4lz4 : 
which has infinitely many non-zero coefficients in 
its singular part. Hence, by Theorem 2.2(c), f has 
an essential singularity at 0. 


for |z| > 0, 


(b) The Laurent series about 0 for the function 
f(z) = zsinh(1/z) is 


ae TE. iy o aiy 
z Sin Pg a a a ta r Fesi 


1 1 
— Sore aA 
which has infinitely many non-zero coefficients in 
its singular part. Hence, by Theorem 2.2(c), f has 


an essential singularity at 0. 


for |z| > 0, 


Solution to Exercise 3.1 
(a) Here f(z) = (sin? z)/z? and a = 0. We have 
ee) 
sin z 
igaro = tin (2) 
=0x1°=0. 
Hence condition (d) is verified. 


(b) Here f(z) = 3z/tan3z and a = 0. We have 


mz 


zn? Fe) = i 


JE a 
tan 3z 


; 3z 
= lim zos 32( - ) 
20 sin 3z 
=Ox1x1=0. 


Hence condition (d) is verified. 
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(c) Here f(z) = (2? + 3iz — 2)/(z? +4) and 
a = —2i. We have 


lim (2 + 2) f(2) 


—2i 


, ~ z2 +3iz—2 
TEN er ee 
A 
= tn eee | 


z>—2i (z + 2i)(z — 2i) 
(z +2i)(z +i) 


z— 2i 


= lim 


z—=>—2i 
_ 0x (-7) 

© 4i 
Hence condition (d) is verified. 


= 0. 


Solution to Exercise 3.2 
(a) The function 


z+2 
fe) = sere 


has a pole of order 4 at 0, a pole of order 3 at 2 


and a pole of order 2 at —2 (see Exercise 1.7(a)). 


We have 
dace ll a z+2 
ia? 1) = Bh Gas 
2 
ai _ (2—2)%(z +2) 
mae 2 n 24(z2 — 4) 


. 2 ys (z +2)? 
e+ 9970) = im, Ea 


ma ZZ = 2)3 
1 

= —_______ £9. 

ax (a * 
Hence, in each case, condition (b) is verified. 
(b) The function f(z) = z/sin? z has a pole of 
order 2 at 0 and a pole of order 3 at kr, for each 
k € Z— {0} (see Exercise 1.7(b)). We have 


3 
FA 
lim 2? = li 

imz 4) = lin z 
: FA 
= lim (= ) 
z70\sin Z 

=1° 40, 
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and, for k € Z — {0}, 
lim (z — kr)? f(z) 
z—kr 


| 

Je 
+5 
T 
= 
w 
> 
Zo NS 
A, 

Ex 
x] | 
BES 
xJ aA 
3, 

—<, 


z—-kr © 
= (—1)*kr x lim ( —_——— 
(-1) x tim (E) 


3 
= (—1)*ka x lim ( 2 ) 
w0\sin w 


= (-1)*kr x 13 £0. 


Hence, in each case, condition (b) is verified. 


Solution to Exercise 3.3 


(a) Simple pole (by definition, or use 
Theorem 3.2 ((b) => (a))). 


(b) Removable singularity (by 
Theorem 3.1 ((d) => (a))). 


(c) Pole of order 2 (by Theorem 3.2 ((c) => (a))). 


Solution to Exercise 3.4 


(a) The function f + g has a pole of order 5 at a, 
since 


= lim (2 — a)° f(2) + lim (2 — a)*9(2) 
= lim(2— a)® f(z) + lim (z — a)? lim (z — a)?g(z) 
= üm(z—a)řf(z) +0, 


which is non-zero. 
The result follows from Theorem 3.2 ((b) => (a)). 


The function fg has a pole of order 8 at œ since 
lim (z — 0)(f9)(2) 
= (Jim (z — 0° f(2)) (lim (z ~ «)*9(2)), 
which is non-zero. 


The result again follows from 
Theorem 3.2 ((b) ==> (a)). 


(b) fg has a pole of order 8 at a, for reasons 
similar to those above. However, f + g need not 
have a pole of order 4 at a; indeed, f + g need not 
have a pole at all (for example, if g = —f). The 
most that can be said is that f +g has a removable 
singularity or a pole whose order does not exceed 4. 


Solution to Exercise 3.5 


The function f(z) = e!/? has an essential 
singularity at a = 0, by Exercise 1.8(b). The 
result then follows immediately from the 
Casorati—Weierstrass Theorem by taking 


w=1000i, ¢=10°, 56=10°°. 


Solution to Exercise 3.6 


In order to show that the function g has an 
essential singularity at a, it is sufficient to show 
that g has neither a removable singularity nor a 
pole at a. 

If g has a removable singularity at a, then, by 
Theorem 3.1 ((a) ==> (c)), g is bounded on some 
punctured open disc with centre a, say: 


lg(2)|<K, for 0<|z—a| <r. 
Hence 


If < VK, 


so, by Theorem 3.1 ((c) => (a)), f has a 
removable singularity at a, which is false. 


for 0 < |z-—al <r, 


If g has a pole at a, then, by the corollary to 
Theorem 3.2, 


g(z) > co as za. 
Thus, by the assumption given in the question, 
f(z) > was z > q, 


and hence, again by the corollary to Theorem 3.2, 
f has a pole at a, which is false. 


Since g has neither a removable singularity nor a 
pole at a, it follows that g has an essential 
singularity at a. 


Solutions to exercises 


Solution to Exercise 4.1 


Let 


1 1 
3! 23 s 5! z5 


for z € C — {0}. Then, using o (4.1), 


(a) fw fe 


(b) [ w* sinh(1/w) d 


f(2) = sinh(1/2) =< + deures 


5 sinh(1/w) d 


= = tri =0 
v= f & f(w 


Tt 
= 27ia_5 = —. 
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Solution to Exercise 4.2 


(a) The function f(z) = 1/(z +i)? has a pole of 
order 2 at the point —7, and the Laurent series 
about —i for f is simply 


1 0 
tip tai tot 


z+í 
so Res(f,—i) = 0. Since C has centre —i, we 
obtain, by equation (4.3), 


1 


Remark: This result could also have been obtained 
by using the Closed Contour Theorem. 


(b) The function f(z) = (sin2z)/z* has a pole of 
order 3 at the point 0, and the Laurent series 
about 0 for f is 


z 3 z 5 
(ag BEBE.) 


2 4 4z 
Se Ses = 
3 m T , for ze C-— {0}, 


so Res(f,0) = —4/3. Since C has centre 0, we 
obtain, by equation (4.3), 


in 2 8 
[= Č dz = 2ni Res(f,0) = -gmi 


for z € C — {—i}, 


Solution to Exercise 4.3 


In some of the following parts there are several 
ways of evaluating the integral, so do not worry if 
your method differs from ours. 
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In each part we use I to denote the relevant 
integral, and we do not state obvious facts like ‘C 
is a simply connected region’ and ‘the circle C is a 
simple-closed contour in C’, where these are 
relevant to the solution. Also, we use the notation 
of named results. 


(a) We use Cauchy’s Integral Formula with 
f(z) =e, a = 0, R = C and T = C. Then f is 
analytic on R, and we get 


I = 2ni f(0) = 2rie? = 2ri. 


Alternatively, we note that the Laurent series 
about 0 for the function f(z) = e*/z is 
1 z 
-+1+—+-:-, forzeC— {0}, 
z 2! 
so Res(f,0) = 1. Since C has centre 0, we obtain, 
by equation (4.3), 


I= 2ni x l= 271. 


(b) We use Cauchy’s Theorem. The function 

f(z) = e*/z is analytic on the simply connected 
region R = fz : Rez > +h, which contains C. So 
I=0 

(c) We use the Closed Contour Theorem with 
f(z) = sec? z, F(z) = tan z, 

R={z:0<|z-—a/2| < 7/2} andT = C. Then f 
is continuous and has primitive F on R, and T isa 
closed contour in R. Hence I = 0. 


(d) The Laurent series about 0 for the function 
f(z) = (cosh z)/z° is given by 

1 1 2 £2 

z5 F or = al = fal sees 
for z € C — {0}, so Res(f,0) = 1/4!. Since C has 
centre 0, we obtain, by equation (4.3), 


I = 2ni x (1/4!) = wi/12. 


Alternatively, we can use Cauchy’s nth Derivative 
Formula with n = 4, f(z) =coshz,a=0,R=C 
and [= C. Then f is analytic on R, 
f‘ (0) = cosh0 = 1, and we obtain 

271 


i 
I = — ar ye Law / 12. 
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(e) We use Cauchy’s First Derivative Formula 

with f(z) =z+4sin2z,a=7/4, R = C and 

T= C. Then f is analytic on R, 

f'(a/4) = 1+ cos(7/2) = 1, and we obtain 
I= 2nix 1 = 2m. 


(£) The function f(z) = zcosec z = z/ sin z has 

a removable singularity at 0. If we define 

{(0) = lim f(z) = 1, then f is analytic on the 
Zz 

simply connected region R = {z : |z| < 7}, which 

contains C. Hence, by Cauchy’s Theorem, I = 0. 

(g) The Laurent series about 0 for the function 

f(z) = exp(1/z’) is given by 


a = 


1+1/4 + = +., fozeC- {0}, 


so Res(f,0) = 0. ae C has centre 0, we obtain, 
by equation (4.3), 
T=27ix0=0. 


(h) The Laurent series about 0 for the function 
f(z) = et sin(1/z) is 
) 1 
ž 


ip ne 
A z 8!z3 
so Res(f,0) = 1. Since C has centre 0, we obtain, 


by equation (4.3), 
I =27i x 1 = 271. 


(i) We use Cauchy’s First Derivative Formula 
with f(z) =e7/(z-1), a =0, R= {z: Rez < 3} 
and T = C. Then f is analytic on the simply 
connected region R, which contains C, and 

f'(0) = —2. We obtain 


I = 2ri x (—2) = —4ni. 


(j) Since 
1 1/2 1/2 
2—1 z-1 z+ 
we have 


I= f sin TZ i= f sin mZ dz 
Q a= 1 C Z + 1 
We use Cauchy’s Integral Formula with 
f(z) =sm72, œa = 1 and —1, R = C and T = C, to 
evaluate the two integrals. Then f is analytic 


on R, and we obtain 


I = 2risin(r) — 2risin(—r) = 0. 
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